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Analytical predictions for the magnetoelectric coupling in piezomagnetic materials
reinforced by piezoelectric ellipsoidal inclusions

Jin H. Huang
Department of Mechanical Engineering, Feng Chia University, Taichung 407, Taiwan, Republic of China

~Received 8 September 1997!

In this paper, a number of problems of fundamental importance in a piezoelectric-piezomagnetic composite
material are solved. The problems covered range from the derivation of the analytical expressions for the
magneto-electro-elastic Eshelby tensors to the analysis of the magnetoelectric coupling effect which is a new
property exhibited in the piezoelectric-piezomagnetic composite. In particular, when both the matrix and the
inclusions of the composite are transversely isotropic with different magneto-electro-elastic moduli, and shapes
of inclusions are of elliptic cylinder, circular cylinder, disk, and ribbon, closed-form solutions for the magne-
toelectric coupling coefficients are presented compactly. The resulting solutions are a function of the shape of
inclusion, phase properties, and volume fraction of the inclusions. These results could provide us with insight
into how a piezoelectric-piezomagnetic composite material consisting of inclusions will perform and would be
helpful in understanding the magneto-electric-elastic behavior of the composite.@S0163-1829~98!07825-4#
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I. Introduction.Over the past few years, piezoelectric a
piezomagnetic~magnetorestrictive! materials have receive
widespread uses in applications to many transducers and
sors with the responsibility of electromechanical and mag
tomechanical energy conversion. These kind of mater
constitute an important branch of the recently emerging te
nologies of modern engineering materials. Historically, i
provements in piezoelectric or piezomagnetic materials h
been focused on the development of improved single-ph
materials. Recently, considerable research has been dire
toward the development of piezoelectric-piezomagnetic co
posite materials that are defined as the combination of
tinct phases of piezoelectric and piezomagnetic mater
Examples include piezoelectric ceramic particles or rods
persed in a piezomagnetic matrix and piezoelect
piezomagnetic laminated composites. Due to a supe
product property that is so-called the magnetoelectric c
pling effect resulting from the interaction between magn
tism, electricity, and mechanism, piezoelectr
piezomagnetic composites have received considerable re
attention for designing intelligent or active structures. App
cations of the composite are in the development of mater
for electronic packaging, magneto-electro-mechanical tra
ducers, and magnetic sensors. Particularly, application
magnetic sensors could be very helpful for detecting both
and dc magnetic fields. This suggests potential usage in m
netic storage and read-out devices, in magnetic imaging t
nology, and for shielding and protecting database by sen
and shielding from damaging magnetic fields.1

The development of piezoelectric-piezomagnetic comp
ites has its roots in the early work of van Schtelen2 who
proposed that the combination of piezoelectr
piezomagnetic phases may exhibit a new material proper
the magnetoelectric coupling effect. Since then, the mag
toelectric coupling effect of BaTiO3-CoFe2O4 composites
has been measured by many researchers: van Runet al.,3 van
den Boomgaadet al.,4,5 Bracke and van Vliet,6 among oth-
ers. They have shown that there indeed exists a remark
magnetoelectric coupling effect in such piezoelectr
PRB 580163-1829/98/58~1!/12~4!/$15.00
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piezomagnetic composites. Much of the theoretical work
the investigation of the magnetoelectric coupling effect h
only recently been carried out by Harsheet al.,7 Avellanede
and Harshe,1 Nan,8 Nan and Jin,9 Benvensite,10 and Huang
and Kuo.11 It appears that these approaches have not p
vided a means to find closed-form solutions of the magne
electric coupling effect. Thus, the present work is an attem
to provide the needed information.

In the present paper, a presentation of some notat
used, the basic theory, and equations on which the rest of
paper is built is in Sec. II. In Sec. III, the analytical solutio
for the coupled magneto-electro-elastic behavior
piezoelectric-piezomagnetic composites developed by
author’s previous work11 is utilized to derive a set of nine
tensors for an ellipsoidal inclusions in an infinite piezoma
netic matrix. These tensors will be referred to as t
magneto-electro-elastic Eshelby tensors analogous to
Eshelby12 tensor in elasticity. In addition, closed-form ex
pressions for the magneto-electro-elastic Eshelby tensors
some inclusions such as elliptic cylinder, circular cylind
penny shape, and ribbon embedded in a transversely iso
pic ~6mm symmetry! piezomagnetic medium are presente
These four inclusions are practically important in applic
tions and are usually discussed together by the micro
chanics and composite communities. Section IV takes
results derived in previous sections and applies them to
termine the magnetoelectric coupling existing
piezoelectric-piezomagnetic composites. As a result,
magnetoelectric coupling is obtained in closed forms for
composite reinforced by elliptic cylinderical, circular cylin
derical, penny-shape, and ribbonlike inclusions, respectiv

II. Effective magneto-electro-elastic moduli.Suppose that
a sufficiently large two-phase composite consists of r
domly oriented piezoelectric ellipsoidal inhomogeneiti
(V1 ,V2 ,...,VN) with magneto-electro-elastic moduliLiJMn

1

and volume fractionf . The surrounding matrix is piezomag
netic and has magneto-electro-elastic moduliLiJMn

0 . Hereaf-
ter the superscripts 0 and 1 denote quantities in the ma
12 © 1998 The American Physical Society
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and the inhomogeneity, respectively. The effective magn
electro-elastic moduliL̄ iJMn of the composite have been ob
tained by Huang and Kuo11 through the Mori-Tanaka13

theory incorporated with the equivalent inclusion metho12

as

L̄ iJMn5LiJMn
0 1 f LiJAb

0 VAbqR
21 ~LqRMn

1 2LqRMn
0 !, ~1!

whereVAbiJ
21 is the inverse ofViJAb defined by

ViJAb5~12 f !~LiJMn
1 2LiJMn

0 !SMnAb1LiJAb
0 , ~2!

with SMnAb being a collection of nine tensors that are r
ferred to as the magneto-electro-elastic Eshelby ten
analogous to the Eshelby12 tensor for elastic inclusion prob
lems. As will be seen in the subsequent development,
magneto-electro-elastic Eshelby tensors are the key ingr
ents necessary for determining the magnetoelectric coup
of piezoelectric-piezomagnetic composites. Consequentl
is necessary to expressSMnAb explicitly in terms of magneto-
electro-elastic moduliLiJMn

0 of the piezomagnetic matrix
i.e.,

Smnab5
1

8p
$Ci jab

0 ~Gm jin1Gn jim!1qiab
0 ~Gm5in1Gn5im!%,

Smn4b5
21

8p
k ib

0 ~Gm4in1Gn4im!,

Smn5b5
1

8p
$qbi j

0 ~Gm jin1Gn jim!2G ib
0 ~Gm5in1Gn5im!%,

S4nab5
1

4p
~Ci jab

0 G4 j in1qiab
0 G45in!,

S4n4b52
1

4p
k ib

0 G44in , S4n5b5
1

4p
~qbi j

0 G4 j in2G ib
0 G45in!,

S5nab5
1

4p
~Ci jab

0 G5 j in1qiab
0 G55in!,

S5n4b52
1

4p
k ib

0 G54in ,

S5n5b5
1

4p
~qbi j

0 G5 j in2G ib
0 G55in!, ~3!

in which GMJin is defined by11

GMJin5E
21

1 E
0

2p

NMJ~ j̄ !D21~ j̄ !j̄ i j̄ndud§̄3 , ~4!

with NMJ( j̄) and D( j̄) being the cofactor and the determ
nant of the 535 matrix @LiJMn

0 j̄ i j̄n#.
III. Evaluation of the Eshelby tensors.As mentioned ear-

lier, the magneto-electro-elastic Eshelby tensors in Eq.~3!
are of fundamental importance in the later evaluation
VAbqR

21 and L̄ iJMn ; it is useful to evaluate them explicitly in
this section. For an ellipsoidal inclusion embedded in a tra
versely isotropic~6mm symmetry! piezomagnetic medium
the tensors can be divided into three categories. The
o-

-
rs

e
di-
g
it

f

s-

st

category consists of those tensors related to the elastic
sponse under eigenstrains, i.e.,S1111, S1122, S1133, S2211,
S2222, S2233, S1212, S1313, S2323, S3311, S3322, and S3333.
The second involves those related to the piezomagnetic
sponse due to the initial piezomagnetic fields of the sa
kind, S4141, S4242, S4343, S5151, S5252, andS5353. The third
category includes elastic and magnetic interactive te
S1153, S2253, S3353, S1351, S2352, S5113, S5223, S5311, S5322,
and S5333. Noted that the tensors in the first and seco
categories are dimensionless, while interactive terms in
third category relating dissimilar physical quantities are
mensional.

Next, we attempt to explore the magneto-electro-ela
Eshelby tensors analytically for some practical inclusions
the micromechanics and composite communities such a
liptic cylinder, circular cylinder, penny shape, and ribbo
embedded in transversely isotropic piezomagnetic mater
To this end, complete explicit expressions of the determin
D( j̄) and the cofactorNMJ( j̄) of the matrix@LiJMn

0 j̄ i j̄n# are
carried out first, followed by substitutingD( j̄) andNMJ( j̄)
into GMJin given by Eq.~4!. Consequently, complete explic
expressions for the correspondingGMJin are then obtained
Having the explicit expressions ofGMJin at hand, closed-
form expressions of the magneto-electro-elastic Eshelby
sors for piezomagnetic materials can be obtained as follo

~a! Elliptic cylinder ~a1 /a25a, a3→`, wherea1 , a2 ,
anda3 are the lengths of the semiaxes of the ellipsoid!:

S11115
~213a!C11

0 1aC12
0

2~11a!2C11
0 , S22225

~3a12a2!C11
0 1aC12

0

2~11a!2C11
0 ,

S11225
2aC11

0 1~21a!C12
0

2~11a!2C11
0 , S22115

2aC11
0 1~a12a2!C12

0

2~11a!2C11
0 ,

S11335
C13

0

~11a!C11
0 , S22335

aC13
0

~11a!C11
0 ,

S11535
q31

0

~11a!C11
0 , S22535

aq31
0

~11a!C11
0 ,

S12125S12215S21125S21215
~11a1a2!C11

0 2aC12
0

2~11a!2C11
0 ,

S13135S13315S31135S31315
1

2~11a!
,

S23235S23325S32235S32325
a

2~11a!
,

S41415S51515
1

11a
, S42425S52525

a

11a
. ~5!

~b! Circular cylinder ~a15a2 , a3→`!:

S11115S22225
5C11

0 1C12
0

8C11
0 , S11225S22115

2C11
0 13C12

0

8C11
0 ,



a
le

om
es

l
so

el-
d

us
rit-

14 PRB 58BRIEF REPORTS
S11335S22335
C13

0

2C11
0 , S11535S22535

q31
0

2C11
0 ,

S12125S12215S21125S21215
3C11

0 2C12
0

8C11
0 ,

S13135S13315S31135S31315S23235S23325S32235S32325
1
4 ,

S41415S42425S51515S52525
1
2 . ~6!

~c! Disk ~a15a2 , a3→0!:

S13135S13315S31315S31135S23235S23325S32325S32235
1
2 ,

S13515S31515S23525S32525
q15

0

2C44
0 ,

S33115S33225
q31

0 q33
0 1C13

0 G33
0

q33
02

1C33
0 G33

0
,

S53115S53225
C13

0 q33
0 2C33

0 q31
0

2~q33
02

1C33
0 G33

0 !
,

S33335S43435S535351. ~7!

~d! Ribbon ~a1!a2 , a1 /a25a, a3→`!:

S1111512
a~C11

0 2C12
0 !

2C11
0 , S112252

a

2
1

~223a!C12
0

2C11
0 ,

S22115
a~C12

0 2C11
0 !

2C11
0 , S22225

a~3C11
0 1C12

0 !

2C11
0 ,

S11335
~12a!C13

0

C11
0 , S22335

aC13
0

C11
0 ,

S11535
~12a!q31

0

C11
0 , S22535

aq31
0

C11
0 ,

S12125S12215S21125S21215
1

2
2

a~C11
0 1C12

0 !

2C11
0 ,

S13135S13315S31135S31315
12a

2
,

S23235S23325S32235S32325
a

2
,

S41415S5151512a, S42425S52525a. ~8!

IV. Magnetoelectric coupling effects. Due to the coupling
interaction between magnetostrition of piezomagnetic ph
and piezoelectricity of piezoelectric phase, the magnetoe
tric coupling effectl̄i j (5L̄ i45n5L̄ i54n) which is absent in
each constituent exists in piezoelectric-piezomagnetic c
posites. The goal of this section is to find analytical expr
sions for the magnetoelectric coupling effectl̄i j in the com-
posite. From Eq. ~1! with the aid of the analytica
expressions for the magneto-electro-elastic Eshelby ten
in Eq. ~3!, it is readily shown that
se
c-

-
-

rs

l̄1152 f $2k11
0 q15

0 V4113
21 1~G11

1 2G11
0 !V4115

21 %,

l̄2252 f $2k11
0 q15

0 V4223
21 1~G11

1 2G11
0 !V4225

21 %, ~9!

l̄3352 f $k33
0 q31

0 ~V4311
21 1V4322

21 !1k33
0 q33

0 V4333
21

1~G33
1 2G33

0 !V4335
21 %,

andl̄i j 50 otherwise. Once the inverse of the tensorViJAb is
obtained, it can be used with Eq.~9! to obtain closed-form
solutions of the magnetoelectric coupling coefficients for
liptic cylinderical, circular cylinderical, penny-shaped, an
ribbonlike inclusions. After some straightforward but tedio
algebraic manipulations, the closed-form solutions are w
ten out compactly as follows.

~a! Elliptic cylinder ~a1 /a25a, a3→`!:

l̄115
2~11a!2f ~12 f !~12a!e15

1 k11
0 q15

0 G11
1

~a1 f !2q15
02

Y111~12 f !2e15
12

Y121Y11Y12Y13

,

l̄225
2a~11a!2f ~12 f !~12a!e15

1 k11
0 q15

0 G11
1

a2e15
12

~12 f !2Y211~11a f !2q15
02

Y221Y21Y22Y23

,

~10!

l̄335
22 f ~12 f !q31

0 e31
1 Y30

2~11a2!Y311a~12 f !2Y321aY33
.

~b! Circular cylinder ~a15a2 , a3→`!:

l̄115l̄225
24 f ~12 f !e15

1 q15
0 k11

0 G

~11 f !k11
0 Y111~12 f !~k11

1 Y111Y12!
,

l̄335
2 f ~12 f !e31

1 q31
0

~12 f !~C12
0 2C12

1 2C11
1 !2~11 f !C11

0 . ~11!

~c! Disk ~a15a2 , a3→0!:

l̄115l̄225
2 f ~12 f !e15

1 q15
0

f C44
0 1~12 f !C44

1 ,

l̄335
2 f ~12 f !e33

1 k33
0 q33

0 G33
1 Y30

Y30Y311~12 f !Y32
. ~12!

~d! Ribbon~a1!a2 , a1 /a25a, a3→`!:

l̄11

5
~12a! f ~12 f !e15

1 k11
0 q15

0 G11
1

~a1 f 2a f !2q15
02

Y111~12a!2~12 f !2e15
12

Y122Y11Y12Y13

,

l̄225
a f~12 f !~12a!e15

1 k11
0 q15

0 G11
1

~12a1a f !~Y222Y21G11
0 !2a~12 f !G11

1 Y21
,

~13!

l̄335
2 f ~12 f ! f q31

0 e31
1 Y30

2a2~12 f !2Y311Y321a~12 f !Y33
.

The coefficientsY11→Y33 in Eqs.~10!–~13! are listed in the
Appendix.
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It is seen from the above equations that the magnetoele
coupling coefficients are a function of phase properties, v
ume fraction, and inclusion shape. It is also of interest
examine the behavior of the present model for the two-ph
piezoelectric-piezomagnetic composite in the low~dilute!
and high concentration limits. Asf→0 and f→1, the mag-
netoelectric coupling coefficients vanish. This verifies th
the magnetoelectric coupling coefficients are absent in e
constituent.

V. Concluding remarks.The most significant work to fol-
low the investigation presented in this work is the develo
ment of an analytical prediction for the magnetoelectric c
pling coefficients of a piezoelectric-piezomagnetic compo
as shown in Eq.~9!. The ingredients for such a task a
completely contained in the present article. Another valua
result is the closed-form expressions for a set of nine ten
for four practical inclusions in the micromechanics and co
posite communities: elliptic cylinder, circular cylinde
penny shape, and ribbon. These tensors are referred to a
magneto-electro-elastic Eshelby tensors analogous to
helby tensor in elasticity. With these tensors, the magn
electric coupling coefficients are then obtained in clos
forms as given by Eqs.~10!–~13! for the mentioned four
inclusions. These results could provide us with insight in
how a piezoelectric-piezomagnetic composite material c
sisting of inclusions will perform and would be helpful i
understanding the magneto-electric-elastic behavior of
composite. Also, the method presented here can be eq
applied to piezoelectric materials containing a finite conc
tration of piezomagnetic inclusions.

Acknowledgment.The author wishes to thank the Nation
Science Council of Taiwan, R.O.C. for the support of th
research~Grant No. NSC 87-2112-M-035-002!.

APPENDIX

The coefficientsY11→Y33 in Eq. ~10! are given by

Y115~a1 f !k11
0 1k11

1 2 f k11
1 , Y125~a1 f !G11

0 1G11
1 2 f G11

1 ,

Y135aC44
0 1C44

1 1 f C44
0 2 f C44

1 ,

Y215G11
0 1a fG11

0 2a~211 f !G11
1 ,

Y225k11
0 1a fk11

0 2a~211 f !k11
1 ,
.
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Y235C44
0 1aC44

1 1a f~C44
0 2C44

1 !,

Y3052aC12
0 ~C12

0 1C11
1 2C12

1 !~12 f !, ~A1!

Y315C12
0 ~C12

0 2C11
1 2C12

1 !~C12
0 2C11

1 2C12
1 !,

Y325aC44
0 1C44

1 1 f C44
0 2 f C44

1 ,

Y335C11
03

~113 f 2!1C11
0 ~12 f !@4C12

0 C12
1 13~12 f !

3~C11
1 2C12

1 !~C11
1 1C12

1 !22 f C12
0 ~C11

1 13C12
1 !

2~123 f !C12
02

#

2C11
02

@~11 f !2C12
0 12~11 f !~C12

1 23 f C11
1 !#.

The coefficientsY11 andY12 in Eq. ~11! are given by

Y115~11 f !2q15
02

1$~11 f !C44
0 1~12 f !C44

1 %

3$~11 f !G11
0 1~12 f !G11

1 %,

Y125e15
12

~12 f !$~11 f !G11
0 1~12 f !G11

1 %. ~A2!

The coefficientsY30, Y31, andY32 in Eq. ~12! are given by

Y3052C33
0 q31

02
24C13

0 q31
0 q33

0 1~C11
0 1C12

0 !q33
02

22C13
02

G33
0 ~C11

0 1C12
0 !C33

0 G33
0 ,

Y315k33
0 $C33

1 G33
0 q33

0 1 f @q33
02

1~C33
0 2C33

1 !G33
0 #%, ~A3!

Y3252k33
0 ~C33

0 q31
0 2C13

0 q33
0 !$ f C33

0 q31
0 1~12 f !C33

1 q31
0

2@ f C13
0 1~12 f !C13

1 #q33
0 %G33

1 .

The coefficientsY31, Y32, andY33 in Eq. ~13! are given by

Y315~C11
0 2C12

0 !~C11
0 1C12

0 2C11
1 2C12

1 !

3~C11
0 2C12

0 2C11
1 1C12

1 !,

Y32522C11
0 ~C11

0 2C12
0 !~C11

1 1 f C11
1 2 f C11

1 !,

Y335~C11
0 2C12

0 2C11
1 1C12

1 !$~12 f !C12
0 ~C12

0 2C11
1 2C12

1 !

2~123 f !C11
02

1C11
0 @3C11

1 13C12
1 12 f C12

0

23 f ~C11
1 1C12

1 !#%. ~A4!
pl.
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