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Analytical predictions for the magnetoelectric coupling in piezomagnetic materials
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In this paper, a number of problems of fundamental importance in a piezoelectric-piezomagnetic composite
material are solved. The problems covered range from the derivation of the analytical expressions for the
magneto-electro-elastic Eshelby tensors to the analysis of the magnetoelectric coupling effect which is a new
property exhibited in the piezoelectric-piezomagnetic composite. In particular, when both the matrix and the
inclusions of the composite are transversely isotropic with different magneto-electro-elastic moduli, and shapes
of inclusions are of elliptic cylinder, circular cylinder, disk, and ribbon, closed-form solutions for the magne-
toelectric coupling coefficients are presented compactly. The resulting solutions are a function of the shape of
inclusion, phase properties, and volume fraction of the inclusions. These results could provide us with insight
into how a piezoelectric-piezomagnetic composite material consisting of inclusions will perform and would be
helpful in understanding the magneto-electric-elastic behavior of the comJ&tE63-182608)07825-4

I. Introduction.Over the past few years, piezoelectric andpiezomagnetic composites. Much of the theoretical work for
piezomagnetidmagnetorestrictijematerials have received the investigation of the magnetoelectric coupling effect has
widespread uses in applications to many transducers and sesnly recently been carried out by Harséeal,” Avellanede
sors with the responsibility of electromechanical and magneand Harshé, Nan® Nan and Jir?, Benvensite® and Huang
tomechanical energy conversion. These kind of materialgnd Kuo:_ll It appears that these approaches have not pro-
constitute an important branch of the recently emerging techyiged a means to find closed-form solutions of the magneto-
nologies of modern engineering materials. Historically, im-ejectric coupling effect. Thus, the present work is an attempt
provements in piezoelectric or piezomagnetic materials havg, nrovide the needed information.
been focused on the development of improved single-phase |, ihe present paper, a presentation of some notations

materials. Recently, considerable research has been directﬁged, the basic theory, and equations on which the rest of this

towg;rd thetde_zvlelc:r?n:ent o:;p]Ic_ezodeIectilr::-plezotr)nagtrjetlc ?%m%')aper is built is in Sec. Il. In Sec. I, the analytical solution
posite materials that are detined as the comuination of tise, =, o coupled magneto-electro-elastic behavior of
tinct phases of piezoelectric and piezomagnetic mate”als'iezoelectric- ‘ezomaanetic composites developed by the
Examples include piezoelectric ceramic particles or rods dis? P 9 P P y

persed in a piezomagnetic matrix and piezoelectric_authors previous work is utilized to derive a set of nine

piezomagnetic laminated composites. Due to a superiot{en_sors for_an ellipsoidal inclusio_ns in an infinite piezomag-
product property that is so-called the magnetoelectric coul€tic matrix. These tensors will be referred to as the
pling effect resulting from the interaction between magne-Magneto-electro-elastic Eshelby tensors analogous to the
tism, electricity, and mechanism, piezoelectric- Eshelby? tensor in elasticity. In addition, closed-form ex-
piezomagnetic composites have received considerable recepfiessions for the magneto-electro-elastic Eshelby tensors for
attention for designing intelligent or active structures. Appli-SOme inclusions such as elliptic cylinder, circular cylinder,
cations of the composite are in the development of materialBenny shape, and ribbon embedded in a transversely isotro-
for electronic packaging, magneto-electro-mechanical trang?ic (6mm symmetry piezomagnetic medium are presented.
ducers, and magnetic sensors. Particularly, applications ihhese four inclusions are practically important in applica-
magnetic sensors could be very helpful for detecting both aons and are usually discussed together by the microme-
and dc magnetic fields. This suggests potential usage in ma@hanics and composite communities. Section IV takes the
netic storage and read-out devices, in magnetic imaging tectiesults derived in previous sections and applies them to de-
nology, and for shielding and protecting database by sensinggmine the magnetoelectric  coupling existing in
and shielding from damaging magnetic fields. piezoelectric-piezomagnetic composites. As a result, the
The development of piezoelectric-piezomagnetic Composmagnetoelectric coupling is obtained in closed forms for the
ites has its roots in the early work of van Schtélevho composite reinforced by elliptic cylinderical, circular cylin-
proposed that the combination of piezoelectric-dericaly penny-shape, and ribbonlike inclusions, respectively.
piezomagnetic phases may exhibit a new material property— |I. Effective magneto-electro-elastic moduiuppose that
the magnetoelectric coupling effect. Since then, the magned sufficiently large two-phase composite consists of ran-
toelectric coupling effect of BaTiPCoFe0O, composites domly oriented piezoelectric ellipsoidal inhomogeneities
has been measured by many researchers: vareRaig® van (21,95, ....Qy) with magneto-electro-elastic modul;y,,
den Boomgaadt al,*® Bracke and van Vliet,among oth- ~and volume fractiorf. The surrounding matrix is piezomag-
ers. They have shown that there indeed exists a remarkabieetic and has magneto-electro-elastic moddjj,,. Herea-
magnetoelectric coupling effect in such piezoelectric-ter the superscripts 0 and 1 denote quantities in the matrix
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and the inhomogeneity, respectively. The effective magnetoeategory consists of those tensors related to the elastic re-

electro-elastic modulL;;,, of the composite have been ob- sponse under eigenstrains, i.84111, Si122, Si133 Sz211s
tained by Huang and Kdd through the Mori-Tanakd  Sy02: Sz233: Si212: S1313: S23030 Ssz11: Szzzes @nd Sgaas.
theory incorporated with the equivalent inclusion metfod The second involves those related to the piezomagnetic re-
as sponse due to the initial piezomagnetic fields of the same
— 0 0 w1 i1 0 kind, Su141, Suza2, Suzass Ss151, Ssos2s and_853_53. The_ third
Lismn=Limnt fLisabVabgrR(LgrMn— Lgrmn)s (1) category includes elastic and magnetic interactive terms
S11531 S22531 S3353! S13511 S23527 S51137 S5223= S53111 S53221
and Ss335. Noted that the tensors in the first and second
(1 1 _ 40 0 categories are dimensionless, while interactive terms in the
Viaan= (1= D (Lizun = Liswn) Sunaot Lisan - ) oy category relating dissimilar physical quantities are di-
with Syhap being a collection of nine tensors that are re-mensional.
ferred to as the magneto-electro-elastic Eshelby tensors Next, we attempt to explore the magneto-electro-elastic
analogous to the Esheltitensor for elastic inclusion prob- Eshelby tensors analytically for some practical inclusions in
lems. As will be seen in the subsequent development, ththe micromechanics and composite communities such as el-
magneto-electro-elastic Eshelby tensors are the key ingrediiptic cylinder, circular cylinder, penny shape, and ribbon
ents necessary for determining the magnetoelectric couplingmbedded in transversely isotropic piezomagnetic materials.
of piezoelectric-piezomagnetic composites. Consequently, iTo this end, complete explicit expressions of the determinant
is necessary to expresggnAb explicitly _in terms of r_nagnet(_)— D(£&) and the cofactoNy, (&) of the matrix[_'-iomn& &,] are
electro-elastic modulL;;y, of the piezomagnetic matriX, carried out first, followed by substituting (&) and Ny (&)

whereV, ., is the inverse oW, defined by

ie., into Gy 3in given by Eq.(4). Consequently, complete explicit
1 expressions for the correspondif®y, i, are then obtained.
Smnabzﬁ{ci(}ab(ijin—i' anim)+q?ab(Gm5m+Gn5im)}, Having the explicit expressions @b, at hand, closed-

form expressions of the magneto-electro-elastic Eshelby ten-

sors for piezomagnetic materials can be obtained as follows.
(a) Elliptic cylinder (a;/a,=a, az—=, wherea,, a,,

andaj are the lengths of the semiaxes of the ellipoid

Srnmb:E KiOb(Gm4in+ Gnaim)»

1 2+3a)CY +aC? 3a+2a?)C),+acy
S’nn5b28_{qgij(ijin+anim)_Fi()b(GmSin+Gn5im)}i 511112( ) 112 0 121 222:( ) ;l 0 121
T 2(1+a)“C;; 2(1+a)°Cy;
1
S4nab:E (CllabGajin T AiapGasin). S —aC) +(2+a)Cy, _ —aC}+(a+2a%)Ch,
M2 2(1+a)’cy, TP 2(1+a)’C);
Sanap=~ 7 Kb Gadin Sansb= 7 — (0UpijGajin—T'HGasin). co, acy,

S :—, :—,
1 (11 a)Cl 2 (17a)CY

1
S‘Snab:E (CiojabGSjin“LCI?abGsan), 0 0
S U31 Sposi aqz;
. 15T (15 a)cl,’ Y (11a)Cy
Ssnap=— yp KiObGS4in )
(1+a+a?cCj,—ac?,
S1217= S1221= 21127 Sp121= 2(1+ a)ZCgl )

1
Ssnsb =7~ (0pi;Gsjin— I b Gssin). ©)

N o 1
in which Gy, 3 is defined by* S1315= S1331= Sa115™ 33131=mv

1 2 — -

GMJin:f f Nma(€)D () &é,d0dss, (4) a
o -t _O S2325= S2337~ Ss225™ Sszszzm'
with Ny;(€) andD(¢) being the cofactor and the determi-
nant of the 55 matrix[ LY q&iénl. 1 a

[ll. Evaluation of the Eshelby tensords mentioned ear- Sp1a1= 55151=m, Syo4= S5252=m. (5)
lier, the magneto-electro-elastic Eshelby tensors in By.
are of fundamental importance in the later evaluation of

-1 e o (b) Circular cylinder (a;=a,, az—):
Vabgr @ndLisun; it is useful to evaluate them explicitly in

this section. For an ellipsoidal inclusion embedded in a trans- 5C0. + 0 — 9 +3¢0

H H H H H 11 12 11 12
versely isotropic(6mm symmetry piezomagnetic medium,  S,,,.=S,,0=————, Si10=Spi=—— <>
the tensors can be divided into three categories. The first 8C11 8C11
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co 0

Su135= Sppa B g Y d31
1133~ 2233 _O_ZCH’ 1153~ 2253 _O_ZCM’
3C1—CY,

S1215= S1227= $117 o101 ~0
8C1;

Si315= S13a1= Sa115= Sa131= S50 S2337= S3205= Sa23= 7 »
Sa141= Saz42= Ss151= Ss257= 7 - (6)
(c) Disk (a;=a,, az—0):
S1315= S1331= Sa131= Sa115= S2a25= Szaaz= Ssza2= Ss225= 7 »

Q15
Si351= Sg151= So357~ Sao55~ 200 o

Q31CI33+ Coal'%

S3311= Sz~
q 3F
_ _ C203:— C3:a8;
S5311= 8320 07 0 0
2(gzst Cgsl'3a)
S3335= Syza3= Sszs5= 1. (7)
(d) Ribbon(a;<a,, a;/a,=a, az—»):
a(Cl—CYy) a (2—3a)C%,

Sllllzl_Tcl)lr 1122:_5"‘ T({ly

a(c%,—c9) a(3cy,+c9y)
Sy11= T 200 Cﬁl ) 22077 500 cl, )
(1-a)Cl, aCj,
Sizm—F=o— S <o
Ci Ci
(1—a)q3; agy,
1153~ —C(l)l ) 253~ _C(l)l )

1 a(ch+cYy
S:L212_51221_82112_82121 2 Tu
11

1—-a
S1315= S1331= Ss115™ Sz131= —

a
S35 Spazo™ Sgoo5™ Sz~ X

S41417= Ss151= 1 =@, Spp47= Ssps=a. (8)
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M= — {260,008V ot (M1 - T3) Vagig,
Noo=—f{2x7100V azs5t (P11~ T3) Vazed, ©

N 0 10 (\/— - 0.a%.Vy

Naz= — F{ k33091 Vasirt Vazso) + k3a033V 2353

+ (Féa_ Fg3)VZ3135},

and\;; =0 otherwise. Once the inverse of the tenggy,y, is
obtained, it can be used with E() to obtain closed-form
solutions of the magnetoelectric coupling coefficients for el-
liptic cylinderical, circular cylinderical, penny-shaped, and
ribbonlike inclusions. After some straightforward but tedious
algebraic manipulations, the closed-form solutions are writ-
ten out compactly as follows.

(a) Elliptic cylinder (a;/a,=a, ag—>):

—  —(1+a)’f(1-H)(1-a)ereriaid 1
11— 2 2 [}
(a+1)20%Y 11+ (1—F)2elgY 1o+ Y1115V 13

— —a<1+a>2f<1—f)(l—a)eisx‘ilq? 11

App=
a els( 1-)%Yy+(1+af)? c115Y22+ YorYoo¥os
(10

)\33 2 2
2(1+a%)Yg+ta(l—"f)7Yg+aYas

(b) Circular cylinder (a;=a,, ag—®):

—4f(1- f)ei5q(1)5’<(1)1r
(1+ ) k31Y 1+ (1= F) (k1 Y11+ Y1) |

N1=Npo=

- 2f(1—f)e%1qgl 11)
¥ (1-f)(ch-cl-cly-a+nHcl

(c) Disk (a;=a,, az—0):

e —f(1-f)etqls
u=m 2T el S (1-Hck,)

o f(1—F)e3sr 30330 33 30
3 Y3oYa1+ (1—1)Ys,

(12

(d) Ribbon(a;<a,, a;/a,=a, az—»):

)\11

~ (1-a)f(1—flefsdialsl 1y
- 2 2 [l
(a+f—af)?qlsY1+(1—a)2(1—f)%elsY1o— Y11Y15Y13

IV. Magnetoelectric coupling effectue to the coupling

interaction between magnetostrition of piezomagnetic phase

and piezoelectricity of piezoelectric phase, the magnetoelec-  \,,=
tric coupling effect\;; (=Ljss=Lissn) Which is absent in

each constituent exists in piezoelectric-piezomagnetic com-
posites. The goal of this section is to find analytical expres- —f(1- f)fq31e3lY30
sions for the magnetoelectric coupling effagt in the com- )\33 5 >

posite. From Eq.(1) with the aid of eJf‘he analytical 2a5(1= 1) Nt Yozt a(1=1)Yas
expressions for the magneto-electro-elastic Eshelby tensofhe coefficientsy;;— Y33 in Egs.(10)—(13) are listed in the
in Eq. (3), it is readily shown that Appendix.

af(1-f)(1-a)elsr 0%l 1

(1—a+af) (Yo Yul'Y)—a(l—f)I1Ys'
(13
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It is seen from the above equations that the magnetoelectric Y,3=C3,+aCh,+af(C%—CLy,
coupling coefficients are a function of phase properties, vol-
ume fraction, and inclusion shape. It is also of interest to Yso=—aClyCl+Cl,—Cl)(1-1), (Al)
examine the behavior of the present model for the two-phase
piezoelectric-piezomagnetic composite in the |ggilute) Y31=C94Cf— C1;— C1p)(CP,— C1;— C1y),
and high concentration limits. AB—0 andf—1, the mag-
. . .. . . - Y :aCO+C1+fCO_fC1
netoelectric coupling coefficients vanish. This verifies that 32 a4 Caa a4 44
the magnetoelectric coupling coefficients are absent in each o o o1
constituent. Y33=C3;(1+3f%) +C3y(1—f)[4C2,C1,+3(1— 1)

V. Concluding remarksThe most significant work to fol-

1 ~1 1 1y 0 /1 1
low the investigation presented in this work is the develop- X(C1y= Cr)(Cayt Crp) =21C35(C, +3C1y)

ment of an analytical prediction for the magnetoelectric cou- _(1_3”(:02]
pling coefficients of a piezoelectric-piezomagnetic composite 12
as shown in Eq(9). The ingredients for such a task are _Cgi[(1+f)2cgz+ 2(1+f)(Cl,—3fci)].

completely contained in the present article. Another valuable o _ )

result is the closed-form expressions for a set of nine tensorshe coefficientsyy; andYy, in Eq. (11) are given by
for four practical inclusions in the micromechanics and com- _ 5 02 0 1
posite communities: elliptic cylinder, circular cylinder, Y11= (14 H)%qs+{(1+ ) Capt (1-F)Clgt

penny shape, and ribbon. These tensors are referred to as the x{(1+ f)F?ﬁ (1— f)FiJ},
magneto-electro-elastic Eshelby tensors analogous to Es-

: .- ) i )
helby tensor in elasticity. With these tensors, the magneto Y= eis(l—f){(1+f)F‘fﬁ(l—f)l“}]}. (A2)

electric coupling coefficients are then obtained in closed
forms as given by Eqs(10—(13) for the mentioned four The coefficientsYs, Y31, andYs, in Eq. (12) are given by
inclusions. These results could provide us with insight into
how a piezoelectric-piezomagnetic composite material con-
sisting of inclusions will perform and would be helpful in

understanding the magneto-electric-elastic behavior of the

composite. Also, the method presented here can be equally 0 (10 0 02 0 1110

applied to piezoelectric materials containing a finite concen- Y317 k33 Caal 350033t f[A3a+ (C33— C)I'3sl},  (A3)

tration of piezomagnetic inclusions. —5,0.~0 .0 _~0_0 0 0 _ 1.0
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2 2
Y 30= 2C309, — 4C2:03,0%:+ (C3,+ CP)ag;

- ZC%F 9a(CY1+C) Col %5,

The coefficientsys;, Y3,, andYs;in Eq. (13) are given by

APPENDIX Y3;=(C3;— CY,)(CY,+CP—C1;—Ciy)
The coefficientsy;;— Y33 in Eq. (10) are given by x(C%—C%—cL+cly,
Y= (a+ )kt kp—fxiy,  Yio=(a+ O+ T, Y= —2C%(Co—co)(cl+fct—fch),
Y15=aChs+ Clyt fCo—fCl Yas=(CY—CP,— C11+ Cp){(1-f)CI,C,— C},— CL)
Yy =T} +afl—a(-1+)Iy, ~(1-31)CY+CY[3CL+3CL,+2CY,
Yo=Y +afud—a(—1+ 1)k, —3f(Ch+CL)]. (Ad)
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