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Effective exponent for the size dependence of luminescence in semiconductor nanocrystallites
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The size (d) dependence of photoluminescence from nanocrystalline semiconductors is examined. The
overall luminescence is determined by two distinct physical mechanisms:~i! the variation of the semiconductor
gap with sized ~typically ;1/da, a.1), and ~ii ! the variation of the oscillator strengthf osc with size
~typically 1/db, 5<b<6). We present an analytical framework to understand the luminescence line shape
based on the above two mechanisms, taking no recourse to computational simulations. We show that the peak
energy varies with the mean particle sized0 as d0

2b , whereb is an effective exponent determined by the
disorder in the system. Our results can explain conflicting experimental observations on the luminescence from
silicon nanocrystallites.@S0163-1829~98!04623-2#
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The observation of visible photoluminescence~PL! in a
variety of semiconductor nanocrystallites has fueled a la
body of research work in the past decade.1 A material which
has attracted considerable attention is porous silicon, wh
is a disordered collection of silicon nanocrystallites w
varying sizes.2 The photoluminescence spectra from su
systems are broad, and often asymmetric about the pea
ergy.

To compute the parameters of emission, or, equivalen
the spectral line shape from an ensemble of semicondu
nanocrystallites, one needs to consider the distribution
crystallite sizes in the system.3–5 The luminescence depend
on ~i! the energy gap,~ii ! the oscillator strength, and~iii ! the
exciton binding energy, among others. All these factors
hibit a dependence on the size of the nanocrystallite. In
work, we provide a simple theoretical framework to calcula
the spectral line shape from a disordered collection of se
conductor nanocrystallites, and illustrate the consequence
disorder on earlier theoretical calculations and experime
analyses. We compare our results with the vast literature
light emission from silicon nanocrystallites, and explain co
flicting experimental observations on the basis of our mod

The light emission from silicon nanocrystallites at en
gies higher than the bulk Si gap was attributed by sev
workers6 to quantum confinement effects. The experimen
validation of the quantum confinement model has been b
with difficulties, as several groups reported conflicting
sults. A case in point is the shift in the PL peak with varyi
crystallite size. Vialet al.7 and Schuppleret al.8 reported a
distinct size dependence of the PL peak, though this
refuted by other groups based on their experimen
works.9,10Recently, an attempt was made to explain this c
flict on the basis of a size distribution of nanocrystallite
based on a computer simulation study.11 Our model attempts
to resolve the issues raised by these studies.

We now examine the size dependencies of individ
properties in detail. The variation of the oscillator streng
( f osc) with the crystallite diameterd is usually assumed to
be of a polynomial form such as
PRB 580163-1829/98/58~3!/1158~4!/$15.00
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f osc;d2b ~1!

by effective-mass-theory~EMT! -based calculations. Hybert
sen and Needels12 as well as Khurginet al.11 suggestedb
56, whereas Sanders and Chang13 proposed a value of 5
Local-density-approximation-based calculations on silic
clusters, however, showed a nonmonotonic variation of
oscillator strength with crystallite diameter.14,15

Within a simple effective-mass theory, the energy upsh
due to quantum confinement can be expressed as

DE5
c

dx
, ~2!

wherex52. However, bothab initio as well as semiempir-
ical electronic structure calculations on silicon clusters6 sug-
gest values ofx in the range 1.4–2.

The exciton binding energy in semiconductor nanocrys
lites is of a much smaller magnitude than the emission
ergy. Consequently, the effect of its size dependence on
spectral line shape is small. Factors such as the presen
nonradiative centers on the crystallite surface also affect
minescence, but theoretical calculations16 indicate that~i!
even the presence of a single nonradiative center can
luminescence in a nanocrystallite; and~ii ! given the small
surface area, the probability of there being a nonradia
center is small, as indicated by the high luminescence e
ciency. To preserve the simplicity of the model and bring o
the essential physics in the system, we focus on the oscill
strength and the energy gap.

To compute a general expression for the PL spectrum,
assume a Gaussian size distribution for the nanocrystalli

P~d!}expF2
~d2d0!2

2s2 G , ~3!

whered0 is the mean crystallite diameter ands the variance
of the crystallite size distribution. The number of atoms p
ticipating in the radiative process is proportional to the v
1158 © 1998 The American Physical Society
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ume of the crystallite. Hence we can write the probability
emission from a nanocrystallite of diameterd as

Pr~d!5K V~d!f osc~d!P~d!5Kdm
1

db
expF2

~d2d0!2

2s2 G ,

~4!

where K is an appropriate normalization constant, andm
52 for columnar crystallites andm53 for nearly spherical
crystallites. Transforming the above expression to the ene
axis,5 we obtain

P~DE!5KE
0

`

dS DE2
c

dxD dm
1

db
expF2

~d2d0!2

2s2 Gd~d!

5NDE2k/xexpF2
a2

2 H S DE0

DE D 1/x

21J 2G , ~5!

whereN is a normalization constant, and we have define

DE05
c

d0
x

,

k5m2b1x11, ~6!

a5
d0

s
.

In Fig. 1, we depict theoretical spectra based on Eq.~5!.
The values assigned to various parameters correspon
those found in the literature for silicon nanocrystallites.c
was chosen to be 485.816 eV/Å2 based on the work of Rea
et al.17 Most of the experiments on porous silicon report t
crystallite sizes to be in the range 20–40 Å. We have cho
our mean crystallite size to be 30 Å, and assumeds53 Å.
The solid line (m52,x52) and the dotted line (m52, x
51.4) are for the caseb50. The broken line depicts th

FIG. 1. Theoretical PL spectra based on Eq.~5!. The solid line
depicts the case whenk55 ~i.e., m52, x52, and b50). The
broken line is plotted withm52, x52, andb56 (k521), and
shows a blueshift. The dotted line corresponds tom52, x51.4, and
b50. The plots are normalized, withc5485.816 eV/Å2.
f
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case whenm52, x52, and b56. We see that the pea
positions in both cases are substantially different. This ra
questions about the assignment of the exciton binding
ergy, which was discussed in an earlier work.5 We shall dis-
cuss this issue later in this paper.

Most experiments report a variation of the luminescen
peak with experimental parameters. The PL peak posi
DEp is given by the maxima in Eq.~5!,

DEp5DE0S a2

2kD xF211A11
4k

a2G x

. ~7!

For typical values5 d0530 Å, s53 Å, xe@1.4,2#, and
k/a2→0; hence

DEp'DE0F12
k

a2G x

. ~8!

This can be written as

DEp'DE0F12x
k

a2G . ~9!

Equation~7! implicitly contains the dependence of the pe
DEP on the mean crystallite sized0. This dependence ma
be different from the one suggested by Eq.~2! (DE 5 c/dx).
This is shown in Fig. 2. The solid line depicts the canoni
~EMT! behavior given by Eq.~2! with x52. We plot the
variation of the peak energyDEp with mean diameterd0 for
a collection of spherical nanocrystallites (m53) with vary-
ing sizes. The variance in diameters is assumed to be 5 Å
The dotted line represents the case when the oscill
strength is strongly dependent on the crystallite sizeb

FIG. 2. The dependence of the peak positionDEP on the mean
crystallite size, assuming a normal distribution of dots withs55
Å andx52. The broken line at the bottom (m53,b50) shows an
extremly weak variation in energy with size. The dotted line at
top (m53,b56) shows a strong dependence which is supraq
dratic. The distribution in crystallite sizes results in a considera
deviation from a simplec/dx variation, which is depicted by the
solid line.
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56), and the broken line depicts the opposite case, where
oscillator strength is size independent (b50). If we assume
a variation of the form

DEP5
c8

d0
ge f f

, ~10!

with ge f f as an effective exponent, we can see that in the
casege f f.2, whereas for the latterge f f,2. Note that the
size dependence of the PL peak in the broken curve is
tremely weak in the region 20–40 Å, the range considere
most experiments. A similar behavior was reported by s
eral workers who failed to observe a significant upshift
emission energy with a reduction in crystallite size.9,10

We have fitted several such curves to the functional fo
of Eq. ~10!. In Table I, we depict the effective exponentge f f
for a range of values of the parameterk @Eq. ~6!# for a dis-
tribution of columnar crystallites. A value ofk around 5
implies a weak oscillator strength dependence on size, w
a value of k around 0 implies a strong dependence. T
physical conditions determining the oscillator strength
size were described by various workers.18 The exponentge f f
is obtained using the Levenburg-Marquardt nonlinear le
squares fitting method. Note that we would obtain an eff
tive exponentge f f distinct fromx irrespective of whether the
latter is obtained by EMT or tight-binding calculations.

We now proceed to obtain an analytic expression for
exponentge f f by a method employed in the modern theo
of critical phenomena.19 First we take the logarithm ofDEP
in Eq. ~8! to obtain

lnDEP5 ln c2x lnd01x lnS 12
k

a2D . ~11!

From Eq.~10!, we have

ln DEP5 ln c82ge f flnd0 . ~12!

We differentiate Eq.~11! with respect to lnd0 to obtain

TABLE I. Table of effective exponents. The variances is in Å,
and constantc8 is in appropriate units. Note the variation inge f f

with disorders for the samek and its deviation from the assume
value ofx52.

k s c8 ge f f

5 3 213.279 1.786
5 80.307 1.541

4 3 245.967 1.823
5 104.260 1.606

3 3 286.396 1.862
5 140.305 1.680

2 3 337.114 1.904
5 197.772 1.767

1 3 401.785 1.950
5 296.668 1.871

21 3 597.404 2.054
5 908.810 2.166

22 3 749.461 2.114
5 2133.310 2.397
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] ln DEP

] ln d0
52xF12

2k

~d0 /s!22k
G , ~13!

where we recall that (d0/s) is a. Differentiating Eq.~12!
with respect to lnd0 yields

] ln DEP

] ln d0
52ge f f . ~14!

Equating Eqs.~13! and ~14!, we obtain the effective expo
nentge f f as

ge f f5xF12
2k

~d0 /s!22k
G . ~15!

Equation~15! has a number of physical implications.
~1! ge f f is distinct fromx as long ask5” 0. Thus the quan-

tum confinement that one observes (ge f f) may be different
from the calculated one (x) irrespective of the method o
calculation, whether EMT or tight binding~TB!.

~2! The exponentge f f is universal in the sense that it
depends on the ratiod0 /s and not separately on the mea
size d0 and the variances. In other words, ensembles o
equivalent disorder will have the same exponentge f f .

~3! Note thatk is usually small and in the range@22:6#.
Hence the denominator in Eq.~15! will be positive. Thus
ge f f can be greater or less thanx depending on the sign ofk.

~4! If k is negative, the peak is blueshifted@Eq. ~8!#, and
the size dependence is more pronounced, e.g.,ge f f.x @Eq.
~15!#. On the other hand, redshifted peaks will exhibit
weaker size dependence.

~5! As expected, in the limit of small disorders→0, Eq.
~15! yields ge f fus→05x.

Almost all electronic structure calculations reported so
have been done on single nanocrystals with sized as a pa-
rameter, and these yield an upshift of the gap as given in
~2!. These calculations have been done at various level
sophistication. EMT yieldsx52. Tight-binding calculations
by Delerue, Allan, and Lannoo16 and more recently by us20

yielded xP @1.4:1.6#. Earlier tight-binding calculations by
Lippens and Lannoo21 and by Wang and Herron18 on II–VI
nanocrystals also yieldedx,2. Several experiments are use
to probe the blueshift due to quantum confinement. Typica
these are optical studies of the absorption edge and the
energy of PL emission as well as PL excitation studi
There were also reports of nonoptical observations such
valence band photoemission.22 These studies areinvariably
for an ensemble of nanocrystallites. Our analysis above in
cates that for these systems, the peak energy size depend
follows Eq. ~10! wherege f fÞx.

Further several attempts to estimate the size of a na
crystallite using Eq.~2! have been made in the past. Lippe
and Lannoo21 correlated the positions of the exciton peaks
size, and compared it favorably with their TB calculation
Colvin, Alivasatos, and Tobin22 used TB results on smal
CdS particles to extract the sizes of CdS cluster. Wang
Herron18 studied the dependence of the optical band gap
CdS and PbS on the cluster size. They claimed that TB
culations would provide a better description of size dep
dence than the EMT. Nomura and Kobayashi23 claimed that
the size-dependent results are in good agreement with ex
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ments on CdSe and CdSxSe12x microcrystallites once the
nonparabolicity of the conduction band is taken into accou
Marzin et al.24 correlated the PL peak energy of InAs qua
tum dots to the cluster size using a modified EMT approa
A similar EMT approach was employed by Farfadet al.25 to
correlate PL excitation spectra to InGaAs. Roy and Soo26

employed the TB calculations of Ramaniah and Nair27 to
correlate the optical absorption edge of CdSxSe12x nanopar-
ticles to size. These attempts may be flawed principally
cause our analysis shows that disorder modifies the e
nent.

First-principles calculations on silicon clusters have p
dicted large upshifts in energy, and consequently neede
postulate high exciton binding energies to explain exp
mentally observed emission frequencies.17 Our work shows
that the presence of disorder can shift the luminescence
position. In the absence of a strong size dependence o
oscillator strength, the peak is redshifted, as shown in Fig
This allows one to assume reasonable values for the e
tonic energy (;50 meV!.5 However, if the oscillator
n
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strength is strongly dependent on size, the peak blueshift
shown by the broken line in Fig. 1, and large excitonic e
ergies are needed to explain the disparity. This may indic
that the size dependence of the oscillator strength does
follow the simple EMT prediction, but has a much weak
dependence, or a nonmonotonic variation with size, as
dicted by several electronic structure calculations.14,15

Attempts to understand experimental data on the basi
calculations on single nanocrystals can be misleading.
simple model presented here outlines the pitfalls of carry
out such an exercise. Properties besides the PL broade
and band shift examined herein, such as dielectric abs
tion, radiative lifetime, etc., also need to be more carefu
studied in the light of our observations.
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