
PHYSICAL REVIEW B 1 NOVEMBER 1998-IVOLUME 58, NUMBER 17
Field-dependent thermodynamics and quantum critical phenomena
in the dimerized spin system Cu2„C5H12N2…2Cl4
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Experimental data for the uniform susceptibility, magnetization, and specific heat for the material
Cu2~C5H12N2!2Cl4 ~CuHpCl! as a function of temperature and external field are compared with those of three
different dimerized spin models: alternating spin chains, spin ladders, and the bilayer Heisenberg model. It is
shown that because this material consists of weakly coupled spin dimers, much of the data are insensitive to
how the dimers are coupled together and what the effective dimensionality of the system is. When such a
system is tuned to the quantum critical point by application of a field, dimensionality shows up in the
power-law dependences of thermodynamic quantities on the temperature. We discuss the temperature window
for such a quantum critical behavior in CuHpCl.@S0163-1829~98!05838-X#
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Quantum disorder and spin-gap phenomena in insula
and doped magnetic systems have attracted much int
recently. A number of novel materials have been synt
sized, which have a gap in the spin excitation spectrum
consequently exhibit activated thermodynamic behavior
low temperatures. Examples of such systems incl
CaVnO2n11 ,1 ~VO2!P2O7,

2 SrCu2O3,
3 CuGeO3,

4

Na2Ti2Sb2O,5 and a number of organic materials such
Cu2~C5H12N2!2Cl4 ~CuHpCl!.6,7 While the relationship of
spin-gap behavior to high-temperature superconductivity
mains one of the most intriguing problems in condensed m
ter physics,8,9 insulating materials are of interest in their ow
right, providing a rich interplay of quantum chemistr
strong quantum fluctuations, frustration, and dimensiona
crossovers.

The material CuHpCl is particularly interesting for a v
riety of reasons. First, from the point of view of spin-1

2 mod-
els, it is truely in the strong-coupling limit, where pairs
spins are strongly coupled to each other, forming a s
dimer, and these pairs are then weakly coupled to the re
the system. This provides a testing ground for stro
coupling theories of the quantum disordered phase. Sec
the exchange energy scale is small enough so that by a
cation of an external magnetic field one can drive the sys
through a phase transition from the quantum disordered
magnetically ordered phase. Third, there is, potentially
hierarchy of energy scales so that there is a temperature
dow of low-dimensional quantum critical behavior, which
the lowest temperatures will crossover to three-dimensio
behavior.

We present here results of finite-temperature stro
coupling expansions around dimerized Hamiltonians.
have developed a method combining a conventional ma
body perturbation theory in the interaction representat
with cluster expansion techniques to carry out these exp
sions by fully automated computer programs. Technical
tails of these calculations will be presented elsewhere.10 At
high temperatures, this approach is related to conventio
PRB 580163-1829/98/58~17!/11484~4!/$15.00
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high-temperature expansions. But unlike those, the stro
coupling expansions show excellent convergence down
very low temperatures for a range of parameters, and t
allow one to reliably compare experimental data with mo
Hamiltonians over the entire temperature range. We h
calculated the uniform susceptibility, magnetization, inter
energy, and specific heat of three different classes of mo
Hamiltonians by this method. These include two quasi-o
dimensional models, the alternating spin chain and the t
leg spin ladder, and one quasi-two-dimensional~quasi-2D!
model, the spin bilayer. These models have been the focu
numerous theoretical investigations in recent years.11–13

However, ours is a comprehensive numerical study of
field- and temperature-dependent thermodynamics of th
models.

The material CuHpCl consists of quasi-1D polyme
chains,14 where two spin-12 copper atoms are relatively clos
to each other and are physically quite far from other pairs
atoms. Based on the linear polymeric structure, quasi
models of weakly coupled spin dimers have been favored
this system. However, the physical distances for pairs of
oms between different polymers and those within a giv
polymer are comparable. Furthermore, one can identify
change pathways that lead to an interaction between spin
different chains as well as those in a given chain. Thus
the absence of any first-principles calculation, the s
Hamiltonian for this system and the effective dimensiona
is nota priori obvious. The majority of the experimental da
on the material has been interpreted in terms of o
dimensional dimerized spin models,6,7,15where the exchange
coupling for the dimers is about 13 K, whereas the coupl
between spins on neighboring dimers is about 3 K. Howev
there are two pieces of experimental data which are in c
flict with this picture. First, on application of a strong ma
netic field when the spin gap vanishes, a finite-tempera
transition has been observed at temperatures of order
whereas no such finite-temperature phase transition can
in a strictly one-dimensional system. Second, neutron
11 484 ©1998 The American Physical Society
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fraction spectra on powder samples do not show any
dence of Van Hove singularities expected from the quasi
models.7

In this study, we find that the uniform thermodynam
quantities for these models in zero field are very insensi
to the way in which the dimers are coupled together. In p
ticular, the susceptibility data for this material are well d
scribed by either an alternating chain model or a spin-lad
model or even a bilayer model. This may appear surpris
as the latter model is not apparently consistent with the st
ture of the material. The fact that one can nevertheless ob
a good quantitative description of the susceptibility measu
ments is a strong argument that thermodynamic prope
are determined by local effects, thus rendering them alm
insensitive to the dimensionality. This is easily understood
leading order of perturbation theory: in a strongly dimeriz
system the Curie-Weiss constantQw , which is the important
parameter controlling the high-temperature susceptibil
and the singlet triplet excitation gapD, which is the relevant
energy scale controlling the low-temperature susceptibil
are altered from their noninteracting dimer values in
same combination, independent of how the dimers
coupled together. Still, the extent to which one is able to
the experimental data by adjusting the parameters in
three models is surprising. The theoretical calculations of
specific heat in the three cases are also close to each o
although they deviate from what is found experimentally.

It should be noted that the asymptotic low-temperat
behavior of thermodynamic quantities do indeed depend
the spin dispersion along different directions. The dime
sionality enters directly into the power-law prefactors mu
plying the activated behavior.16 This study shows that suc
prefactors are essentially impossible to see in stron
gapped systems.

We argue that a robust way to determine the dimens
ality of the spin system is by tuning it to the quantum critic
point by application of a magnetic field. The spin gap in ze
field, together with theg factors, determines the critical field
As the spin gap disappears, the thermodynamic quant
develop power-law dependences on the temperature.17 Given
that these materials are ultimately three dimensional, an
portant question is, is there a temperature window where
low-dimensional quantum critical behavior can be observ
We find that at temperatures above 1 K, where our exp
sions still show good convergence, the asymptotic lo
temperature power laws are difficult to determine in an
biased manner. However, in a crude sense, quantum cri
behavior begins to set in at a temperature of order 5 K.
studying the consistency with expected behavior in one
two dimensions, one can determine the dimensionality of
systems below this temperature. This crossover tempera
scale for the onset of power laws is consistent with rec
NMR measurements.15

The quasi-1D models that we wish to study are given
the Hamiltonian

H5J'(
i

SA,i•SB,i1Jl (
i

@SA,i•SA,i 111SB,i•SB,i 11#

1Ja(
i

SB,i•SA,i 11 . ~1!
i-
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Here,SA,i andSB,i represent the two spins in the unit celli of
the chain. The antiferromagnetic intradimer couplingJ'.0
is much stronger than the exchange constantsJl andJa be-
tween different dimers. We will focus on the two limitin
cases of this general model: the alternating spin chain w
(Jl50, JaÞ0) and the spin ladder defined by (JlÞ0, Ja
50).

In order to compare with a quasi-2D system, we consi
the bilayer Heisenberg model, with Hamiltonian

H5J'(
i

SA,i•SB,i1J2 (
^ i , j &

@SA,i•SA, j1SB,i•SB, j #, ~2!

where^ i , j & are nearest neighbors on a square lattice, anA
andB represent spins in the two layers. The coupling of t
system to an external field is described by

Hext52gmBH (
i

~SA,i
z 1SB,i

z !. ~3!

We perform numerical investigations of these models
applying finite-temperature strong-coupling expansion10

The expansion parameterl is given by ratio of the inter-
dimer to the intradimer coupling, i.e.,l5Ja /J' , Jl /J' , and
J2 /J' for the alternating chain, ladder, and bilayer mod
respectively. The coefficients of the expansion are polyno
als in the variablesJ' /kBT, 1/f 51/(11exp@2gmBH/kBT#
1exp@gmBH/kBT#), and 1/Z051/(11 f exp@2J' /kBT#),
whereZ0 is the partition function of an isolated dimer.

Series for the uniform susceptibilityx, the magnetization
M , the internal energyE, and the specific heatC are calcu-
lated complete to orderl8, for arbitrary temperature and
magnetic field. The series coefficients will be presented e
where and made available on the world wide web.

To begin our comparison with the experimental data,
consider first the uniform susceptibility in zero field. W
note that there are some deviations between the suscepti
measurements of different groups. We will consider here
measurements of Hammaret al.7 and use them to fix ex-
change parameters within the three models. In Fig. 1
compare the experimental data with the models with para

FIG. 1. Uniform susceptibilityx in zero field per spin vs tem-
peratureT. The lines are partial sums of series for the three mod
discussed in the text. The curves are almost indistinguishable
provide an excellent fit to the experimental data of Hammaret al.
~Ref. 7!.



n
c
di

un

d
en
ia

il
i

a
re
et
e

, w
r-
tu
i

fo
e
,

ob

o

dl
th

t t
th
re
ea
re

the
ned
ar-

ow
uite
an

ite
or
uite
pCl
1 K:
ior
s of
ant

his
find

ed en-

11 486 PRB 58NORBERT ELSTNER AND RAJIV R. P. SINGH
etersJ'513 K, Jl53.5 K for the ladder,J'513.5 K, Ja
55.1 K for the alternating chain, andJ'513 K, J251.9 K
for the bilayer. The fit was obtained withg52.04 as given
by Hammaret al.7 We note that the agreement is excelle
for all three models. Different models essentially reprodu
the experimental data much better than the difference in
ferent experimental results.

We note that a similar ambiguity has also been enco
tered in studying the system~VO2!P2O7,

2 where many initial
measurements were interpreted in terms of a spin-lad
model, but more recent neutron scattering measurem
suggest that the alternating chain model is more appropr

In Fig. 2 the zero-field specific heat measurements7 are
compared with the theoretical models. We note that wh
the shape of the experimental spectra is very similar and
activated low-temperature behavior and peak position
well reproduced by the series, the overall quantitative ag
ment with theory is missing. This maybe due to incompl
background subtractions or the presence of nonmagn
phases in the experimental samples.

Before we move on to field-dependent measurements
turn to the calculation of the critical field. The triplet dispe
sion has been calculated to high orders by zero-tempera
dimer expansions.13,18 For the parameters chosen, the gap
determined to be 10.0 K for the ladder model, 10.24 K
the alternating spin chain, and 9.1 K for the bilayer mod
which takingg52.04, translates into critical fields of 7.30
7.45, and 6.65 T, respectively. Given the experimental
servation of critical fields of 7.2~1! T by Hammaret al.7 and
approximately 7.7 T by Chaboussantet al.,6 this argues in
favor of the one-dimensional models.

In Fig. 3 we compare the Knight shift measurements
Chaboussantet al.15 with the M /H ratio calculated for the
ladder model. Again the two models were found to be har
distinguishable down to quite low temperatures. We keep
exchange constants from the previous comparisons, bu
vertical scale is arbitrary. Given that the zero-field data of
two groups disagree somewhat, the agreement, found he
quite good. The convergence of these expansions br
down once the gap closes but only at fairly low temperatu

FIG. 2. Specific heatC in zero field per spin vs temperatureT.
The lines are partial sums of series for the three models discuss
the text compared with experimental data of Hammaret al. ~Ref.
7!.
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when the correlation length becomes large.
In Fig. 4 we show the temperature dependence of

magnetization for the two models, when the system is tu
to the quantum critical point. The difference is quite app
ent. The low-temperature power-law behavior is known19 to
beM}T1/2 in d51 andM}T in d52. Although asymptotic
low-temperature behavior may set in only at extremely l
temperatures, the difference between the two curves is q
apparent. In 1D the magnetization approaches zero with
infinite slope, whereas in 2D it appears to do so with a fin
or zero slope. By checking the consistency with linear
square-root behavior one can distinguish the two cases q
clearly at temperatures as high as 4 K. The material CuH
undergoes a three-dimensional phase transition around
hence, the window for observing quantum critical behav
maybe very limited. We note that in recent measurement
the nuclear relaxation rates for this material Chabouss
et al. observe a fairly sharp upturn around 5 K,15 which they
interpret as evidence for quantum critical behavior. T
crossover temperature scale is consistent with what we
here.

in
FIG. 3. Knight shift vs ln(T). Partial sums of series for the

ladder model at various magnetic fields compared with experim
tal data of Chaboussantet al. ~Ref. 6!.

FIG. 4. Magnetizationmi per spin vs temperatureT for the
critical field Hc as discussed in the text.
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Assuming the spin-ladder model, a mean-field treatme20

of the transition temperature would lead to interchain c
pling of the same order of magnitude as the coupling alo
the polymeric chains~of order 1 K!. This large interchain
coupling would explain the absence of Van Hove singula
ties in the powder neutron diffraction. On the other hand
the stronger couplings make it a quasi-2D system, with le
say weaker coupling along the polymeric chains, there co
be a finite-temperature Kosterlitz-Thouless phase transit
which could turn into a 3D phase transition even with ve
weak 3D couplings.

In conclusion, in this paper we have presented fin
temperature strong-coupling expansions for the uniform s
ceptibility, magnetization, internal energy, and specific h
of a number of dimerized spin models at arbitrary tempe
tures and fields. These calculations should be quite usef
the experimental determination of exchange parameters
class of magnetic materials. We also showed that unifo
thermodynamic measurements in zero field are not suffic
J
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for determining the nature of the spin Hamiltonian and t
dimensionality of the system. We found that the suscepti
ity data for the material CuHpCl can be equally well fit by
number of different models.

We have also shown that field tuning the system to
critical point may provide a clear way to determine the
fective dimensionality of the spin system and to study
associated quantum critical phenomena. Direct meas
ments of the spin dispersion by neutron diffraction on sin
crystals should shed more light on the nature of the coup
constants in this material.
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done. This work was supported in part by the U.S. Natio
Science Foundation under Grant No. DMR-96-16574.
rg.
1S. Taniguchiet al., J. Phys. Soc. Jpn.64, 2758~1995!.
2D. C. Johnstonet al., Phys. Rev. B35, 219 ~1987!; R. S. Ec-

clestonet al., Phys. Rev. Lett.73, 2626 ~1994!; A. W. Garret
et al., Phys. Rev. B55, 3631~1997!; A. W. Garrettet al., Phys.
Rev. Lett.79, 745 ~1997!.

3M. Azumaet al., Phys. Rev. Lett.73, 3463~1994!.
4M. Hase, I. Terasaki, and K. Uchinokura, Phys. Rev. Lett.70,

3651 ~1993!.
5E. A. Axtell, T. Ozawa, S. M. Kauzlarich, and R. R. P. Singh,

Solid State Chem.134, 423 ~1997!.
6G. Chaboussantet al., Phys. Rev. B55, 3046~1997!; Phys. Rev.

Lett. 79, 925 ~1997!.
7P. R. Hammar, D. H. Reich, C. Broholm, and F. Trouw, Ph

Rev. B57, 7846~1998!.
8A. J. Millis and H. Monien, Phys. Rev. Lett.70, 2810~1993!.
9For a recent discussion, see P. W. Anderson, cond-mat/980

~unpublished!.
.

.

68

10N. Elstner and R. R. P. Singh, Phys Rev. B57, 7740~1998!.
11E. Dagotto and T. M. Rice, Science271, 618 ~1996!.
12A. Sandvik and D. J. Scalapino, Phys. Rev. Lett.72, 2777~1994!.
13W. H. Zheng, Phys. Rev. B55, 12 267~1997!.
14B. Chiari, O. Piovesana, T. Tarantelli, and P. F. Zanazzi, Ino

Chem.29, 1172~1990!.
15G. Chaboussantet al., Phys. Rev. Lett.80, 2713~1998!.
16M. Troyer, H. Tsunetsugu, and T. M. Rice, Phys. Rev. B53, 251

~1996!.
17A. V. Chubukov, S. Sachdev, and J. Ye, Phys. Rev. B49, 11 919

~1994!.
18J. Oitmaa, R. R. P. Singh, and W. H. Zheng, Phys. Rev. B54,

1009 ~1996!.
19S. Sachdev, T. Senthil, and R. Shankar, Phys. Rev. B50, 258

~1994!.
20D. J. Scalapino, Y. Imry, and P. Pincus, Phys. Rev. B11, 2042

~1975!.


