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Pressure-induced phase transitions in solid Si, SiO2, and Fe: Performance of local-spin-density
and generalized-gradient-approximation density functionals

Aleš Zupan
Department of Physical and Organic Chemistry, Jozˇef Stefan Institute, Jamova 39, 1000 Ljubljana, Slovenia

Peter Blaha and Karlheinz Schwarz
Institute for Technical Electrochemistry, Technical University Vienna, Getreidemarkt 9/158, A-1060 Vienna, Austria

John P. Perdew
Department of Physics and Quantum Theory Group, Tulane University, New Orleans, Louisiana 70118

~Received 24 April 1998!

We focus on a particular shortcoming of the local-spin-density~LSD! approximation for the exchange-
correlation energy of a many-electron system: underestimation of the transition pressurept at pressure-induced
structural phase transitions in solids. We have performed self-consistent full-potential LAPW calculations, with
full structure optimization, for three cases—silicon~Si!, silica (SiO2), and iron ~Fe!. In agreement with
previous calculations, we find that gradient corrections to LSD over-correct the equilibrium volumes in Si and
SiO2, but correct or slightly under-correct the volume in Fe and the transition pressures in all three materials.
We apply a thermodynamiclike inequality@A. Zupanet al., J. Chem. Phys.106, 10 184~1997!# to our results
to explain why the generalized gradient approximation expands the equilibrium volume and increases the value
of pt over LSD. In all three cases, gradient corrections to LSD tend to stabilize the low-pressure phase because
of its more inhomogeneous electron density.@S0163-1829~98!05241-2#
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I. INTRODUCTION

Kohn-Sham~KS! spin-density functional theory1 is a tool
for accurate first-principles calculations of the ground-st
structure of many-electron systems.2 The only term in this
formally exact method that must be approximated is
exchange-correlation energyEXC@n↑ ,n↓#. The local-spin-
density approximation1,3 ~LSD! for EXC has been used suc
cessfully for thirty years in solid-state physics, giving re
sonable but imperfect predictions for lattice paramete
elastic and cohesive properties, etc. Recently, general
gradient approximations4–11 ~GGA’s! have improved upon
the accuracy of LSD, giving accurate total energies of ato
and atomization energies of molecules,12 and thus becoming
a standard method of quantum chemistry. In solid state ph
ics, GGA’s have been catching on only recently, althou
solid state applications were an early motivation
GGA.4,13

Theoretical complication and computational effort i
crease from LSD to GGA, and the resulting improvement
calculated properties is not uniform for all classes of so
state problems. GGA does improve lattice parameters, ela
constants, and magnetic properties of many metals,10,14 and
also improves the transition pressures for some press
induced phase transitions.15,16 In covalent semiconductors
where LSD gives unusually accurate lattice constants
bulk moduli, GGA sometimes leads to improvement15 and
sometimes to worsening17–21 via over-correction of LSD.

In this paper we concentrate on one particular shortco
ing of LSD, i.e., underestimation of the coexistence or tr
sition pressure for a pressure-induced structural ph
transition in a solid. To explain why gradient-corrected fun
tionals expand lattice parameters and increase the trans
PRB 580163-1829/98/58~17!/11266~7!/$15.00
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pressure, we use a thermodynamiclike inequality22–24 that
determines whether the nonlocal correction drives a proc
forward or not.

As numerical examples, we have chosen~a! silicon ~Si!,
which under pressure transforms from the semiconduc
diamond to the metallicb-tin structure~as studied theoreti-
cally in Refs. 15, 25, and 26!, ~b! silica (SiO2) which trans-
forms from thea-quartz to the stishovite structure~as studied
theoretically in Refs. 16, 27–31!, and ~c! the metal-metal
transition of iron~Fe! from the ferromagnetic bcc to the non
magnetic fcc structure.32–37 The experimentally observe
phase transitions are froma-quartz to coesite and then t
stishovite~with a metastable equilibrium betweena-quartz
and stishovite!,38 and from bcc Fe to hcp Fe.39 Nevertheless,
these examples are useful for an understanding of the un
lying physics. We used the LSD parametrization of t
exchange-correlation energy by Perdew and Wang,3 and the
most recent parameter-free GGA form by Perdew, Bur
and Ernzerhof~PBE!,9 which is numerically similar to the
GGA of Perdew and Wang~PW91!.7

II. COMPUTATIONAL DETAILS

We calculated the Kohn-Sham1 total energies self-
consistently for all crystal phases within the LSD~Ref. 3!
and GGA ~Ref. 9! approximations for the exchange
correlation energy. TheWIEN97 ~Ref. 40! program package
that we used employs the solar relativistic full-potential li
earized augmented plane wave~LAPW! method. Special at-
tention was paid to convergence of the results, especially
the SiO2 system for which the LSD energy difference b
tweena-quartz and stishovite is particularly small. For th
purpose, we carefully checked thek-mesh~finally using 6k
11 266 ©1998 The American Physical Society
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TABLE I. Equilibrium structural properties of each phase, and parameters of the diamond tob-tin phase
transition of Si, calculated with different approximations forEXC . V0 is the volume of the primitive unit cell,
which contains 2 atoms in each structure. The energy differencesDEt between the two phases, as well
their volumesVt

d andVt
b , are given at the transition point. For a selection of experimental values, see

15. (1 GPa50.01 Mbar50.0680 mRy/bohr3.)

Phase Expt. LSD PW91 PBE

Diamond V0 ~a.u.! 270.1 266.2 276.0 276.3
B0 ~GPa! 99 97 91 91
B08 4.2a 4.0 3.7 3.7

b-tin V0 ~a.u.! 199.9 208.5 207.0
c/a 0.552 0.546 0.551 0.547
B0 ~GPa! 117 106 109
B08 4.3 4.1 4.1
DEt ~mRy! 29 43 37
Vt

d/V0
d ~expt.! 0.918 0.938 0.928 0.937

Vt
b/V0

d ~expt.! 0.710 0.704 0.706 0.717
pt ~GPa! 10.5–12.5 6.7 10.6 9.2

aReference 44.
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points in the irreducible wedge of the Brillouin zone ina-
quartz and 9 in stishovite!, used a large plane-wave cuto
(RmtKmax59.5), and treated even the Si 2p states as band
states using the local orbital extension of the LAP
method.40 For all the phases of the remaining two system
we used the plane-wave cutoffRmtKmax59.0. We used 47k
points in Si in the diamond structure and 99k points in the
b-tin structure; for iron we used 286k points in each struc-
ture.

For each crystalline phase, we calculated the total ene
of the unit cell for a number of different volumes. For th
b-tin phase of silicon and the silica phases, we optimized
c/a ratio for each volume and relaxed all independent int
nal atomic coordinates until the respective forces were
than 1 mRy/a.u. We fitted the calculated total energies
0.8V0,V,1.2V0 to the Murnaghan equation of state41 to
obtain the equilibrium volumeV0 , bulk modulus at equilib-
rium B0 , its pressure derivativeB08 , and ground-state tota
energyE0 .

The coexistence pressure was finally calculated from
common tangent~Gibbs! construction to the two energy
versus-volume curves for the diamond andb-tin phases of
Si, thea-quartz and stishovite structures of SiO2, and the bcc
and fcc phases of Fe.

III. RESULTS AND DISCUSSION

A. Silicon „Si…

The calculated structural parameters for Si in the diam
and b-tin phases are listed in Table I. The reported expe
mental cell volume and bulk modulus correspond to z
pressure and temperatureT50 K. The diamond-structure
LSD results are in excellent agreement with experiment,
error in calculated volume being21.4% and in bulk modu-
lus 22.0%. Gradient corrections~either PW91 or PBE! ex-
pand the volume by 3.7% and decrease the bulk modulu
6.2%, leading to a worsening of the results. The differen
between PW91 and PBE values is small and barely not
able for the structural parameters. We note that converge
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is faster for PBE than for PW91, because PBE employ
simpler analytic form for the exchange-correlation potent
which is free from the spurious wiggles in the PW91 pote
tial. PW91 and PBE are otherwise similar, although PW
was constructed via a real-space cutoff of the exchan
correlation hole, while PBE was constructed by imposi
several exact physical constraints on the energy functio
Thus for the other systems (SiO2 and Fe!, the only GGA we
will consider is PBE.

In theb-tin structure, a similar trend is observed: gradie
corrections expand the volume by approximately 4% a
reduce the bulk modulus on the average by 8%.

In Table I we also report parameters of the diamond
b-tin phase transition of Si. The coexistence pressure is
tained via the Gibbs common-tangent construction using
energy versus volume plot for the two phases, i.e.,pt

52(Et
d2Et

b)/(Vt
d2Vt

b). The LSD result is significantly
lower than the experimental value, whereas the gradient
rection increases the transition pressure, leading to a v
that is close to the experimental value~PBE! or even within
the experimental uncertainty~PW91!.

Our results are almost identical to those of Filippi, Sing
and Umrigar17 ~who also used a full-potential LAPW
method! for the structural parameters of Si, and compa
well to the most recent pseudopotential~PP! calculations by
Moll et al.15 using the same approximations for th
exchange-correlation energyEXC . For the diamond struc-
ture, Moll et al. report V05264.2 a.u. andB0597 GPa in
LSD, andV05273.1 a.u. andB0592 GPa in PW91. These
and our numbers differ by less than 1%. For theb-tin struc-
ture, they reportV05197.5 a.u. andB05115 GPa in LSD,
andV05211.5 a.u. andB05104 GPa in PW91. Again thei
results are close to ours. The largest difference can be se
the transition pressure, a very sensitive quantity depend
not only on the energy but also on its first derivative w
respect to volume. They quotept58.0 GPa in LSD andpt
512.2 GPa in PW91. Our numbers are 10–15% smaller.
reason for this small discrepancy could be that in theb-tin
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TABLE II. Equilibrium structural parameters for two SiO2 polymorphs, and parameters of the pha
transition between them, calculated with LSD and PBE approximations forEXC . V0 is the volume per SiO2
formula unit. Symbolsu, x, y, andz denote free internal coordinates in units of lattice parameters as de
in Refs. 47 and 48~space groupP3221). Calculated values ofB0 and B08 are unreliable, due to the sma
number of fitted energies~5 for LSD, 7 for PBE!.

Phase Expt. LSD PBE

a-quartz V0 ~a.u.! 254.5a 244.4 266.0
c/a 1.099a 1.104 1.099
B0 ~GPa! 38a 35 44
B08 6a 7.1 3.2
u 0.4697a 0.460 0.474
x 0.4135a 0.409 0.413
y 0.2669a 0.280 0.261
z 0.1191a 0.108 0.123

Stishovite V0 ~a.u.! 157.3b 155.4 163.5
c/a 0.638b 0.642 0.636
B0 ~GPa! 313c,b 303 257
B08 2.8–6.0c,b 4.8 4.9
u 0.306b 0.305 0.307
DEt ~mRy! 26.6d 32.7
Vt

a/V0
a ~expt.! 0.935

Vt
stis/V0

a ~expt.! 0.628
pt ~GPa! 7.46e 6.2

aReference 49.
bReference 50.
cReference 51.
dDifference between the energy minima of both phases.
eReference 46.
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structure there is an additional degree of freedom, thec/a
ratio, which was not optimized by Mollet al., whereas we
optimized it and as a consequence obtained a smaller v
for the transition pressure.

Many pseudopotential studies of Si have been made.
LSD and PBE results for the diamond structure of Si ag
closely with those of Lee and Martin.20 Our LSD results also
agree reasonably with those of Garcı´a et al.42 and Ortiz,43

who also tested earlier versions of GGA. Yin and Cohe25

reported the LSD transition pressure to theb-tin phase to be
9.9 GPa, somewhat higher than our LSD value of 6.7 GP

B. Silica „SiO2…

The two phases of silica present the most demand
computational challenge in the present work. These calc
tions required several months of computation time on a d
cated 6-processor Silicon Graphics Power Challenge.
unit cell of the high-pressure phase stishovite consists of
formula units of SiO2, while the low-pressure phasea-quartz
has three formula units per unit cell. At each volume, t
additional parameters must be optimized in stishovite (c/a
ratio and one independent internal coordinate!, and five in
a-quartz (c/a ratio and four independent internal coord
nates!.

We calculated the energy of the unit cell as a function
volume for both phases using LSD and PBE functiona
converging the forces to less than 1 mRy/a.u. We report
results in Table II. In predicting the equilibrium volum
ue
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both approximations deviate from experiment to the sa
degree. LSD underestimates the equilibrium volume ofa-
quartz by 4%, and GGA over-corrects this, making the eq
librium volume too big by approximately the same amou
The LSD bulk modulus is very close to the experimen
value, while the GGA bulk modulus is too big by 16%. Th
is in contrast to the usual behavior, where one finds ‘‘softe
crystals~smallerB0) at the larger GGA equilibrium volumes
It should be mentioned that Hamann16 reports the same
anomaly.

Our calculated structural parameters compare well w
other theoretical studies,16,27–31 all using pseudopotentials
Those studies report fora-quartz LSD equilibrium volumes
per SiO2 ranging from 246.9 a.u.~Ref. 16! to 260.2 a.u.29

Our volume is smaller by 1% than the smaller previo
value, and 6.1% from the bigger value. In GGA, Haman16

reports 265.6 a.u. using the PW91 exchange-correla
functional; our volume using the similar PBE approximati
is only 0.15% bigger. We find similar accord in the calc
lated structural parameters of stishovite.~Very recent PBE
results from Hamann45 show excellent agreement betwee
his and our calculations. His PBE results are, fora-quartz,
V05269.3 a.u., B0543 GPa, B0853.3, and for stishovite,
V05164.7 a.u., B05249 GPa, B0855.0.)

More interesting is the energy difference between thea-
quartz and stishovite phases. Experiment38,46reports a differ-
ence of 0.51 to 0.54 eV per formula unit, witha-quartz lying
lower in energy. Liuet al.28 report 0.07 eV and Hamann16
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0.02 eV using pseudopotentials and the LSD approximat
Hamann’s LSD LAPW calculation favors stishovite, the e
ergy difference between the minima being20.04 to
20.06 eV per SiO2. We find very similar results, with an
energy difference between the minima of the two phase
20.09 eV per formula unit in LSD and10.51 eV in the
GGA approximation~compared to Hamann’s 0.57 eV!.

The energy difference between two phases is an esse
ingredient to calculate the transition pressure. The LSD
ergy difference is negative and thus gives no positive tra
tion pressure. On the other hand, GGA favors the more o
crystal structure, i.e., thea-quartz structure. We find a GGA
transition pressure of 6.2 GPa, which is in good agreem
with the experiment,46 and close to Hamann’s 7.0 GPa.

C. Iron „Fe…

We calculated the structural parameters of the bcc fe
magnetic~FM! and fcc nonmagnetic~NM! phases of Fe us
ing the LSD and PBE approximation. We also report t
transition pressurept between the two phases. The pressu
induced phase transition can occur only in GGA, since L
predicts a wrong ground state~fcc NM instead of bcc FM
phase32!. In practice, iron under pressure transforms to
hcp NM and not to the fcc NM phase. Nevertheless, th
two phases are so close in energy~see, for example, Fig. 4 o
Ref. 37! that the phase transition between the bcc FM and
NM phase can serve as a model and clearly supports
explanation why GGA functionals increase the transit
pressure in pressure-induced phase transitions over LSD

We report our results for the structural parameters
Table III. We found a number of different experimental va
ues for the volume per atom and the bulk modulus. Exp
mental volumes for bcc FM range from 78.93 a.u.~Ref. 34!
to 79.51 a.u.~Ref. 36!, and experimental bulk moduli from
168 GPa~Ref. 35! to 172 GPa.34 Our LSD result for the
equilibrium volume is 11% smaller than the experimen
value, but compares well with other theoretical calculatio
~LAPW:34,36 70.7 a.u., LMTO ASA:33 70.44 a.u.!. The only
calculation that differs significantly from ours is by Zh

TABLE III. Equilibrium structural parameters for two crysta
phases of iron, and parameters of the phase transition betw
them. V0 is the volume per atom. At ambient conditions, the b
ferromagnetic phase is stable.

Phase Expt. LSD PBE

bcc FM V0 ~a.u.! 79.5a 70.5 76.6
B0 ~GPa! 172a 260 200
B08 5.0b 4.6 4.5

fcc NM V0 ~a.u.! 65.1 69.4
B0 ~GPa! 354 297
B08 4.7 4.5
DEt ~mRy! 25.1c 9.22
Vt

bcc/V0
bcc ~expt.! 0.868

Vt
fcc/V0

bcc ~expt.! 0.810
pt ~GPa! 29.4

aReference 39.
bReference 52.
cDifference between the energy minima of both phases.
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et al.,35 whose use of pseudopotentials may have caused
discrepancy. The bulk modulus is severely overestimated~in
our case by 51%! as a consequence of the too-small equil
rium volume. Similar results were obtained in the abov
mentioned studies.

Gradient corrections expand the equilibrium volume
the bcc FM structure by almost 9%, but this volume rema
3.7% smaller than the experimental value. Our GGA volu
is in good agreement with that of Stixrudeet al.36 A GGA
expansion was also observed in Ref. 33, using LM~Ref. 4!
and PW86~Ref. 5! gradient-corrected exchange-correlati
functionals.

The fcc NM results can also be compared to other stud
Again, our LSD numbers are in excellent agreement with
results of Stixrudeet al.36 (V0565.1 a.u.,B05340 GPa),
but differ from the pseudopotential values of Zhuet al.35

(V0568.0 a.u.,B05334 GPa).
We find a stable fcc NM phase in the LSD approximatio

so no~positive! transition pressure can be calculated. On
other hand, GGA favors the more open crystal structure,
the bcc FM phase, and thus permits a calculation of the tr
sition pressure. Our results are reported in Table III. W
explain the effect of the gradient correction on the transit
pressure in the next section.

IV. INEQUALITY FOR AVERAGE VALUES
OF DENSITY PARAMETERS

The GGA form for the exchange-correlation energy c
be cast in the following way~neglecting small¹z terms!:

EXC
GGA@n↑ ,n↓#5E drn~r !«X~r s!FXC

GGA~r s ,z,s!, ~1!

where«X(r s)52(3/4p)(9p/4)1/3/r s is the exchange energ
per electron in the homogeneous electron gas with den
n5(4pr s

3/3)21. We use atomic units (\5e25m51).
The enhancement factorFXC

GGA(r s ,z,s) is a function of
three density parameters: the Seitz radiusr s , the relative
spin polarizationz5(n↑2n↓)/n, and the reduced densit
gradient s5u¹nu/2kFn5(3/2p)1/3u¹r su, where kF
5(3p2n)1/3 is the local Fermi wave vector. In the prese
work, we consider only the PBE enhancement factor.9 Note
that, in the case of a uniform density (s50 everywhere!, the
enhancement factorFXC

GGA(r s ,z,s50) and the exchange
correlation energyEXC

GGA in Eq. ~1! reduce to the LSD limit.
In order to simplify the interpretation, we replace the co

tinuous values of the density parametersr s , z, ands in Eq.
~1! by their averageŝr s&, ^uzu&, and^s&,22–24 which then fix
the exchange-correlation energy:

EXC5N«X~^r s&!FXC~^r s&,^uzu&,^s&!. ~2!

The averaging of these density parameters is not unique
we use the definition in Eq.~6! from Ref. 23.

To understand how the gradient correction modifies L
results in our systems, we focus on the difference betw
the LSD and GGA total energies. SinceELSD is minimal with
respect to variations ofn(r ), we can usually ignore the sma
differences between self-consistent LSD and GG
densities,53 so that EGGA2ELSD'EXC

GGA2EXC
LSD. Then the

en
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TABLE IV. Average density parameters for Si diamond andb-tin phases, and a test of the inequality~4!
for the volume expansion of each and for the reverse phase transition between them. ‘‘Infinitesimal’’ ch
of average parameters are obtained by increasing the volume of the primitive unit cell for each phas
V025 a.u. toV015 a.u. For the phase transition process, the average values taken are arithmetic
between two phases, and the difference is obtained as a difference of the density parameters at eq
positions.P is 1.119 for the diamond structure, 1.117 for theb-tin structure, and 1.118 for the transition.

Diamond b-tin b-tin→Diamond

^r s& 0.3416 0.3413 ^r s& 0.3415

^s& 0.6396 0.6352 ^s& 0.6374

d^r s& 2.19331024 3.19031024 D^r s& 3.031024

d^s& 5.38731024 7.93031024 D^s& 4.431023

Ineq. ~4! 8.431024.3.631024 1.231023.5.231024 Ineq. ~4! 6.931023.4.931024
a

a
s
t

n

it
th
s

ll
r

,
nd

es
imal
s
unts
i-
co-
l

a

a-
D

is
dy
en-

e
ore

stem
age

les
the
qui-
gradient correction to the energy per electron for
N-electron system with a given density is

D5~EXC
GGA2EXC

LSD!/N'«X~^r s&!

3@FXC~^r s&,^uzu&,^s&!2FXC~^r s&,^uzu&,0!#. ~3!

Now consider some process that leads to infinitesim
changes in̂ r s&, ^uzu&, and ^s&. In a typical process such a
stretching of a bond, botĥr s& and^s& increase. The gradien
correction will favor this process ifdD,0. Partial differen-
tiation of Eq.~3! yields

d^s&

^s&
.P

d^r s&
2^r s&

1Qd^uzu& ~dD,0!, ~4!

where

P52
2^r s&

^s&

]D/]^r s&
]D/]^s&

, ~5!

Q52
1

^s&

]D/]^uzu&
]D/]^s&

. ~6!

In general, gradient corrections favor density contractio
~smaller^r s&) as well as density inhomogeneity~larger^s&),
and Eq.~4! shows that the relative increase of inhomogene
(d^s&/^s&) must be greater than the relative decrease of
density (d^r s&/2^r s&) to ensure that gradient correction
should drive a process forward.~Note that P is close to
unity, and Q is zero for nonmagnetic systems!. If the in-
equality ~4! is not fulfilled, then gradient corrections wi
disfavor the process. An example of such a disfavored p
n

l

s

y
e

o-

cess is bond stretching in the H2 molecule. In this molecule
the GGA bond length is smaller than the LSD bo
length,12,23 contrary to the usual trend.

The inequality~4! can be applied not only to process
where the changes of the density parameters are infinites
~small changes in lattice parameters!, but also to processe
where the density parameters change by small finite amo
~phase transitions!. We test this inequality for phase trans
tions to explain the effect of gradient corrections on the
existence~or phase transition! pressure between two crysta
structures. ~Although the transition pressurept is
2DEt /DVt , we note that the gradient corrections have
much larger relative effect onDEt than onDVt .)

In Tables IV, V, and VI, we report average density p
rameterŝ r s& and^s& for all phases, evaluated with the LS
equilibrium density~and LSD atomic positions!. Note that
these values do not change qualitatively if a GGA density
used.~See, for example, Fig. 1 in Ref. 54 for a detailed stu
of the difference between the LSD and GGA values of d
sity parameterŝr s&, ^uzu&, and^s& in the fragmentation of the
H3 transition state!. For Si the average Seitz radius^r s& is
smaller in theb-tin structure, indicating a bigger averag
electron density and thus a more compact and also m
uniform crystal phase. In fact theb-tin structure has a
smaller value of the reduced density gradient^s&, which can
be regarded as a measure of the inhomogeneity of the sy
~in the sense of how much the system differs on the aver
from the uniform electron gas, where^s&50).

Small changes in the density parameters listed in Tab
IV, V, and VI as a consequence of the rearrangement of
atomic positions have been evaluated around the LSD e
anges

for
TABLE V. Average density parameters for SiO2 a-quartz and stishovite, and a test of the inequality~4!
for the volume expansion of each and for the reverse phase transition between them. ‘‘Infinitesimal’’ ch
of average parameters are obtained by increasing the volume per SiO2 formula unit for each phase from
V025 a.u. toV015 a.u.P is 1.130 for thea-quartz structure, 1.128 for the stishovite structure, and 1.129
the transition.

a-quartz Stishovite Stishovite→a-quartz

^r s& 0.4046 0.4035 ^r s& 0.4041

^s& 0.6707 0.6631 ^s& 0.6669

d^r s& 1.07331024 9.38731024 D^r s& 5.63731024

d^s& 4.66931024 2.00031023 D^s& 3.84831023

Ineq. ~4! 7.031024.1.531024 3.031023.1.331023 Ineq. ~4! 5.831023.7.931024
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TABLE VI. Average density parameters for Fe bcc FM and fcc NM phases, and a test of the ineq
~4! for the volume expansion of each and for the reverse phase transition between them. ‘‘Infinites
changes of average parameters are obtained by increasing the volume per atom for each phaseV0

25 a.u. toV015 a.u.P is 1.0915 for the bcc structure, 1.0913 for the fcc structure, and 1.0914 fo
transition; the corresponding values ofQ are 2.0031023, 0, and 1.0431023.

bcc FM fcc NM fcc NM→bcc FM

^r s& 0.2316 0.2315 ^r s& 0.23155

^uzu& 6.52331022 ^uzu& 3.26231022

^s& 0.5568 0.5559 ^s& 0.5564

d^r s& 2.83531024 3.71331024 D^r s& 1.20031024

d^uzu& 7.28431023 D^uzu& 6.52331022

d^s& 1.50431023 1.78931023 D^s& 9.11031024

Ineq. ~4! 2.731023.6.831024 3.231023.8.731024 Ineq. ~4! 1.631023.3.531024
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librium volume, by increasing and decreasing the volume
65 a.u. Inequality~4! is then evaluated for expansion fro
V025 a.u. to V015 a.u. and is confirmed for all crysta
structures. This implies that the gradient correction to
exchange-correlation energy should favor larger equilibri
volumes, as it actually does~compare calculated LSD an
PBE structural parameters in Tables I, II, and III!.

Although the inequality~4! was derived for infinitesi-
mally small rearrangements of atomic positions, it can
successfully applied to finite changes. To do so, we rep
^r s&, ^uzu&, and^s& by their mean values taken from the initi
and final state, and insert finite changes instead of infinit
mal ones.

We apply the inequality to the reverse phase transiti
from theb-tin to the diamond phase in Si, from stishovite
a-quartz in SiO2, and from the fcc NM to bcc FM phase i
Fe. Each reverse transition is one in which inhomogen
increases and density decreases. The inequality is obey
all three cases, and thus gradient corrections favor the
mond phase, thea-quartz phase, and the bcc FM phase,
spectively, resulting in a bigger energy difference betwe
the two phases. As a consequence, the transition pres
should increase in the GGA approximation, as indeed it d
~see LSD and GGA phase transition parameters in Table
II, and III!. Thus, for the cases studied here, the energy g
due to the increase of inhomogeneity always dominates
energy loss due to the density expansion during the rev
phase transition. Typically the inhomogeneity effect a
dominates the density effect in GGA calculations
bondlengths, surface energies, or transition state barriers23,24

V. CONCLUSIONS

To test the performance of LSD and GGA in solid sta
physics, we have performed state-of-the art all-electron
y

e

e
e

i-

s

ty
in

ia-
-
n
ure
s
I,

in
e

se
o
f

l-

culations in two crystal structures for each of three materi
Our results confirm the accuracy of recent all-electron
pseudopotential studies of these systems.

We find that gradient corrections to LSD correct
slightly under-correct the transition pressures in all three m
terials, and the equilibrium volume in Fe. However, th
over-correct the volume in Si and SiO2. Recent work by
Fuchset al.21 suggests that LSD and GGA errors of lattic
constants arise from unreliable descriptions of core-vale
interaction. Thus, reliable equilibrium volumes might be
tainable in GGA with the help of pseudopotentials co
structed for the free atom at a beyond-GGA level.55–57 Lat-
tice constants aside, GGA seems to perform better than L
for bulk solids, consistent with the observation that gradi
corrections improve the valence-valence exchange energ
Si ~Ref. 58! and model solids59 as well as the valence
valence exchange-correlation energy in Si.60

In the cases studied here, gradient corrections exp
equilibrium volumes and increase transition pressures fr
one crystal structure to another. We have shown that this
consequence of their tendency to stabilize systems with m
inhomogeneous electron densities, as surmised in prev
work.15,16
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