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Improved calculations of Bragg peak intensities near atomic resonance are obtained by including the effect
of the local environment around the resonant atoms on the resonant scattering amplitudesD f 5 f 81 i f 9.
Theoretical absorption cross sections calculated by theab initio x-ray-absorption codeFEFF are used to obtain
the imaginary partf 9 by extension of the optical theorem to nonforward scattering under the dipole approxi-
mation. The real partf 8 is obtained by a limited range Kramers-Kronig transform of the difference betweenf 9
based onFEFF and existing theoretical calculations off 9 based on an isolated-atom model. The atomic part of
D f calculated byFEFF for the resonant atom embedded in the local potential is assumed to have spherical
symmetry; however, no restriction is placed on the spectral features due to multiple scattering of the
intermediate-statevirtual photoelectron. Bragg peak intensities calculated in the kinematic approximation
using theFEFF-basedD f are compared to intensities calculated using the isolated-atomD f and to experimental
data for Cu metal and YBa2Cu3O6.8 at the CuK absorption edge, and for UO2 at the UM IV absorption edge.
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I. INTRODUCTION

Resonant x-ray scattering is a rapidly expanding field
compassing a wide range of research topics.1 Development
in this area has been stimulated by the availability of s
chrotron radiation and by the recognition that scattering n
atomic resonances provides large, chemically specific c
trast in the scattering amplitudes. For example, the ability
differentiate the contribution of a subset of heavy atoms
the diffraction pattern of a macromolecular crystal usi
multiple-wavelength anomalous dispersion~MAD !, in which
measurements are made at a few energies carefully ch
with respect to the resonance, has revolutionized the fiel
protein crystallography.2,3 Recently, with the development o
diffraction anomalous fine structure~DAFS!,4–6 resonant x-
PRB 580163-1829/98/58~17!/11215~11!/$15.00
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ray diffraction as a continuous function of energy has be
shown to provide additional information about the loc
structural, electronic, and magnetic environment of the re
nant atoms that complements the information about the lo
range structural, electronic, and magnetic order provided
other diffraction techniques.

With the increase in the availability of synchrotron radi
tion, resonant x-ray-scattering experiments have beco
more practical and the need for accurate theoretical calc
tions of the resonant scattering amplitudesD f 5 f 81 i f 9 has
become more important. Existing calculations ofD f based
on isolated-atom models7,8 are able to reproduce the gros
spectral features, i.e., the cusp inf 8 and the step inf 9, and
tables of these calculations are standard tools for the ana
of experimental data; however, the isolated-atom models
11 215 ©1998 The American Physical Society
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not take into consideration the effects of the local enviro
ment around the resonant atom and therefore fail to re
duce many important additional spectral features observe
D f , such as thewhite line at certain absorption edges,9 an-
gular variation induced by crystal symmetry,10 and the ex-
tended fine-structure oscillations which persist for seve
hundred eV above the absorption edge.5

It is well known from x-ray-absorption spectroscop
~XAS! that the features observed in the absorption cross
tion near a core electron resonance reflect the density of
states available to the outgoing photoelectron and dep
strongly on the local environment in which the resonant at
is embedded.11 Extensive work has been done in the last
years to develop a real-space photoelectron-scattering
formalism which describes XAS in terms of the local phy
cal, chemical, and electronic environment of the reson
atoms.12 More recently, improved theoretical understandi
has allowed the development of general-purposeab initio
calculations, such as those implemented in the computer
gram FEFF,13,14 which accurately reproduce nearly all of th
features observed in the absorption cross sections. Bec
of the close mathematical relationship between the ma
elements for absorption and for resonant elastic scatter
the scattering path formalism developed for calculating X
has immediate application to including the effects lo
structure in theoretical calculations ofD f for resonant x-ray
scattering.

This paper describes application of the x-ray-absorpt
codeFEFF to improving existing calculations ofD f , includ-
ing the polarization dependence of spectral features indu
by the local environment. In addition to providing a firs
principles approach to calculatingD f , which is useful for
understanding the origin of the spectral features, the ou
of FEFF is easily separated into contributions from individu
scattering paths that are parametrized in terms of struct
variables, such as path length, disorder, and amplitude,
can be optimized in a least-squares fit to resonant x-
scattering data. Although we have applied this work spec
cally to modeling DAFS data, the results should be useful
other resonant x-ray-scattering applications as well.

II. THEORY

A. X-ray scattering and x-ray absorption

Some examination of the relationship between absorp
and scattering is necessary for extending theoretical calc
tions of x-ray-absorption cross sections to modeling reson
x-ray-scattering amplitudes. In particular, the extension
the optical theorem to nonforward scattering requires jus
cation, and the interpretation of diffraction fine structure
terms of the x-ray-absorption fine-structure~XAFS!
photoelectron-scattering path formalism warrants specia
tention. This section gives a sketch of the relationship
tween the XAFS andD f matrix elements, and between re
and virtual photoelectron-scattering fine structure in XA
and DAFS, respectively. A complete derivation of the form
expressions for photon-atom interactions can be found
most advanced treatments of quantum electrodynamics15 and
detailed descriptions of the model used byFEFF for calculat-
ing the absorption cross sections can be found in
literature.14 For simplicity in this discussion, we will use
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nonrelativistic formalism, although theFEFF code itself in-
cludes the dominant relativistic corrections, i.e., relativis
matrix elements and semirelativistic scattering phase shi

From the perturbation expansion of the interaction Ham
tonian, the resonant correctionD f to the Thomson scattering
amplitudef 0 is second order in the vector potential and m
be written in the dipole approximation as

D f ~\v!5S e

mcD
2

(
n

^c f uê8* •r 8ucn&^cnuê•r uc i&

En2S Ei1\v1
1

2
iGnD 1c.c.

~1!

where ê is the photon polarization vector,r̂ is the dipole
operator,e is the electron charge unit,m is the electron mass
c is the speed of light, and c.c. stands for the complex c
jugate. In the single-particle approximation, the sum is o
all intermediate statescn , with energyEn , available to a
virtual photoelectron excited by the incident photon with e
ergy \v. All of the radiation damping effects are lumpe
into the intermediate-state lifetimeG. For elastic scattering
the initial and final states of the bound core electron
equal c i5c f . The photon wave vector changes directio
but the photon energy is unchanged, and the scattered ph
is coherent with the incident photon.

The dominant contribution toD f , shown in Fig. 1~a!, can
be thought of as absorption of the incident photon, creat
an intermediate excited state, followed by emission of
outgoing photon. The complex conjugate, shown in F
1~b!, can be thought of as emission of the outgoing pho
followed by absorption of the incident photon. The compl
conjugate is smaller than the dominant term by a factor
the order ofG/4\v at resonance, or around 1024 for the Cu

FIG. 1. Feynman diagrams for resonant elastic scattering
absorption.~a! The dominant contribution to resonant scattering c
be thought of as the absorption of the incident photon, creating
excited intermediate state, followed by the emission of the outgo
photon. The outgoing photon has the same energy as, and is c
ent with, the incident photon.~b! The smaller contribution to reso
nant scattering, in which the final photon is emitted before the
cident photon is absorbed, is negligible near resonance.~c!
Absorption is a single-photon process; however, the final sta
available to the outgoing real photoelectron created by absorp
are identical to the states available to the intermediatevirtual pho-
toelectron in resonant scattering.
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K shell, and can be neglected in the treatment of reson
scattering data. Note thatD f depends on both of the pola
ization statesê andê8 for the incident and outgoing photon
even though it has no direct dependence on the incident
outgoing photon wave vectorsk and k8 in the dipole ap-
proximation.

In comparison to the resonant scattering described by
~1!, the absorption amplitude is first order in the vector p
tential. In the single-particle approximation, the incide
photon is absorbed by a single bound atomic electron.
excited atom in the final state can decay via several chann
but the decay products are incoherent with the initial phot
The total absorption cross section is equal to the squa
magnitude of the amplitude summed over all of the fin
states available to the outgoing photoelectron and may
written, again in the dipole approximation, as

m~\v!5
4p2\a

vm2 (
f

^c i uê* •r 8uc f&^c f uê•r uc i&

3d„Ef2~Ei1\v!…. ~2!

The final statesc f available to the photoelectron in Eq.~2!
are the same wave functions as the intermediate statecn
available to the virtual photoelectron in Eq.~1!. Furthermore,
becausec i5c f in Eq. ~1!, the theoretical and computation
tools used for calculating the matrix elements for the abso
tion cross section are immediately applicable to calculat
the matrix elements for resonant elastic scattering.

Figure 1~c! shows the Feynman diagram representing
absorption amplitude for comparison with the diagrams
Figs. 1~a! and 1~b! for the scattering amplitude. The diagra
for the dominant resonant scattering term, Fig. 1~a!, can be
constructed from the diagram of Fig. 1~c! by unfolding it
about the midpoint, corresponding to the mathematical
eration of multiplying the matrix element represented by F
1~c! by its complex conjugate; however, we emphasize t
the polarization stateê and its conjugateê* in Eq. ~2! refer to
a single photon, while the polarization statesê andê8* in Eq.
~1! refer to two different photons. The DAFS polarization
dependence for any particular photoelectron-scattering
will differ from the XAFS polarization dependence for th
same path unless the polarization is unchanged by the
tering event. In the absence of dichroism, this condition
met when the wave vector transfer is restricted to lie in
plane normal toê, i.e., for s-s scattering, and we assum
this condition for the experimental examples given below

Analogous to the standard treatment of XAFS, it is co
venient to writeD f as the sum of an atomic contributio
D f a , due to the resonant atom only, and a photoelectr
scattering contributionx, which contains all of the fine struc
ture due to photoelectron scattering from the neighbor ato
The total anomalous scattering amplitude has the form

D f 5D f a1 f c9x, ~3!

whereD f a is theatomicpart of the resonant scattering am
plitude with no photoelectron-scattering terms,f c9 is the
imaginary part ofD f a due solely to the excited core electro
and all of the photoelectron scattering is relegated to
complex fine-structure functionx5x81 ix9. Note that we
nt
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make a distinction between the contribution toD f a from the
electrons in the excited core electronD f c and the contribu-
tions toD f a from off-resonance electrons in all other she
D f off :

D f a5D f off1D f c . ~4!

The steplike coefficientf c95Im@D f c# of x in Eq. ~3! is zero
below the absorption edge and sets the scale of the fi
structure amplitude relative to the step height, correspond
to the background functionm0 in XAFS:

m5m0~11xXAFS!, ~5!

wherexXAFS5Im@x(E,Q50)#. The coefficientsf c9 andm0

in Eqs.~3! and ~5! separate out of the sum ove
photoelectron-scattering paths in the Green’s function f
malism used byFEFF to calculate the matrix elements. Sinc
the use of the imaginary part ofD f c as the coefficient for
both the realand imaginary parts ofx may not be obvious, a
brief derivation is given in the Appendix.

B. Difference Kramers-Kronig transform

While FEFF calculatesm0 for the core electron, corre
sponding tof c9 , and both the phase and amplitude ofx, it
does not at this time calculatef a8 or moff from the off-
resonance electron shells. We use tabulated ato
calculations16,44 based on the method of Cromer an
Liberman8 ~CL! as background functions; however, becau
D f a andD f c in Eq. ~3! and Eq.~4! refer to the atomembed-
dedin its local environment, it is not sufficient to simply ad
the FEFF f c9x to the CL D f a . For example, compare th
CL-based bare atomf a9 and theFEFF-based embedded atom
f a9 in Fig. 2~a! for fcc Cu at the CuK absorption edge and in
Fig. 2~b! for UO2 at the UM IV absorption edge. In order to
incorporate all of the embedded-atom features inD f a , we
use a difference form of the Kramers-Kro¨nig ~KK ! disper-
sion relations to generate the real part ofD f .

The imaginary part of the resonant elastic scattering a
plitude in the forward directionf 9(E5\v)5Im@D f (\v;k
5k8)# is related to the total absorption cross sectionm(\v)
by the optical theorem, and the real partf 8(\v) is obtained
by the KK transform

f 8~\v!5
2

p
PE

0

`dv8v8 f 9~\v!

v822v2 8, ~6!

whereP indicates the Cauchy principle part of the integral
the complexv plane.

We use the sign convention found in the physics lite
ture, in which the Thomson scattering amplitudef 0 is explic-
itly negative and the real part of the resonant scatteringf 8,
which is p out of phase withf 0 , is a positive cusp. Consis
tent with the sign conventions used byFEFF, the poles ofD f
are taken to lie in the lower half of the complexv plane,
yielding the dispersion relation of Eq.~6! and upward step
for f 9. The difference between the sign conventions used
crystallography and in quantum mechanics has been
dressed previously in the context of comparing x-ray- a
neutron-resonant-scattering amplitudes,17 but continues to be
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an issue, even in more modern calculations of the ma
elements for x-ray scattering.18

In principle, the dispersion relations are only valid f
forward scattering. A more general expression for the opt
theorem in three dimensions19 can be written

Im@D f ~\v;k,k8!#5
k

4pE dV9 f * ~\v;k9,k! f ~\v;k9,k8!,

~7!

whereuku5uk8u5k and the integral is over all directions o
the wave vectork9. Within the dipole approximation, the
angular dependence ofD f a on k andk8 vanishes15 and the
one-dimensional KK dispersion relations extend to nonf
ward scattering. The dipole approximation is satisfied for
resonant scatteringf c from the core electrons, which hav
highly localized electronic wave functions, and the o
resonance scattering, which includes a contribution from
outer shells, accounts for only a small part;10% of f a ; we
assume that thek dependence off off can be neglected. Al-
though we neglect the complex conjugate of the lead
resonant scattering term, which is required for strict ana
icity, we argue that because the range of the fine structu
limited to within 1200 eV of resonance, and because non
cal effects fall off with 1/(v22v0

2), the difference KK is
insensitive to differences between the background functi
and the true analytic functions far from resonance. Theê and

FIG. 2. Comparison betweenFEFF- and CL-based amplitude
f a9(E) for ~a! the CuK-shell resonance in Cu metal and~b! the U
M IV resonance in UO2 . The FEFF-basedembedded-atomresonant
scattering factors~solid lines! are generally different from the
equivalentbare-atom functions ~dashed lines! calculated by the
method of Cromer and Liberman. The uraniumM IV resonance is an
extreme example.
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ê8 polarization dependence ofx, introduced by the local en
vironment of the resonant atom, is calculated explicitly in t
path formalism.

The infinite range of the integral, Eq.~6!, is impractical
for measurement and computation. Diffraction data as a c
tinuous function of energy are seldom collected beyo
2000 eV in a single scan, and our calculations are limited
the range over which the data are collected.FEFF does not
calculatef c9 below thresholdE0 , and the multiple-scattering
calculation begins to diverge by about 2000 eV aboveE0 .
Fortunately, the fine structure and other features due to so
state effects have a limited energy range, and the ato
calculations are generally in good agreement with exp
mental data except in the immediate vicinity of the abso
tion edges. Because the difference functionD f 2D f a is non-
zero over a limited energy range, the linearity of t
Reimann integral allows us to write

f 8~E!5
2

p
PE

0

`e f 9~e!de

e22E2 ~8a!

5
2

p
PE

0

`e$ f a9~e!1@ f 9~e!2 f a9~e!#%de

e22E2 ~8b!

5 f a8~E!1
2

p
PE

DE

e@ f 9~e!2 f a9~e!#de

e22E2 , ~8c!

where we have changed the argument toE5\v, which is
more natural for synchrotron experiments. The differen
KK transform ~DKK ! can always be exploited to reduce th
infinite range of the integral KK transform when it is applie
to experimental data,20 providedD f a is analytic andf 92 f a9
vanishes outside the finite energy rangeDE. Although the
atomicD f calculated using the method of CL are not stric
analytic,21 numerical integration in the range 5 eV t
200 keV has been used to check that the deviation from a
lyticity is negligible over the data range for the exampl
below.

In order to calculateD f , the FEFF m needs to agree with
the backgroundf a9 far from the absorption edge. Followin
standard practice in XAFS analysis,FEFFnormalizes the step
height inm to unity. In addition, there may be a small line
energy dependence in the background that varies with
step size used for calculating the potentials.22 Because of
these trivial differences, we use a simple linear parametr
tion

m0,FEFF5~a01aiE!
f c,CL9

E
~9!

to scale theFEFF output so that it agrees with the atomicf c9
far from the edge. The atomicf c9 , which is zero below the
edge, is derived fromf a9 by modeling the pre-edge regionf off9
as an Aikman polynomial16 to subtract off the contributions
from the off-resonance shells.f c9(E) and f FEFF9 (E) are then
interpolated onto a uniform 1 eV grid and the numeric
DKK transform of f FEFF9 2 f c9 is calculated using the MacLau
rin series formulation, as suggested by Ohta and Ishid23

The transform of the difference is then added tof a8 to obtain
theFEFF-basedf 8. Figure 3 shows a graphical representati
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of the algorithm described above. Figure 3~a! shows the
FEFF-based~solid line! and CL-based~dashed lines! f 9, Fig.
3~b! shows the difference functionf FEFF9 2 f CL9 , and Fig. 3~c!
shows the finalFEFF-basedf 8 ~solid line! which is the sum of
the CL-basedf a8 ~dashed line! and the DKK transform of the
difference functionf FEFF9 2 f CL9 .

III. RESULTS

To demonstrate the accuracy of the improved theoret
amplitudes, experimentally measured Bragg peak intens
vs photon energy are compared to theoretical intensities
culated using a kinematic structure factor model with b
FEFF- and CL-basedD f . In all of the theoretical calculation
core-hole lifetime broadening ofm was introduced by con
volution with a Lorentzian using tabulated linewidths.24 An
automated computer code, based on the DKK algorithm
using CL-based atomic calculations25 as background func
tions was written for converting theoretical and experimen
absorption coefficientsm into D f , and has been made ava
able on the internet.26

Experimental DAFS data from three systems are co

FIG. 3. The difference Kramers-Kronig transform.~a! The FEFF

m(E) is rescaled to agree with an atomic calculation off c9(E) at
high energies, then added to the contribution from the off-resona
shells f off(E). ~b! The KK transform of the differencef FEFF9 (E)
2 f a9(E) is calculated using the MacLaurin series formulation~Ref.
23!. ~c! the transform of the difference is added tof a8(E) to obtain
the FEFF-basedf 8(E).
al
es
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pared to kinematic structure factor calculations using C
and FEFF-based resonant scattering amplitudes. The exp
ments were performed at the NSLS on beam lines X23A
and X22C in the vertical scattering geometry. For the th
retical calculations, we have assumeds-s scattering, ê
5ê8, and sinceFEFF uses a spherical muffin-tin potential t
calculatem0 , we neglect any polarization dependence in t
embedded atomD f a . The polarization dependence ofx for
YBa2Cu3O6.8 was included explicitly in theFEFF calcula-
tions.

A. Copper metal

Figure 4 shows the experimentally measured DAFS int
sity for the ~111! reflection of Cu metal and the theoretic
intensity calculations usingFEFF- and CL-basedD f (E). The
spectra were collected from a 2000-Å single-crystal film
@111# oriented fcc Cu grown by electrochemical depositi
on a mica substrate.27 The experiments were performed
NSLS beam line X23A-2 using a fixed-exit scannin
monochromator28 with Si ~220! crystals. The sample wa
mounted in a two-circle goniometer and custom motor c
trol software was used to track the Bragg peaku and 2u as
the energy was scanned. The data shown in Fig. 4 are p
intensity vs angle. The full width at half maximum~FWHM!
of the u-rocking curve was 0.04°, and comparison betwe
the ratios of peak intensity to integrated intensity at ten d
ferent energies showed less than 0.3% variation over
1200 eV range of the scan.

ce

FIG. 4. Comparison between experiment~points! and theory for
Cu ~111! K-shell DAFS. Theoretical calculations for kinemat
scattering withFEFF-based~solid line! and CL-based~dashed lines!
D f . The bottom figure shows an expanded view of the near-e
region.
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The FEFF m(E) was calculated for fcc Cu using a lattic
parameter ofa53.6148 Å,29 and the XAFS Debye-Walle
factors were included using a correlated Debye model w
T5273 K and QD5315 K.30 All photoelectron scattering
paths out to 8 Å and having 0.5% or more of the first sh
scattering amplitude were included, amounting to 71 uniq
paths. No adjustable parameters were used in theFEFFcalcu-
lation.

TheFEFF-basedD f (E) were used to calculate the theore
ical intensity based on the kinematic structure factor for
metal according to

I SF~E,Q!}$@ f 0~Q!1 f 8~E!#21@ f 9~E!#2%

3L~E,Q!A~E,Q,t !, ~10!

where Q5k2k8 is the wave vector transfer,L(E,Q) is
the energy-dependent Lorentz-polarization correctio31

(E3sin 2u)21 for s-s scattering at the Bragg angle 2u, and
A(E,Q,t) is the thin-film self-absorption correction@1
2exp$22m(E)t/sinu%#/2m(E) for a film of thicknesst.29 The
theoretical intensity was scaled to the experimentally m
sured DAFS intensity amplitude using

I ~E,Q!5a1I SF~E,Q!1a21a3E, ~11!

wherea1 is the overall scale, and the offseta21a3E allows
for a small energy-dependent slope in the background.
values ofai determined for theFEFF-based intensity were
used to recalculate the intensity using CLD f . Fig. 4~a! cov-
ers the full range of the experimental DAFS data and F
4~b! shows an expanded view of the near-edge region.

The small differences between theFEFF calculation and
the experimental DAFS data in Fig. 4 could be improved
varying the XAFS path parameters in a nonlinear lea
squares fit; however, we have chosen to perform the ca
lations using only the Cu lattice parameter and Debye te
perature found in the references cited above. No adjust
parameters, other than the overall scaling factors in Eq.~11!,
were used, in order to present a realistic result for a trueab
initio calculation.

B. Inequivalent Cu sites in YBa2Cu3Ox

Materials with multiple inequivalent resonant sites, su
as YBa2Cu3Ox, are of special interest for DAFS experimen
because the fine structure from the inequivalent sites
often be isolated crystallographically, either by finding a
flection where there is cancellation of the signal from all b
one site or by making linear combinations the fine struct
from several reflections. They also pose some interes
problems for MAD experiments becauseD f from each site
can differ dramatically, and the usual method of obtain
D f 8, by KK transform of XAFS data, can give incorre
results. Figure 5 shows the CuK-shell DAFS from four of
the (00l ) reflections of YBa2Cu3O6.8, along with theoretical
intensities calculated usingFEFF- and CL-basedD f . The
sample was a 3000 Å film of YBa2Cu3Ox grown by pulsed
laser ablation on a 1031030.5 mm3 MgO substrate. Thec
axis of the film was oriented normal to the surface, and
a-b plane was fully twinned. The lattice parameterc
511.692 Å was determined by Cu rotating anode meas
ments of the (00l ) reflections, and the oxygen depletionx
h
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,
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56.8 and the in-plane lattice parametersa53.824 Å andb
53.879 Å were estimated using the linear relationship
tweena, b, c, andx.32

The FEFF m for the Cu(1) ~chain! and Cu(2) ~plane! sites
were calculated separately, including the polarizat
dependence,33 and the XAFS Debye-Waller factors were in
troduced using Einstein frequencies for the Cu-O, Cu-
and Cu-Y bonds.34,35 SinceQ was parallel to thec axis, the
polarization vector was confined to the twinneda-b plane for
the data shown in Fig. 5. Figure 6 shows theFEFF- and CL-
basedf 8 and f 9 for the two inequivalent Cu sites, as well a
a sketch of the nearest-neighbor oxygen atoms. The la
difference between the local environments of the two site
the x-y plane causes a large difference in the fine structu
but no significant difference in the shape or position of t
cusp and step inD f a , for the two sites. Because of this larg
difference betweenx (1) andx (2), reflections that would nor-
mally be forbidden for the Cu sublattice can still have
significant signal from the Cu atoms.

The ratio of the contributions from the two Cu sites
each reflection depends on the indices (hkl). Neglecting the
crystallographic Debye-Waller factors,D f for the (00l ) re-
flections may be written

D f l5
D f ~1!12 cosf lD f ~2!

112 cosf l

.D f a1 f c9
x~1!12 cosf lx

~2!

112 cosf l
5D f a1 f c9x l , ~12!

FIG. 5. YBa2Cu3O6.8 K-shell DAFS. Comparison between ex
perimental data~points! and theory for (00l ) K-shell DAFS from
YBa2Cu3O6.8. Theoretical intensities were calculated using a kin
matic structure factor withFEFF-based~solid line! and CL-based
~dashed line! D f .
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wheref l5Q•R52p l /c for the (00l ) Bragg peaks. Equa
tion ~12! is only approximate, since any site dependence
D f a and f c9 has been ignored; however, this is a reasona
approximation for estimating the overall shape ofI (E,Q)
since the gross features ofD f a , i.e., the cusp depth, ste
height, and edge position, depend the physics of the c
electron, and only weakly on the configuration of the neig
bors. Changes in valence state have been observed to c
shifts in the position of the edge, sometimes qu
dramatically;3 however, the gross shape remains unchang
We make the assumption that the DKK transform still ho
in the presence of a small edge shift between the two s
and that the difference between the shifted and unshiftedD f 9
transforms correctly to the difference inD f 8, as demon-
strated elsewhere.36 At fixed Q, all of the angular depen
dence in Eq.~12! is confined to the effective fine structur
x l(E), which is the crystallographically weighted sum
x(E) from the resonant sites.

When all of the resonant sites have the same local e
ronment, thenx l is the same for every Bragg reflection. Th
can be seen by factoring outD f in Eq. ~12! when D f (1)

5D f (2). The normalization ofx l in Eq. ~12! determines the
relative amplitude of the fine structure with respect to
cusp depth and step height. The functionD f l is theeffective
anomalous scattering amplitude, normalized to the sin
atom response. In terms ofD f l , the structure factor for a
multiple-site material can be rewritten as

FIG. 6. Theoretical resonant scattering amplitudes~a! f 8 and~b!
f 9 for the two inequivalent Cu sites in YBa2Cu3O6.8. The FEFF-
based calculations~solid lines! are compared with CL-based iso
lated atom calculations~dashed lines!. The FEFF amplitudes were
calculated for vertical-plane scattering from ana-b twinned sample
with the wave vector transfer parallel thec axis by averaging sepa
rateFEFF calculations fora andb polarization.
n
le

re
-
use

d.
s
s,

i-

e

e-

F5(
j

~ f 0,j1D f l !e
iQ•Rj , ~13!

treating all of the resonant atoms as equivalent with
anomalous scattering correctionD f l . This formalism is use-
ful for interpreting the information content of the DAF
from materials with multiple resonant sites in the unit ce
By comparison, the normalized XAFSx(E) is weighted ac-
cording to the stoichiometry of the unit cellx5 1

3 x (1)

1 2
3 x (2) in this example; therefore, calculatingD f by KK

transform of XAFS data can give inaccurate results.
Figure 7 shows the experimentalf 8 for the weak~001!

reflection from YBa2Cu3O6.8, resolved by an iterative KK
algorithm,6,36 along with theoretical calculations off 8 using
the DAFS structure-factor weighting~dashed line!, the
XAFS 1:2 weighting~solid line!, and the bare-atom CL am
plitude ~dot-dashed line!. When the resonant atoms sit i
inequivalent crystallographic sites, reflections that are n
mally forbidden due to destructive interference between
inequivalent sites may be allowed near resonance, as
here. Thisbeating between inequivalent resonant sites h
been suggested as a possible tool for macromolec
phasing.37,38 If the cancellation occurs within a sublattice o
equivalent sites, however, this enhancement of the fine st
ture does not occur. In ferrite spinel (Fe3O4), for example,
which has Fe atoms in tetrahedrally and octahedrally coo
nated sites, the partial sum over the octahedral Fe sites
ishes for some reflections, independent of the sum over
tetrahedral Fe sites, and likewise for the converse. Th
while the fine structure may be different for the two Fe si
in Fe3O4, it always diminishes in proportion to the gros
features ofD f and therefore is not enhanced relative toD f at
weak reflections. In YBa2Cu3O6.8, however, due to the low

FIG. 7. Experimental DAFS-weightedf 8 resolved from the
~001! reflection of YBa2Cu3O6.8 by an iterative KK algorithm~Ref.
36! ~points! compared to the crystallographically weightedFEFFcal-
culation ~dashed line!, XAFS-weightedf 8 ~solid line!, and atomic
f a8 ~dash-dotted line!. The ratio of the contributions from Cu(1) and
Cu(2) is 1:112 cos@Qz# for the (00l ) DAFS and 1:2 for the XAFS.
This illustrates the potential problem with using XAFS data to o
tain near-edge resonant scattering amplitudes for multiple-site
terials. The effect is strongest at forbidden or near-forbidden refl
tions and when the local environments of the inequivalent sites
very different.
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symmetry of Cu(1), all of the reflections with weak Cu sca
tering give interference between the two different Cu site

C. Uranium oxide

X-ray resonant magnetic scattering makes use of la
changes inD f around theL andM shells of the actinides an
rare-earth metals to enhance the magnetic Bragg peak
materials with ordered moments39–41and to increase the sur
face sensitivity of magnetic scattering.42 The white line in
f 9, Fig. 8~b!, and the commensurate feature inf 8, Fig. 8~a!,
reflect the large number of unoccupied final states availa
to the outgoing photoelectron. With a white line on the ord
of 40 times thef 9 step height, theM IV-shell resonance o
uranium oxide is a dramatic example of the inadequacie
atomic calculations of the anomalous scattering amplitud

Figure 9 shows the energy-dependent Bragg peak in
sity from the~002! reflection of UO2 around theM IV absorp-
tion edge, along withFEFF- and CL-based intensity calcula
tions. The sample was cut from a single oriented crysta
obtain a~110! surface, and the details of the surface pre
ration and diffraction experiment are given elsewhere.43 The
DAFS was measured asI peak vs energy, and corrected fo
secondary extinction using the integratedu rocking curve at
several energies. TheFEFF m(E) was calculated for UO2
using the CaF2 structure with a lattice parameter ofa
55.47 Å. The XAFS Debye-Waller factors were ignored a
instrument broadening was introduced by convolution wit
3 eV Lorentzian. The background functions used in the DK

FIG. 8. Theoretical~a! f 8(E) and ~b! f 9(E) for UO2 at the U
M IV edge. The large white line observed inf 9, which is propor-
tional to the absorption cross section, is accompanied by a l
derivativelike feature inf 8. TheFEFF-based resonant scattering am
plitudes ~solid lines! are a significant improvement over the tab
lated atomic calculations~dashed lines!.
.
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transform were obtained by numerical integration off a9 from
tables44 over the tabulated range 29–30 000 eV to obtainf a8
in the vicinity of theM IV edge.

It is well known that the standard tables ofD f are not
useful for materials that exhibit a large white line, and, f
this reason,f 9 is usually determined by measuring the flu
rescence XAFS spectrum and then taking the KK transfo
to obtainf 8. When the productmt is changing by an order o
magnitude, however, as in the UM IV example given here
fluorescence measurements provide a poor estimate ofm(E),
since the effective thickness of the sample, which, for th
samples, determines the number of absorbers, varies
versely with the cross section. Thisthickness effectis well
known in XAFS and, in extreme cases, can nearly supp
the fine structure.11 Additional x-ray-absorption data wer
collected on polycrystalline UO2 around the UM IV absorp-
tion edge at NSLS beam lines X24C with a fixed-e
Si ~1,1,1! monochromator. Transmission, electron-yield, a
fluorescence XAFS data were collected under vacuum fr
three polycrystalline UO2 films of 3000 Å, 6000 Å, and
10 000 Å deposited by sputtering U metal onto a 75mm Be
substrate in an oxygen-rich reaction atmosphere. Trans
sion ande-yield data from all three films were compared
ensure the absence of self-absorption effects in the exp
mentally determined cross section. Transmission throug
bare Be substrate was measured independently to deter
the background form trans. Figure 10 shows the UM IV f 9
from the 3000 Å film collected in transmission and fluore
cence modes, as well as the tabulated values. The thick
effect causes a factor of 2 error in the experimental fluor
cence cross section at the white line.

IV. CONCLUSION

We have demonstrated that theoretical x-ray-absorp
cross sections calculated using the computer programFEFF

can improve theoretical resonant x-ray-scattering amplitu
by including spectral features that are not accounted fo
existing atomic codes. Although the discussion has been

ge

FIG. 9. Comparison between experimental data~points! and the-
oretical intensity calculations, usingFEFF-based~solid line! and
atomic ~dashed line! scattering amplitudes, for UO2 ~0,0,2! DAFS
at the U M IV shell. The DAFS data were measured asI peak vs
energy, and corrected for secondary extinction using the integr
u rocking curve at several energies.
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ited to s-s scattering, versions ofFEFF7.02 and higher have
the ability to calculate the full tensor polarization depe
dence of the scatteringx(E) by changing the photon polar
ization state in the termination matrix on the final leg of ea
photoelectron-scattering path. As we have tried to empha
throughout this work, the polarization dependence ofD f ,

which goes as (ê• r̂1)(ê8• r̂N) in the path formalism, wherer1

andrN indicate the first and final legs of the path, is differe
from the polarization dependence of the Thomson scatte

amplitude, which goes asê•ê8, and from the polarization

dependence of the XAFS, which goes as (ê• r̂1)(ê• r̂N). This
suggests that it may be possible to observe small chang
the relative intensities of the Bragg peaks that are no
agreement with structure factor calculations, but that can
interpreted in terms of the XAFS path formalism, by colle
ing resonant scattering spectra at out-of-plane reflect
from materials where local environment of the resonant
oms has low symmetry. We are not aware of any work
this specific topic; however, the tensor polarization dep
dence ofD f from materials which exhibit quadrupole sca
tering has been found experimentally to be small.20,45,10

A larger effect, and one that we believe warrants cons
eration for resonant scattering experiments from all mater
with multiple inequivalent sites, is the possibility of stron
enhancement of the fine structure at reflections that are
bidden, or nearly forbidden, due to cancellation between
equivalent resonant sites. The effect occurs when canc
tion in the structure factor requires mixing amplitudes fro
inequivalent sites with very different local environments,
illustrated by the example given in Fig. 7 for the weak~001!
reflection from YBa2Cu3O6.8.

As a final note, we would like to point out that in order
calculate the x-ray-absorption cross sections,FEFF uses a so-
phisticated and fast atomic potential algorithm to calcul
the electron density around the embedded central atom. W
the standard approximation of spherical symmetry, this e
tron density can be used to calculate the Thomson scatte
f 0(Q) by direct Fourier transform. Using the overlapp

FIG. 10. Experimentalf 9 from XANES measurements of UO2
at the UM IV absorption edge. Comparison between XANES m
surements made in electron yield~triangles! and fluorescence
~circles! demonstrate how the white line is reduced by se
absorption. The bare-atomf 9 convolved with a 3 eV Lorentzian
~solid line! is shown for comparison.
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atomic calculations of of FEFF7, f 0(Q) has been
reproduced46 to within ;2% of values given in standar
tables.47 Work is now being done to make the atomic pote
tials of FEFF consistent with the photoelectron scatteri
potentials,48 which should give better calculations off 0(Q)
for atoms embedded in real solids.
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APPENDIX: DERIVATION OF THE DAFS
FINE-STRUCTURE COEFFICIENT

The absorption cross section of Eq.~2! is typically calcu-
lated using a Green’s function formalism, which has a phy
cal interpretation as a sum over photoelectron-scatte
paths. Since the final statesc f in Eq. ~2! are identical to the
intermediate statescn in Eq. ~1!, the same formalism and
interpretation also apply to the resonant scattering amplitu
Replacing the sum over intermediate states by the o
particle retarded Green’s function

G1~r ,r 8!5(
n

ucn&^cnu
E2En1 ih

, ~A1!

where of all the dissipative terms, including the core-ho
lifetime 1

2 Gn and the lossy part of the potential, are lump
together in a neth, Eq. ~1! becomes

D f ~E!52S e

mcD
2

^c i uê8* •r 8G1~r ,r 8!ê•r uc i&, ~A2!

which, except for the polarization dependence noted abo
is closely related to the expression for the x-ray-absorpt
coefficient:

m~E!52
4p\a

vm2 Im@^c i uê* •r 8G1~r ,r 8!ê•r uc i&#.

~A3!

The sum is taken over empty final states, so thatG1(r ,r 8)
implicitly includes the Fermi-Dirac functionQ(Ef2E).
SeparatingG1(r ,r 8) into central embedded-atomGc

1(r ,r 8)
and photoelectron scatteringGsc

1(r ,r 8) terms and expanding
over angular momentum statesL of the outgoing photoelec
tron, the central-atom contribution can be written

Gc
1~r ,r 8!5(

L
RL~r,!RL

1~r.! ~A4!

-

-
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as in the multiple-scattering~MS! theory of XAFS.49 RL is a
solution to the radial Shro¨dinger equation,50 r. andr, refer
to the greater and lesser ofr and r 8, respectively, and
RL(r )5RL(r )YL( r̂ ). The remaining photoelectron scatterin
terms can be written

Gsc
1 ~r ,r 8!5 (

L,L8
RL~r !RL8~r 8!GL,L8

1
~r ,r 8!. ~A5!

Note that since Im@RL
1(r.)#5RL(r,), both the central-atom

and the scattering contributions to Im@G1(r ,r 8)# have the
same dependence of the radial wave functio
i.e., Im@Gc

1(r ,r 8)#5(LRL(r )RL(r 8) and Im@Gsc
1 (r ,r 8)#

5(L,L8RL(r )RL8(r 8)Im@GL,L8
1 (r ,r 8)#.
i

m

,

Equation~A3! can then be used to write the total absor
tion coefficient as m tot5moff1m0(11x9), where x9
5Im@GL,L8

1 (r ,r 8)# is the fine-structure term due to photo
electron scattering from near-neighbor atoms,m0 is the
embedded-atom absorption coefficient due to the resona
derived from Im@Gc

1(r ,r 8)#, andmoff is the smooth absorp
tion coefficient from the excitation of lower-energy level
Since f 9 and m are related by the optical theorem atk
5k8, it follows that f 95 f off9 1 f c9(11x9) where f c9}m0 and
f off9 }moff . In contrast, f 85 f off8 1 f c81 f c9x8, where x8
5Re@GL,L8

1 (r ,r 8)# and f off8 is the real part of the anomalou
scattering from resonances of other core levels. The prefa
to x8 follows directly from both the real and imaginary par
of Gsc

1 (r ,r 8) above depending onRL(r )RL8(r 8), which is
proportional to2Im@Gc

1(r ,r 8)#.
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