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Exciton binding energies in polar quantum wells with finite potential barriers
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A theoretical method for studying the properties of 1s and 2s excitons in polar quantum wells with finite
potential barriers is presented. Exciton–optical-phonon interaction together with an image-charge effect and
discontinuity of the band masses are included in the theory. Exciton binding energies and exciton–LO-phonon
interaction energies of GaAs/Ga12xAl xAs and Zn12xCdxSe/ZnSe quantum wells are calculated numerically.
Our theory gives correct results throughout the entire well-width range of the finite-barrier quantum wells. The
properties of the 1s and 2s excitons are found very different in quantum wells. The theoretical results of the
energy difference between 1s and 2s exciton states of heavy-hole excitons in these quantum-well structures are
compared with the experimental data directly. The property of the excitons in polar quantum wells are dis-
cussed in the present paper.@S0163-1829~98!03640-6#
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I. INTRODUCTION

Exciton binding energy is a very important parameter
termining optical and electronic properties of the man-ma
layer materials. Exciton stability depends on the ratio of
citon binding energy to longitudinal-optical~LO! phonon en-
ergy \vLO , and on actual strength of the exciton-phon
coupling. Since exciton binding energies are greatly
hanced in quantum wells~QW’s! by quantum confinemen
effect, exciton states in QW’s are more stable and even e
at room temperature. In recent years, the exciton is con
ered a potential candidate for laser mechanisms, and h
been extensively investigated experimentally and theor
cally. Following the early theoretical works of Milleret al.,1

Bastard et al.,2 and Matsuura and Shinozuka,3 where the
simplest model calculations for an exciton in a QW we
shown, many authors calculated exciton binding energie
finite QW’s.4–11 In these works some detailed phenome
such as effective band mass and dielectric-constant mism
between the well and the barrier materials, valence-b
coupling, nonparabolicity of the dispersion relations, su
band interference, and so on, were taken into considerati
Also, recently some authors presented improved theore
investigations by including image charge effect.12–14 It is
found that the exciton binding energy in a dielectric QW
significantly enhanced by the image charge effect even
well width much larger than the exciton Bohr radius.

Exciton-phonon interactions in quantum wells were a
studied by many authors. Chun, Won, and Pei15 studied LO
phonon effect on exciton binding energy
GaAs/Ga12xAl xAs. By using a perturbation variational tech
nique, they investigated the dependence of ground-s
binding energy on the well width and found that the corre
tion due to the polaron effect is quite significant. With
different exciton-phonon interaction Hamiltonian, Mouk
liss, Fliyou, and Sayouri16 studied the same problem by em
ploying a variational method. Both Refs. 15 and 16 us
PRB 580163-1829/98/58~16!/10769~9!/$15.00
-
e
-

-

ist
d-
ve
ti-

in
a
tch
d
-
s.
al

a

o

te
-

d

separable trial exciton wave functions for the relati
coordinate-dependent part in their calculations. It should
pointed out that the separable wave function is able to y
reasonable results for a thin QW with infinite-high barrie
but is not a reasonable candidate of the exciton wave fu
tion in a finite QW. The reason is simply that the excito
wave function penetrates extensively into barrier area i
thin-well limit. According to recent investigations,17,18 it is
also realized that the phonon models and the exciton-pho
interaction Hamiltonian in Refs. 15 and 16 are not entire
correct pictures. Xie and Chen19 studied the ground state o
both heavy- and light-hole exciton in a GaAs/Ga12xAl xAs
QW by taking all the phonon modes into account. Unfor
nately, their theoretical results had been found not entir
correct.

From previous theoretical works we expect that the f
lowing effects have obvious effects on an exciton state i
polar quantum well.~1! The finite barrier-potential effect du
to the discontinuity of conduction- and valence-band edge
in a dominant role in the cases of shallow or narrow QW
~2! The exciton–optical-phonon interaction plays a very i
portant role in exciton states since most practical QW’s
composed of polar compounds.~3! The image charge effec
due to the discontinuity of dielectric constants across
interface greatly affects the exciton binding energy. A sy
thetic investigation of these effects on the excitons in QW
is important to understand the optical and electronic prop
ties of QW’s, also in view of their application to photoele
tronic devices. To our knowledge, up to now, such an inv
tigation has not been published.

There is a practical problem of comparing theory w
experiment for exciton binding energy in QW’s. The pu
lished experimental results of exciton binding energies
III-V ~Refs. 1, 20, and 21! and II-VI ~Refs. 22–24! polar
semiconductor QW’s are sometimes very different from ea
other. The reason may be the difficulty of determining t
onset of the continuum states accurately. The most relia
10 769 © 1998 The American Physical Society
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measurements come from low-temperature photolumin
cence or magnetoabsorption experiments on high-qua
QW samples, where two clearly resolved peaks are identi
as 1s and 2s exciton states. These measurements give
rectly the values ofuE2s2E1su. Since the ratio ofE1s /E2s in
a QW is neither four nor another constant, it is importa
practically to study the 2s exciton state in QW’s and calcu
late the energy differenceuE2s2E1su theoretically. It seems a
better way to compare directly the exciton binding-ene
differenceuE2s2E1su with a corresponding reliable theory
and then based on the theory to determine the exciton b
ing energy of the ground state more accurately.

Very recently, we presented a theoretical method for
vestigating the properties of exciton–optical-phonon inter
tion systems in polar semiconductor QW’s~Refs. 25 and 26!
in detail. The subband effect, the image charge effect,
the anisotropy mass effect are incorporated in the theory
using an improved variational method and nonseparable
exciton wave functions for the relative coordinate-depend
part, we obtained expressions of bound-state energy an
average virtual phonon number of an exciton-phonon in
action system in an infinite polar QW. It was shown that o
theory is valid in whole well-width range from thin-well t
wide-well limits. Based on this theory, we did a set of n
merical calculations. General properties and some interes
features of the exciton-phonon system and also the rela
importance of every phonon mode on the exciton state w
discussed and concluded in the paper.

In the present paper we extend our theory to finite po
QW’s and present a theoretical method for calculating
exciton binding energies of ground state and excited sta
Effects of the finite-potential barrier, exciton-optical phon
interaction, and image charge are included in our theory.
expression of the exciton binding energy with only o
variational parameter is obtained. Two typical QW structu
that have been extensively investigated, GaAs/Ga12xAl xAs
made of III-V compounds and Zn12xCdxSe/ZnSe made o
II-VI compounds, are put into numerical calculations. Bas
on the present theory and the numerical results, we dis
the properties of the excitons in polar QW’s. A more acc
rate calculation by including the valence-band complex
will make the study run into new complications and is n
considered in the present paper.

We describe the theory in Sec. II and present numer
results in Sec. III. Discussions and comparisons with exp
ments are included in Sec. III. The conclusions are given
Sec. IV.

II. THEORY

Within the framework of effective-mass an
nondegenerate-band approximations, the Hamiltonian o
exciton interacting with optical phonons in a finite QW com
posed of two polar compounds is expressed in three par

H5He1Hph1Hi . ~2.1!

The free-exciton Hamiltonian is written as

He5(
j

H Pj i
2

2mj i
1

Pjz
2

2mjz
1V~zj !J 1Ve-h~r,ze ,zh!,

~2.2!
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with

mj n5H mj nw , uzj u<d

mj nb , uzj u.d
~ j 5e,h;n5i ,z! ~2.3!

and

V~zj !5H 0, uzj u<d

v j , uzj u.d
~ j 5e,h!, ~2.4!

where j 5e,h refers to the electron and hole, respective
Pj5(Pj i ,Pjz), r j5(rj ,zj ) and m5(mj i ,mjz) are the mo-
mentum, position, and effective band mass of the partic
Pj i and rj are two-dimensional vectors in thex-y plane.
V(zj ) for j 5e ( j 5h) is the barrier potential experienced b
the electron~hole!. The width of the QW isW(52d).

Ve-h(r,ze ,zh) is the electron-hole Coulomb interactio
potential in the QW system. Its expression can be evalua
by the image charge method and has been studied in d
by Kumagai and Takagahara.12 The expression can be give
in the form of infinite series and is very lengthy in the case
a finite QW. When both the electron and the hole are in
well, for example, the electron-hole potentialVe-h(r,ze ,zh)
is given by

Ve-h~r,ze ,zh!52 (
n52`

`
j unue2

e`1Ar21@ze2~21!nzh1nW#2
,

~2.5!

with

j5
e`12e`2

e`11e`2
, ~2.6!

where the subscripti 51 and 2 refers to the well and th
barrier, respectively.e0i (e` i) is the static~optical! dielec-
tric constant of the material indicated byi . Here we do not
write the full expression of the potential again, and refer
Ref. 12. It has been pointed out that the self-polarizat
energy of the electron~hole! can be satisfactorily accounte
for by a shift in the subband energy, without significa
modification of the subband wave functions.12–14Since such
shifts are canceled out in the results of the exciton bind
energies, the self-polarization energy will be not included
this work.

The free-phonon HamiltonianHph is given by

Hph5(
b

(
k

\vb~k!akb
† akb , ~2.7!

whereakb
† (akb) is the creation~annihilation! operator of an

optical phonon with frequencyvb(k) and wave vector
(k,kb). The two-dimensional~2D! vector k denotes the
wave vector in thex-y plane.b5m refers to the confined
LO phonon in the well material with frequencyvL1 and the
wave vector along thez axiskm5mp/W. b5z describes the
half-space LO phonon in the barrier range with frequen
vL2 and wave vector (k,kz). b5(s,p) refers to the inter-
face optical~IO! phonon. The IO phonon is the vibration i
thex-y plane andkb50. The indexp (51,2) refers to the
symmetric and antisymmetric IO phonon models, ands
(51,2) to the high- and low-frequency IO phonon mode
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respectively. The dispersion relation of the frequencyvsp
has been given in our previous paper.26

The exciton–LO-phonon interaction Hamiltonian tak
the form of

Hi5(
b

(
k

$Vkb@Lkb~ze!exp~ ik•re!

2Lkb~zh!exp~ ik•rh!#akb1H.c.%, ~2.8!

The coefficientsVkb and Lkb(zj ) ( j 5e,h) of the confined
LO phonons take the form of

Vkm5 i F\vL1

2dS S 1

e`1
2

1

e01
D 4pe2

k21km
2 G1/2

, ~2.9!

Lkm~zj !5sin@km~zj1d!#u~d2uzj u! ~ j 5e,h!,
~2.10!

whereS stands for the area of the interface.u(x) is a stage
function with u(x)51 when x.0 and u(x)50 when x
<0. The coefficients of the half-space LO phonon take
form of

Vkz5 i F\vL2

DS S 1

e`2
2

1

e02
D 4pe2

k21kz
2G 1/2

, ~2.11!

Lkz~zj !5sin@kz~ uzj u2d!#u~ uzj u2d! ~ j 5e,h!,
~2.12!

whereD is the barrier width. The coefficients of IO phonon
takes the form of

Vk,sp5 i S \vsp

S

11pe22kd

ep1j1sp1ep2j2sp

pe2

k D 1/2

. ~2.13!

Lk,s1~zj !5H exp@2k~zj2d!#, zj.d

cosh~kzj !/cosh~kd!, 2d<zj<d

exp@k~zj1d!#, zj,2d,
~2.14!

Lk,s2~zj !5H exp@2k~zj2d!#, zj.d

sinh~kzj !/sinh~kd!, 2d<zj<d

2exp@k~zj1d!#, zj,2d,
~2.15!

with

j isp~kd!5S vLi
2 2vTi

2

vTi
2 2vsp

2 D 2
vsp

2 e i

vTi
2 e0i

~ i 51,2!, ~2.16!

wherevLi (vTi) is the longitudinal~transverse! optical pho-
non frequency of the material indicated byi . The total trial
wave function of the exciton-phonon system is a produc
the exciton wave function and the phonon wave functi
and it takes the forms of

uC&5U~ f !u0&uCn,l 1 ,l 2
&. ~2.17!

The phonon state is assumed as a coherentlike stateU( f )u0&,
whereu0& is the zero phonon state,U( f ) is an unitary trans-
formation operator, which is defined as
e

f
,

U~ f !5expH(
b

(
k

(
j

@ f kb jLkb~zj !

3exp~2 ik•rj !akb
† 2H.c.#J , ~2.18!

wheref kb j will be determined later by the variational cond
tion.

Cn,l 1 ,l 2
(r,z1 ,z2) is assumed as a product of the excit

wave function for the relative coordinate-dependent term
subband wave functions of the electron and hole in the Q
The effects of finite confinement, subbands of the elect
and hole, and the internal excited states of the exciton
included in the function. Usually the following variationa
wave function is used:

Cn,l 1 ,l 2
~r,z1 ,z2 ,l!5Nn,l 1 ,l 2

fn~r ,l!c l 1
~z1!c l 2

~z2!,
~2.19!

where the constantNn,l 1 ,l 2
is determined by the normaliza

tion condition.fn(r ,l) is the exciton wave function of the
relative motion with the quantum numbern. For the 1s and
2s exciton states the wave functions are chosen as, res
tively,

f1s~r ,l!5exp~l1r !, ~2.20!

f2s~r ,l!5~12Ar !exp~l2r !, ~2.21!

wherel1 and l2 are variational parameters, which will b
determined numerically by minimizing the energy of the sy
tem. A is determined by the orthogonalization conditio
c l 1

(z1) and c l 2
(z2) are the wave functions of the electro

and hole moving in the finite QW in the subbandl 1 and l 2 ,
respectively. In the assumption of this paperc l 1

(z1) and

c l 2
(z2) can be written by

c l j
~zj !5H cos~kl j d!e2kl j8 ~ uzj u2d!, uzj u.d

cos~kl j zj !, uzj u<d

j 5e,h; l 51,3,5, . . . ~2.22!

and

c l j
~zj !5H sgn~zj !sin~kl j d!e2kl j8 ~ uzj u2d!, uzj u.d

sin~kl j zj !, uzj u<d

j 5e,h; l 52,4,6, . . . , ~2.23!

where the wave numberskl j and kl j8 are related to the sub
band energyEl j with

kl j 5S 2mjzwEl j

\2 D 1/2

, ~2.24!

kl j8 5S 2mjzb~v j2El j !

\2 D 1/2

. ~2.25!
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According to Bastard’s work,27 the subband wave func
tion should satisfy the boundary conditions ofc l j

(zj ) and

(]c l j
/]zj )/mjz , which are both continuous on the interfa

(zj56d), which gives

kl j tan~kl j d!5
mjw

mjb
kl j8 , l 51,3,5, . . . , ~2.26!

kl j cot~kl j d!52
mjw

mjb
kl j8 , l 52,4,6, . . . . ~2.27!

The subband energyEl j is determined by numerically solv
ing the transcendental equations~2.26! and ~2.27! for the
finite square wells. By the same variational method as sho
in Ref. 26, the energy of the exciton-optical phonon syst
is given by

E5^CuHuC&5^Cn,l 1 ,l 2
u^0uU~F !uHuU~F !u0&uCn,l 1 ,l 2

&

5E01(
b

(
k

(
j

Bkb j u f kb j u21(
b

(
k

$ f kbe* f kbhGkb

1 f kbef kbh* Gkb* %2(
b

(
k

$Qkbef kb1* 1Qkbhf kbh*

1Qkbe* f kbe1Qkbh* f kbh%. ~2.28!

with the following abbreviations:

E05K Cn,l 1 ,l 2U p2

2m i
1Ve2h~r,ze ,zh!

1( H Pjz
2

1V~zj !J UCn,l 1 ,l 2L , ~2.29!
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Akb j5^Cn,l 1 ,l 2
uLkb

2 ~zj !uCn,l 1 ,l 2
&, ~2.30!

Bkb j5 K Cn,l 1 ,l 2UH \vb~k!1
\2k2

2mj i
J Lkb

2 ~zj !

1
\2

2mjz
S ]Lkb~zj !

]zj
D 2UCn,l 1 ,l 2L , ~2.31!

Ckb5^Cn,l 1 ,l 2
uLkb~z1!Lkb~z2!exp~ ik•r!uCn,l 1 ,l 2

&,

~2.32!

Gkb5\vb~k!Ckb , ~2.33!

Qkbe52Vkb* ~Akbe2Ckb!, Qkbh5Vkb* ~Akbh2Ckb* !,

~2.34!

whereE0 is the bare-exciton energy, i.e., the energy of
exciton in the QW without exciton-phonon interaction. Th
parameterf kb j has been determined by the variational co
dition d^CuHuC&/d f kb j50, which yields26

f kbe5
QkbeBkbh2QkbhGkb

BkbeBkbh2uGkbu2
,

~2.35!

f kbh5
QkbhBkbe2QkbeGkb*

BkbeBkbh2uGkbu2
.

Insert Eq.~2.35! into Eq. ~2.28!, and the general expressio
of the bound-state energy of the exciton-phonon interac
system is given in a very abbreviated form:
j jz

E5E02(
b

(
k

BkbeuQkbhu21BkbhuQkbeu22QkbeQkbh* Gkb* 2Qkbe* QkbhGkb

BkbeBkbh2uGkbu2
. ~2.36!
of
ary
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In Eq. ~2.36! only one variation parameter (l1 or l2) that is
related to the practical QW structure is needed to be de
mined by the numerical variation method. The second te
in Eq. ~2.36! is just the contribution of the exciton–LO
phonons interaction. As the same analysis as in our prev
paper,26 it is proved that we can use Eq.~2.36! to calculate
the 1s and 2s exciton binding energies and the exciton–LO
phonon interaction energy and also the contributions of
ery phonon mode in finite polar QW’s.

III. RESULTS AND DISCUSSIONS

Two extensively studied QW structures, GaA
Ga12xAl xAs and Zn12xCdxSe/ZnSe, are put into numerica
calculations to show quantitative properties of excitons
polar QW’s. In order to compare the present results w
other theoretical works and experimental data, we use
isotropic effective-mass approximation in the calculatio
The calculation including the anisotropic effect of the v
r-
m

us

-

/

n
h
e

.
-

lence band will be shown later in this section. For lack
physical parameters of ternary mixed crystals, the tern
material parameterPA12xBxC can be derived from binary pa

rametersPAC andPBC by linear interpolation relation:

PA12xBxC5~12x!PAC1xPBC .

The linear interpolation scheme is a useful tool for estim
ing some physical parameters of alloy compounds. T
physical parameters of the binary materials studied here
listed in Table I.

First, a calculation of the GaAs/Ga12xAl xAs system as a
typical example of III-V systems is presented. Since the
tical phonons in Ga12xAl xAs exhibit a two-mode behavior, i
is a usual way to use the effective phonon approximati
The effective phonon energies are given by28

\vL536.2511.83x117.12x225.11x3 ~meV!,
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TABLE I. Physical parameters of some binary materials. Herem0 is the mass of a free electron,a is the
lattice constant, andEg is the energy band gap.

e0 e` \vL (meV) \vT (meV) me (m0) mh (m0) a ( Å) Eg (eV)

GaAsa 13.18 10.89 36.25 33.29 0.067 0.62 5.6533 1.424
AlAs a 10.06 8.16 50.09 44.88 0.150 0.76 5.6611 2.168
CdSeb 10.16 6.2 25.93 20.47 0.11 0.44 6.052 1.9
ZnSeb 7.6 5.4 31.39 26.43 0.13 0.57 5.668 2.82

aReference 28.
bReference 35.
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e-
\vT533.29110.70x10.03x210.86x3 ~meV!.

The energy band-gap discontinuity at the interface is gi
by DEg51.155x10.37x2 (eV).28 The potential-well
heights ve and vh are assumed to be 60% and 40%
DEg ,29 respectively.

As shown in Fig. 1 the 1s and 2s exciton binding ener-
gies of GaAs/Ga12xAl xAs QW’s increase with increasing th
aluminum concentrationsx in the barrier. The quantum con
finement effect is significant for the 1s exciton but much less
significant for the 2s exciton with its smaller binding energy
This fact can be explained qualitatively based on the sim
infinite QW theory.2 As well known, the exciton energy lev
els are given byRy /n2 in the 3D limit andRy /(n2 1

2 )2 in the
2D limit, whereRy @5m1e4/2\2e`1

2 # is the Rydberg energy
andn51,2, . . . .When the well width is changed from infi
nite to zero the 1s exciton binding energy varies fromRy to
4Ry , i.e., E1s

2D/E1s
3D54. However, at the same time, the 2s

exciton binding energy only varies fromRy/4 to 4Ry/9, i.e.,
E2s

2D/E2s
3D516/9, which is much smaller than that of the 1s

exciton. In the finite-well case we believe thatE2s
2D/E2s

3D will
be smaller than 16/9 and closer to 1. The 2s exciton binding
energy is a smooth function of the well widthW and the
barrier-potential height, which is proportional to the allo
concentrationx. By analyzing the calculated data, we obta
a simple equation for estimating the 2s exciton binding en-
ergy E2s

b in the GaAs/Ga12xAl xAs QW:

E2s
b ~meV!51.711.4x2~1.213.6x!1023 W~Å!

~30<W<300 Å and 0.4>x>0.05!.

FIG. 1. Binding energies of the 1s and 2s excitons in
GaAs/Ga12xAl xAs quantum wells as functions of the well width.
n

f

le

The most reliable experiment of the exciton binding e
ergy is the photoluminescence experiment on the hi
quality QW sample, where two clearly resolved peaks
identified as 1s and 2s exciton states. The value o
uE2s2E1su is directly measured from the distance
the two peaks. The first observation of the discrete peak
the low-temperature photoluminescence spectra
GaAs/Ga12xAl xAs QW’s was made by Dawsonet al.30 Two
years later, well-resolved higher excited states of exciton
225-Å GaAs/Ga12xAl xAs QW’s were observed by Reynold
et al.31 It is believed that these experiments are accurate
reliable. Since the present theory can calculate the ene
difference of the 1s and 2s excitons, it is possible to com
pare our theoretical results directly with the experiment da
Our theoretical results and some published experimental
are plotted in Fig. 2 with lines and points, respectively. If t
uncertainty, about60.35 meV,32 of the experimental data
caused by the uncertainty of the61 monolayer in the well
width is well understood, then it is considered that the agr
ment of our theory with the experiments is very good
wide-well ranges.

In Fig. 3 we plot the 1s and 2s exciton–optical-phonons
interaction energy in a GaAs/Ga0.6Al0.4As QW as a function
of the well width. In order to see the relative importance
every phonon mode, the contributions of the confined
phonon, the half-space LO phonon, and the IO phonons
also plotted in the figure, respectively. It is shown that t
contribution of the half-space LO phonon is reduced ve
quickly to zero with the well-width increase. When the we
width is larger than 50 Å, the half-space LO phonon is rea

FIG. 2. Comparison of theoretical and experimental values
the energies difference between the 1s and 2s exciton states in
GaAs/Ga12xAl xAs quantum wells. The experimental points corr
spond toh, Ref. 30 (x50.40); s, Ref. 1 (x50.37); n, Ref. 31
(x50.35); ,, Ref. 30 (x50.35).
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10 774 PRB 58RUISHENG ZHENG AND MITSURU MATSUURA
no interaction with the excitons. Comparing Figs. 3~a! and
3~b!, we found that the total 2s exciton–optical-phonons in
teraction energy increases monotonously with decreasing
well width, and is always larger than that of the 1s exciton.
The larger exciton–optical-phonon interaction of the exci
state arises from the smaller cancellation of the polaron
fects of the electron and the hole due to the larger exc
radii as in the case of bulk crystals.33,34

By analyzing the calculated data in detail we find that
inclusion of the image charge potential increases obviou
the 1s exciton binding energy in a GaAs/Ga12xAl xAs QW
with x.0.2. This fact improves the agreement of the the
with the experiment in the cases of the well width larger th
50 Å.

Next we pay attention to the Zn12xCdxSe/ZnSe QW sys-
tem as a typical example of II-VI systems. As pointed out
Cingolani et al.,23 most of the required parameters are n
very well known for ZnSe, CdSe, and their ternary alloy
Theoretical and experimental studies used rather diffe
values of the parameters. In the present calculation we
the parameters35 that are used by many other authors. T
parameters of Zn12xCdxSe are evaluated by linear interpol
tion from the ZnSe and CdSe parameters. Since there
strain effect, the conduction- and heavy-hole-valence-b
offsetsve andvh of the Zn12xCdxSe/ZnSe QW are comple
functions of the well width and the Cd concentrationx. In
this work we do not discuss the details and use a sim
linear relation ofDEg5920x (meV). This approximation
has little effect on the quantitative properties, but has

FIG. 3. 1s ~a! and 2s ~b! exciton–optical-phonon interactio
energies in GaAs/Ga0.6Al0.4As quantum wells as functions of th
well width. The solid line is the interaction energy of the excit
with all optical phonons, the dotted, dashed, and dash-dotted
are the contributions of the confined LO phonon, the half-space
phonon, and the IO phonons, respectively.
he

d
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n
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obvious effect on the qualitative properties studied in
present paper.ve andvh are assumed to be 80% and 20%
DEg ,23 respectively.

The calculated exciton binding energies
Zn12xCdxSe/ZnSe QW’s are plotted in Fig. 4. Very differe
from the situation of GaAs/Ga12xAl xAs QW’s, the relation-
ship of the binding energy with the Cd concentration in t
wide-well case is qualitatively different from that in th
narrow-well case. When the width is larger than about 90
the 1s exciton binding energy is decreased by increasing
concentrationx, but in the very narrow-well case the situa
tion is the opposite. This interesting phenomenon also occ
for the 2s exciton. The 2s exciton binding energy of the
Zn12xCdxSe/ZnSe QW’s shows a smooth and small chan
in the wells. Based on the calculation a useful equation
estimate the 2s exciton binding energy E2s

b of
Zn12xCdxSe/ZnSe QW’s is given by

E2s
b ~meV!57.910.16x2~3.1114.0x!1023 W~Å!

~30<W<300 Å and x>0.05!.

The comparison of the theoretical results ofuE2s2E1su in
Zn12xCdxSe/ZnSe QW’s with the experimental data
shown in Fig. 5. The experimental data ofuE2s2E1su of
Zn12xCdxSe/ZnSe QW’s has rarely been published since
difficulty of making the high-quality QW structure. The onl

es
O

FIG. 4. Binding energies of the 1s and 2s excitons in
Zn12xCdxSe/ZnSe quantum wells as functions of the well width

FIG. 5. Comparison of theoretical and experimental values
the energy difference between the 1s and 2s exciton states in
Zn12xCdxSe/ZnSe quantum wells. The experimental pointh is
taken from Ref. 22 (x50.25–0.3).
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data are taken from Ref. 22 with the alloy concentrationx
50.25–0.3. It is shown that the theoretical result is in agr
ment with the experiment. The calculated binding energy
the quasi-2D exciton in the Zn0.7Cd0.3Se/ZnSe QW with well
thickness W590 Å is about 38 meV, a value that is larg
than the LO phonon energy of the well material.

The 1s and 2s exciton–phonon-interaction energies
Zn0.6Cd0.4Se/ZnSe QW’s are plotted in Figs. 6~a! and 6~b!
with solid lines, respectively. The contributions from th
confined LO phonon, the half-space LO phonon, and the
phonon are plotted separately in the figure. Since the die
tric constant of the barrier is close to that of the well, the
phonon oscillation strength is relatively small and the con
bution of the IO phonon is also relatively small. The cont
bution of the image potential is also small because of
same reason. Comparing Figs. 3 and 6, we see that
exciton–phonon-interaction energy in II-VI QW’s is muc
larger than that in III-V QW’s.

It is seen from the figures that all of our theoretical resu
have features expected physically in the entire well-wi
range: for very wide QW’s all the results are close to t
corresponding 3D values of the well material and the con
bution of the confined LO phonon is important; for ve
narrow QW’s the results are close to the 3D values of
barrier material and the half-space LO phonon becomes
portant; in the intermediate region the quasi-2D behavio
the exciton is described correctly.

It is well known that the exciton Rydberg energyRy and
the exciton Bohr radiusaB(5\2e`1 /m1e2) are characteristic

FIG. 6. 1s ~a! and 2s ~b! exciton–optical-phonon interactio
energies in Zn0.6Cd0.4Se/ZnSe quantum wells as functions of t
well width. The solid line is the interaction energy of the excit
with all optical phonons, the dotted, dashed, and dash-dotted
are the contributions of the confined LO phonon, the half-space
phonon, and the IO phonons, respectively.
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parameters for analyzing the quantum-size effect of the
citon binding energy. In the case of a simple infinite-barr
QW model,2 whether III-V or II-VI QW’s, E1s

b /Ry→1 when
W/aB→ large;E1s

b /Ry increases monotonously with decrea
ing W/aB , andE1s

b /Ry→4 whenW/aB→0. If the exciton-
phonon interaction and the image potential are also inclu
in the problem, as studied in detail in our previous pape26

the dependence ofEb/Ry upon W/aB becomes complex. In
the present paper the finite-barrier effect is also conside
together with other effects, so that the dependence beco
much complex. As shown in Figs. 1 and 4, if the QW is ve
narrow or the barrier height is very low because of the sm
alloy concentrationx, the exciton wave function penetrate
into the finite barrier, obviously, and then the value
E1s

b /Ry will become a more complex function of physic
parameters of the QW structure. In these casesE1s

b /Ry can-
not be estimated simply based on the simple model. On
other hand, in the case of the larger concentration where
barrier height is larger and the penetration effect is v
small, the quantum size dependence has no essential ch
from the simple infinite-barrier model. For example, it can
found from Figs. 1 and 4 that whenW/aB51, E1s

b /Ry

52.02 for GaAs/Ga0.6Al0.4As QW (aB5110 Å and
Ry54.7 meV), andE1s

b /Ry52.48 for Zn0.6Cd0.4Se/ZnSe
QW (aB542 Å andRy518.1 meV), whereaB andRy are
calculated based on the data of Table I. These values
E1s

b /Ry are very close to 2.17, the value ofE1s
b /Ry of the

simple infinite-barrier QW model2 in the sameW/aB51
case.

Next we pay attention to the well thickness correspond
to the maximal exciton binding energy, which is by no w
obvious for GaAs/Ga12xAl xAs and Zn12xCdxSe/ZnSe
QW’s, although the exciton Bohr radii are very different. A
had been analyzed in our previous paper,26 the quantum con-
finement effect and the image potential~when e1`.e2`)
will increase the exciton binding energy as the well width
reduced. In the infinite QW case, these two effects will ma
the binding energy increase monotonously to the larg
value at the 2D limit. In the opposite case, the penetrat
effect of the exciton to the barrier region in a finite QW w
decrease the binding energy in thinner well cases.4,32 The
competition of the three effects makes the characters of
excitons in thinner well cases, so that, if there is a maxim
of the binding energy, it is caused essentially by the pene
tion effect. The exciton Bohr radius has no direct effect
the width corresponding to the maximal binding energy.
reality, for both of the QW structures studied here, t
smaller the alloy concentrationx the lower the potential bar
rier, so that the stronger the penetration effect, the larger
well thickness corresponding to the maximal exciton bind
energy. This is clearly seen in Figs. 1 and 4.

The ratio of the LO phonon energy\vL1 to the exciton
Rydberg energyRy is often used to estimate qualitative pro
erties of exciton-LO phonon interaction systems. As d
cussed by many authors,36 the effective dielectric constan
ee f f for the LO-phonon mediated screening of thee-h inter-
action in an exciton is given bye0 or e` according toRy
!\v1L or Ry@\v1L . It is believed that the polaronic effec
is very large in the former case and is small in the latter ca
GaAs is a III-V material with very small exciton Rydber

es
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10 776 PRB 58RUISHENG ZHENG AND MITSURU MATSUURA
energyRy'4.7 meV,28 which is much smaller than the LO
phonon energy\v1L'36 meV. So that the exciton–LO
phonon interaction modifies greatly the property of the ex
ton and has to be taken into consideration, in spite of
very small electron–LO-phonon coupling constantae

@'0.068~Ref. 28!#. The effective dielectric constantee f f for
the screening of the Coulomb interaction in GaAs is appro
matelye0 and the exciton binding energy is very close to t
hydrogenic exciton binding energy with the static dielect
constante0 . The situation of the Zn12xCdxSe/ZnSe QW is
somewhat different. ZnSe is a II-VI material withRy
'17 meV~Ref. 22! andae'0.432.37 SinceRy;\v1L , the
LO phonon mediatede-h interaction is complicated and th
ee f f is given by a value betweene0 and e` . The exciton–
LO-phonon interaction in ZnSe is much stronger than tha
III-V materials and must be taken into account. Here it
found that although the ratios of\vL1 /Ry of the III-V and
II-VI materials are very different, the polaronic effect is im
portant in both cases. If one uses\vL1 /Ry as the only cri-
terion of the importance of the polaronic effect, it wou
cause puzzlement in the understanding of the exciton–
phonon interaction. It is important to consider both the ra
\vL1 /Ry and the strength of electron~hole! -phonon cou-
pling as the criterion. In the connection the ratio of t
exciton-phonon interaction energyEex-ph to the exciton Ry-
dberg energyRy reflects the importance of the polaronic e
fect. If Eex-ph>Ry , the influence of the polarons should b
taken into account. Since exciton-optical interaction phon
energies shown in Figs. 3 and 6 are larger than the co
sponding exciton Rydberg energies of the two QW str
tures, we can say that the polaronic effect is important
both of the cases, in spite of the very different ratio
\v1L /Ry .

In the last part of this section we discuss the anisotro
mass effects. As shown in Eqs.~2.31!–~2.36!, our theory can
study the problems taking into account the anisotropic m
effects in principle. A numerical calculation for th
GaAs/Ga12xAl xAs QW is done as an example. The heav
hole mass can be expressed in terms of the well-kno
Kohn-Luttinger band parameter as4

mhi5m0~g11g2!21,

mhz5m0~g122g2!21,

wherem0 is the free-electron mass. The parameterg1 , g2 ,
and the corresponding masses used in our calculation
listed in Table II. The other physical parameters used in
calculation are the same as in Table I. We notice that b

TABLE II. The data ofg1 andg2 are from Ref. 7. The heavy
hole masses of GaAs and AlAs are calculated fromg1 andg2 . The
masses of Ga12xAl xAs are obtained by the linear interpolation r
lation from the masses of GaAs and AlAs. The masses are in
unit of the free-electron mass.

g1 g2 mhi mhz

GaAs 6.85 2.1 0.112 0.377
AlAs 3.45 0.68 0.242 0.478
Ga12xAl xAs 0.11210.130x 0.37710.101x
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mhi and mhz listed in Table II are much smaller than th
isotropic masses listed in Table I. Based on the analysis
Ref.26, it is predicted that the exciton binding energy and
exciton–LO-phonon interaction energy calculated with the
anisotropic masses will be smaller than the previous resu
Since there is no reliable data, the further calculation is
done for the Zn12xCdxSe/ZnSe QW.

It is seen that Fig. 7 is qualitatively the same as Fig. 1,
the value is smaller than that in Fig. 1, obviously. The va
of uE2s2E1su calculated from Fig. 7 is smaller than the e
periment value by about 1.5–2 meV. The similar smal
binding energy has also been found by Greene, Bajaj,
Phelps,4 who calculated the exciton binding energy in a fin
QW with the Kohn-Luttinger band parametersg1 and g2 ,
similar to the present work, but without the detailed p
laronic effect. Although the consideration of the anisotrop
effects makes the calculation more complicated, the resu
worse than the previous result with isotropic approximatio
It is believed that the reason is simply the approximat
omitting the off-diagonal terms of the Kohn-Luttinge
Hamiltonian.38 Based on the study of Ekenberg an
Altarelli,7 the off-diagonal elements also give important co
rection to the exciton binding energies. Then we think th
the presently used isotropic masses may be considered
the masses that have taken into account effectively
valence-band complexity to some extent. It is true that
accurate method is to solve the problem by using the
Kohn-Luttinger Hamiltonian, and thus take into accou
properly the degeneracy of the valence band and the in
band mixing, together with the finite confinement effect a
the polaronic effect. Obviously, this is not an easy task.

IV. CONCLUSIONS

With a variational method we have presented a theoret
study on the property of excitons in polar QW’s with fini
potential barriers. By taking into account the effects
exciton–optical-phonon interaction, image charge poten
and discontinuity of the band masses on the interface,
expressions of the exciton binding energy and
exciton–LO phonon-interaction energy in a polar QW a
presented. Our theory gives valid results throughout the
tire well-width range. In the limits of thin and thick wel
cases the three-dimensional behavior can be obtained, a

FIG. 7. Binding energies of the 1s and 2s excitons in
GaAs/Ga12xAl xAs quantum wells as functions of the well widt
calculated by taking into account the anisotropic hole-mass eff

e
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the intermediate region of the well width the quasi-tw
dimensional behavior of the exciton is described correc
Two typical QW structures are put into numerical calcu
tion, and the results are discussed and compared with
experiments. It is found that our theoretical results are
good agreement with the experiment. Based on the pre
theory, we find the following.~A! Very different from the 1s
exciton, the variation of 2s exciton binding energy with the
well width and the compound concentration is smooth a
small. It can be treated as a linear relation with the width a
the concentrationx with good accuracy.~B! The exciton–
LO-phonon interaction energies of II-VI polar QW’s a
much larger than that of III-V polar QW’s, but the ratios
the interaction energy to the exciton Rydberg energy are
very different from each other. The polaronic effect is im
d,

e

m-

i B

e-

g,
.
-
he
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portant in both cases.~C! The consideration of the image
charge effect affects the binding energy considerably
GaAs/Ga12xAl xAs QW’s (x.0.2), but only has a little cor-
rection for Zn12xCdxSe/ZnSe QW’s since the difference o
e`1 ande`2 is small.~D! The 1s exciton–phonon interaction
energies of both III-V and II-VI polar QW’s are slowly re
duced with the decrease of the well width until a minimu
value, and then increase in the very narrow well limit.
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