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Resonant hyper-Raman scattering in semiconductors
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A theoretical model for resonant hyper-Raman scattering by LO phonons is developed, taking into account
excitonic effects. The model is valid for energies below and above an allowed absorption edge. The matrix
elements corresponding to the exciton-photon and exciton-phonon interactions are derived analytically, and
their contributions to the total scattering efficiency are analyzed. The two main electron-phonon interaction
mechanisms present in polar semiconductors, deformation potential, and Fro¨hlich interaction, are considered. It
is shown that the one-phonon resonance hyper-Raman scattering mediated by the deformation potential inter-
action is dipole forbidden, whereas it is allowed when induced by the Fro¨hlich mechanism, in contrast to what
happens in one-phonon Raman scattering. The calculated hyper-Raman resonance profiles show two pro-
nounced features: an incoming resonance with the 2p exciton state, and a much stronger outgoing resonance
related to thes excitons. The numerical values obtained illustrate the suitability of this nonlinear scattering
technique for the study of the exciton structure and the exciton-phonon interaction in large-band-gap semicon-
ductors. Our theoretical description shows a good agreement with measurements performed on ZnSe films
deposited on GaAs~001! substrates.@S0163-1829~98!04139-3#
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I. INTRODUCTION

In an ordinary one-phonon resonant Raman-scatte
process in semiconductors, an exciton is created by mean
a photon and, after the scattering by a phonon, the exc
emits a scattered photon. There exists a different kind
one-phonon Raman scattering, in which two incident p
tons~usually from the laser beam! contribute simultaneously
to generate the electron-hole pair.1 This nonlinear optical
process is usually called hyper-Raman scattering~HRS!, and
the corresponding cross section is obviously proportiona
the intensity of the incident light. Since its selection rul
differ from those of Raman scattering and infrared abso
tion, HRS constitutes an additional source of spectrosco
information on the vibrational spectra of condensed media2,3

Resonant Raman scattering~RRS! is characterized by a
remarkable increase of the scattering efficiency when the
ergy of the incident or scattered photon coincides with
energy of critical points~cp’s! in the band structure o
solids.4 It has been stated that an analogous resonant be
ior should be expected in the HRS cross section when 2\vL
or \vS approach particular electronic transition energies (vL
and vS being the frequencies of the incident and scatte
photons, respectively!.5 In fact, resonance effects were a
ready reported in SrTiO3 ,5 TiO2 ,6 and ZnSe.7,8 Unfortu-
nately, the experimental investigations on resonant hyp
Raman scattering~RHRS! are still at a very early stage. A
far as the theoretical side is concerned, detailed calculat
of the HRS cross section have not yet come to our kno
edge. Apart from some attempt based on the polar
picture,9 the only systematic theoretical treatment of nonl
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ear scattering up to date is due to Jha and Woo,10 who de-
duced formal expressions for nonpolar phonon scatter
but without predicting the actual shape of the resonance
file ~HRS cross section vs 2\vL). In view of this lack of
theoretical treatments, the present work is devoted to dev
a model of RHRS, including exciton states as intermedi
electronic excitations in the scattering process, which allo
the study of the resonance profile around the direct opt
transitions of semiconductors. It has been shown in the p
that the inclusion of electron-hole interaction is essentia
reproduce the Raman resonance profile around electr
transitions of semiconductors.11,12 The results of our mode
are useful to predict the resonant behavior of the HRS cr
section, and can be used in combination with the experim
tal data to obtain information on the electronic structure a
electron-phonon interaction in semiconductors.

This paper is organized as follows. The proposed theo
ical model for RHRS is developed in Sec. II: First we defi
the normalized hyper-Raman efficiency, which is the natu
quantity to describe nonlinear scattering processes,
present a microscopic expression in terms of the probab
amplitude for a single scattering event. In Sec. III we p
form calculations of the hyper-Raman resonance profile
using the model presented in Sec. II. The role of the electr
phonon interaction is investigated. Absolute values of
normalized hyper-Raman efficiency are predicted tak
ZnSe, where excitonic intermediate states are likely to
dominant, as an example. Also, the contributions of the d
ferent parts of the excitonic spectrum~discrete and continu-
ous! to the scattering process are analyzed. In Sec. IV
compare the predictions of the model with experimental
10 443 © 1998 The American Physical Society
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sults on ZnSe. Finally, Sec. V summarizes the main con
sions of the work.

II. THEORETICAL MODEL

When comparing experimental and theoretical results
light scattering in crystals, it is convenient to express
scattered intensities in terms of the scattering efficie
dS/dVS , i.e., the ratio between scattered and incident po
(PS andPL , respectively! per unit solid angledVS and unit
path length~we denote the scattering length byL) within the
crystal,4

dS

dVS
5

1

L
1

PL

dPS

dVS
. ~1!

Since in the HRS process each scattered photon is em
under simultaneous annihilation of two incident photons,
magnitude of the scattered power itself varies as the sq
of the laser intensityI L5PLV/L (V is the scattering vol-
ume!, so that the HRS efficiencydSHR /dVS becomes pro-
portional to I L

2/I L5I L , in contrast to the intensity
independent efficiency found in ordinary Raman scatteri
Accordingly, the quantity of interest is the ratio

dS̃HR

dVS
5

1

I L

dSHR

dVS
5

1

V

1

I L
2

dPS

dVS
, ~2!

usually referred to asnormalized hyper-Raman efficienc
~HR efficiency from here on!, and expressed in units o
cm(MW sr)21.

From a microscopic point of view the HRS process
described as follows: two photons of wave vectorkW L , polar-
ization eWL, and frequencyvL scatter an optical phonon o
wave vectorqW and frequencyvn (n indicates the optica
branch!, whereby a photon of wave vectorkW S , polarization
eWS, and frequencyvS is emitted~see Fig. 1!. The HR effi-
ciency can be shown to be related to the scattering ampli
WFI by4,11,12

dS̃HR

dVS
5

V2

~2p!2
vLvS

3
hL

2hS
3

c5

1

~\vL!3
~Nn11!(

qW
uWFI u2,

~3!

with the conservation of energy\vS52\vL2\vn implic-
itly understood.hL (hS) is the refractive index of the inci
e
n

o

-

f
e
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de

dent ~scattered! radiation,c is the speed of light in vacuum
andNn represents the Bose-Einstein phonon occupation
tor ~only Stokes scattering is considered in this work!. In
both the initial and final states of the scattering process,
noteduI & and uF&, respectively, the electronic system of th
semiconductor is assumed to be in its ground state.

In resonance conditions, when 2\vL and/or \vS are
close to electronic excitation energies, the main contribut
to WFI is expected to follow from the process schematica
shown in Fig. 1~a!. In a first step, the absorption of a photo
by the crystal creates an exciton in the state characterize
(l,KW ) (l represents the exciton inner quantum numbers,
KW its center-of-mass wave vector!. The absorption of a sec
ond photon scatters the exciton to the intermediate s
(l8,KW 8). Next, an excitonic transition to the state (l9,KW 9)
takes place after the creation of an optical phonon, and
nally we have the exciton annihilation with the emission o
photon. Other processes which can contribute to HRS ca
obtained by permuting the interaction vertices in the diagr
of Fig. 1~a!. Their contributions are, in general, nonresona
and thus can be neglected in the study of RHRS. The o
additional diagram which coulda priori be important is the
one constructed by exchanging second and third vertice
Fig. 1~a! @see Fig. 1~b!#. Nevertheless, our unpublished ca
culations show that the corresponding amplitude is alm
two orders of magnitude smaller than that associated with
process in Fig. 1~a!, which will therefore be the only one
included in our model. The scattering amplitude appearing
Eq. ~3! is then represented by

FIG. 1. Feynman diagrams which give the main contribution
resonant hyper-Raman scattering.
WFI5 (
l9,KW 9

(
l8,KW 8

(
l,KW

^FuĤe-Rul9,KW 9&^l9,KW 9uĤe-Lul8,KW 8&^l8,KW 8uĤe-Rul,KW &^l,KW uĤe-RuI &

@\vS2El9~KW 9!1 iGl9~KW 9!#@2\vL2El8~KW 8!1 iGl8~KW 8!#@\vL2El~KW !1 iGl~KW !#
, ~4!
whereĤe-L and Ĥe-R are the Hamiltonian operators for th
interaction of the electronic system with the lattice vibratio
and the radiation field, respectively.ul,KW & are exciton states
with energyEl(KW ) and lifetime broadeningGl(KW ). These
states are treated here in the framework of the Wannier-M
exciton model.11 When the relative electron-hole~e-h! mo-
tion is expressed in spherical coordinates,l represents the
s

tt

set of quantum numbersl[(j,l ,m):11 j can be eithern, for
the discrete spectrum, ork, for the continuous spectrum
@band indices (v,c) are also implicit in the notation#. The
exciton energyEl(KW )[Ej(KW ) is given by

Ej~KW !5Eg1
\2KW 2

2M
1DEj , ~5!
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whereM5mc1mv is the exciton mass (mc andmv are the
electron and hole masses!, andDEj the energy associated t
the relative motion, which can be written as

DEj5H DEn52
R

n2
if j5n

DEk5Rk2 if j5k.

~6!

R is the exciton Rydberg andk5kin a, wherekW in is the wave
vector for the relative~internal! motion anda the exciton
Bohr radius.

The matrix element̂ l,KW uĤe-RuI & for allowed optical
transitions is given, in the electric dipole approximationkW
.0), by13

^l,KW uĤe-RuI &5dKW ,kW L

e

m0
A 2p\

vLhL
2~eWL•pW cv!wl~0!* , ~7!

wl(rW) being the exciton envelope function for the relati
motion, pW cv the interband momentum matrix element b
tween valence and conduction Bloch functions at theG
point, and m0 the free-electron mass. Of cours

^FuĤe-Rul9,KW 9& is obtained after complex conjugation of E
~7!, and a change of subscriptsL→S.

The matrix element^l8,KW 8uĤe-Rul,KW & represents the
probability amplitude for the scattering of the exciton b
tween states (l,KW ) and (l8,KW 8), induced by the interaction
Hamiltonian Ĥe-R . Several possibilities arise.14 There may
be interband excitonic transitions, accompanied by scatter
ing of the electron or hole between different bands, and th
are alsointraband excitonic transitionsin which the electron
and hole remain in the same band, and only the exciton
velope function is affected by the interaction with the rad
tion field. Whether the main contribution to the scatteri
involves intraband or interband transitions, or any other p
depends in general upon the parameters of the material
the laser energy employed. We feel that when 2\vL is
around theE0 gap of II-VI and III-V semiconductors, the
remainder of bands are sufficiently far in energy so that th
contribution through interband transitions can be neglec
thus in this work only intraband transitions are considered
this case the explicit expression for the matrix element is
the dipole approximation,14

^l8,KW 8uĤe-Rul,KW &5dkW L ,KW 82KW
e

mA 2p\

vLhL
2

1

AV
Pl→l8~eWL!,

~8!
-

-

re

n-
-

h,
nd

ir
d,
n
n

which is the result usually employed in the calculations
two-photon absorption.15 In Eq. ~8!, m5mv mc /M is the ex-
citon reduced mass, and

Pl→l8~eW !5eW•E d3rWwl8~rW !* ~2 i\¹W !wl~rW !. ~9!

The explicit expressions for the above integrals are prese
in the Appendix, where it is shown that for transitions b
tween exciton states withm50 ~the only ones which partici-
pate in the process studied here!, the interaction with the
photon field induces a change of a unity in the orbital qu
tum numberl . Since we are treating the case of an allow
absorption edge, onlyl 50 excitons participate in the firs
and last steps of the scattering process of Fig. 1~a!, and there-
fore the exciton state participating in the second step mus
necessarily ofp-type (l 51).

In Eq. ~4!, ^l8,KW 8uĤe-Lul,KW & is the matrix element of the
electron-phonon interaction between two exciton states,
longing in general to different valence bandsv and v8
~massesmv andmv8) and conduction bandsc andc8 ~masses
mc andmc8). It has the form16,17

^l8,KW 8uĤe-Lul,KW &5dKW 81qW ,KW @Vc8,c~qW !dv,v8I l→l8~2qW e!

2dc8,cVv,v8~qW !I l→l8~qW h!#, ~10!

where the first term corresponds to scattering of the elec
and the second term to scattering of the hole.Vs8s
[^s8uVus& is the matrix element of the electron-phonon i
teraction potentialV ~in qW space! between theG-point Bloch
statesus& and us8&. The vectorsqW e andqW h are

qW e5
mv

mc1mv
KW 2

mv8

mc81mv8

KW 8, ~11a!

qW h5
mc

mc1mv
KW 2

mc8

mc81mv8

KW 8, ~11b!

and

I l→l8~qW !5E d3rWwl8~rW !* eiqW •rWwl~rW !. ~12!

An exhaustive study of the integrals of Eq.~12! was per-
formed in Refs. 11 and 12, and we refer to them for furth
details.

By using Eqs.~7!, ~8!, and~10! we find thatWFI is pro-
portional to d2kW L1qW ,kW S

~conservation of wave vector in th

global scattering process!, and the sum(qW in Eq. ~3! drops
out. The resulting expression for the amplitude is
WFI5r e c 2
1

AV

e

m0
S 2p\

vLhL
2DA 2p\

vShS
2

~eWL•pW cv!~eWS* •pW v8c8!

m0
(
j8

1

2\vL2Eg2DEj81 iGj8
H m0

m (
j

wj,0~0!* Pj,0→j8,1~eWL!

\vL2Eg2DEj1 iGj
J

3H (
j9

@Vc8,c~qW !dv,v8I j8,1→j9,0~2qW e!2dc8,cVv,v8~qW !I j8,1→j9,0~qW h!# wj9,0~0!

\vS2Eg82DEj91 iGj9
J , ~13!
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wherer e5e2/m0 c 2 is the classical~Thomson! electron ra-
dius. In the above expression, although we have negle
the wave-vector dependences in the denominators, we
retained the small but finite value ofqW e andqW h in the exciton-
phonon matrix element.

It is worth noticing thatPj,0→j8,1(eW ) is proportional to the
z component of the photon polarization vector,ez ~see the
Appendix!. In our calculations thez axis ~taken to be the
quantization axis of the exciton angular momentum! lies
along the phonon wave vectorqW , and therefore we have

Pj8,0→j,l(eWL)}eWL•qŴ (qŴ is a unit vector alongqW ). This
means that the mechanism we have proposed to des
HRS is only effective if the polarization vector of the inc
dent radiation lies in the scattering plane determined by
wave vectors of the incident and scattered photons. A
trivial consequence of this fact, the HRS process displaye
Fig. 1 should be forbidden in an exact backward scatter
configuration, withkW S antiparallel tokW L .

III. RESONANT HYPER-RAMAN EFFICIENCY

We further proceed with the application of Eq.~13! to
calculate the HR resonance profile around theE0 and E0
1D0 gaps of zinc-blende-type semiconductors. We will a
sume three independent valence bands@heavy holes~hh!,
light holes~lh!, and spin-orbit split-off holes~so!# and only
the G6 conduction band ofs symmetry.

A. Role of exciton-phonon interaction

Let us analyze RHRS mediated by the two kinds
electron–optical-phonon interaction present in zinc-blen
compounds, namely, deformation potential and Fro¨hlich in-
teraction. The deformation potential interaction by optic
phonons cannot coupleG6 conduction-band Bloch states i
zinc-blende semiconductors.18 Thus in this case the scatte
ing by the phonon involves only the hole part of the excito
and the matrix element~10! reduces to19

^l8,KW 8Ĥe-Lul,KW &

52dKW 81qW ,KW dc8,c

ū0A3

2a0
^vuD̂huv8&I l→l8~qW h!, ~14!

whereū0 is the phonon displacement,a0 the lattice constant
and D̂h the deformation potential matrix as defined by B
and Pikus.18

As explicitly shown in Eq.~13!, the phonon emission is
accompanied by excitonic transitions between states w
diferent angular momentuml . The integral I j8,1→j9,0(qW h)
vanishes in the dipole approximation (kW L,S→0), due to the
orthogonality of envelope functions with differentl @see Eq.
~12! and Ref. 11#. Therefore, we conclude that RHRS med
ated by the deformation potential interaction is dipo
forbidden.

When the hyper-Raman process is induced by the F¨h-
lich interaction, on the contrary, the symmetry of t
electron-phonon coupling requires transitions between st
in the same band@qW e5(mv /M )qW and qW h5(mc /M )qW ], and
the matrix element~10! can be written as
ed
ve

ibe

e
a
in
g

-

f
e

l

,

th

-

es

^l8,KW 8uĤe-Lul,KW &

5dKW 81qW ,KW dc8,cdv,v8

1

AV

CF*

q
@ I l→l8~2qW e!2I l→l8~qW h!#,

~15!

whereCF is the Fröhlich coupling constant,

CF52 iA2p\vLOe2S 1

«`
2

1

«0
D , ~16!

«` and «0 being the optical and static dielectric constan
respectively. Taking the limitq→0, the exciton-phonon cou
pling yields the nonvanishing result:

1
q @ I j,0→j8,1~2qW e!2I j,0→j8,1~qW h!# →

q→01
3

mv2mc

mv1mc
Rj,0→j8,1 ,

~17!

where the functionRj,0→j8,1 is given in the Appendix.
In conclusion, the RHRS considered here is dipo

forbidden when the electron-phonon interaction involved
deformation potential, whereas it is dipole-allowed when i
induced by Fro¨hlich interaction. This is in contrast with first
order RRS, for which the opposite selection rules hold.19,20

The reason for this is that the introduction of a new pho
changes the parity of the accessible intermediate electr
states froms to p, a well-known situation in two-photon
spectroscopy.15 On the basis of the above argument one do
not expect to see effects derived from deformation poten
interaction in RHRS. In Ref. 21 it was experimentally show
that the contribution of Fro¨hlich ~electro-optic! interaction to
the HRS by LO phonons in ZnS, ZnSe, and CdS is 1
orders of magnitude larger than the intensities of HRS by
phonons~induced necessarily by deformation potential inte
action!. Thus only the dipole-allowed Fro¨hlich-interaction-
induced process will be considered from here on.

B. Hyper-Raman resonance profile

By using Eqs.~3!, ~13!, and ~15!, the HR efficiency can
be expressed as

dS̃HR

dVS
5T0~NLO11!uCFu2U1q(v

C~v !W~v !U2

, ~18!

where

T05r e
2S vS

vL
D 2 hS

hL
S P2

m0
D 2 hL

c

1

\vL
S e

m0
A 2p\

vLhL
2D 2

,

~19!

and P5u^supxux&u. In Eq. ~18! the sum runs over heavy
light, and split-off exciton states (v5vhh,v lh ,vso). The func-
tionW(v) is given by
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W~v !5(
j8

1

2\vL2Eg2DEj81 iGj8
H m0

m (
j

wj,0~0!* Pj,0→j8,1~eWL!

\vL2Eg2DEj1 iGj
J H (

j9

@ I j9,0→j8,1~qe!1I j9,0→j8,1~qh!#wj9,0~0!

\vS2Eg2DEj91 iGj9
J ,

~20!

with the weight factorC(v) equal to

C~v !5
1

P2
^cueWL•pW uv&^vueWS* •pW uc&. ~21!

In order to write Eq.~20! we have used some properties of the integrals~12!, which can be found in the Appendix of Ref. 11
In the RHRS experiments discussed below, 2\vL is in, or slightly above, resonance with an interband electronic transit

of the material. Under these conditions, ifEg is sufficiently large as compared to the Rydberg energyR and the LO-phonon
energy \vLO , the second denominator in Eq.~20! is very far from resonance, and we can assume th
u\vL2Egu@DEj for the exciton statesj relevant to the resonance behavior. By taking into account the closure relation

(
l

wl~0!wl~rW !* 5d~rW !,

it is easy to verify that

W~v !.2
d2

R(
j8

m0

m

~2 i\!eWL•¹W wj8,1~rW !urW50

2\vL2Eg2DEj81 iGj8
(
j9

@ I j9,0→j8,1~qe!1I j9,0→j8,1~qh!#wj9,0~0!

\vS2Eg2DEj91 iGj9

, ~22!
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whered25R/(Eg2\vL). This approximate result depend

on the derivative of the exciton envelope function atrW50,

¹W wj8,1(rW)urW50 . This feature, first recognized in the calcul
tion of two-photon absorption,15 makes the two-photon tran
sition arising at the first steps of the scattering process
semble a one-photon forbidden transition, known to bring
electronic system to ap- ( l 51) exciton state. Thus expres
sion ~22! is formally similar to that appearing in first-orde
RRS ~for a photon of energy 2\vL),20 except for the pres-

ence of the factoreWL•¹W wj8,0(rW)urW50 instead ofwj8,0(0). Oth-
erwise stated, the RHRS process isequivalentto a RRS pro-
cess in which the first interband transition, corresponding
the absorption of a photon 2\vL , is dipole forbidden
(p-exciton states are responsible for the incoming re
nance!, whereas the last one, corresponding to the emis
of the scattered photon\vS , is allowed (s-exciton states are
responsible for the outgoing resonance!. This possibility of
probings- andp-exciton states in the same experiment is o
of our predicted and not yet demonstrated advantage
RHRS experiments. Even if only the incoming resonance
studied, the technique of RHRS is potentially advantage
to study electronic states of different symmetry to those p
ticipating in RRS.

In order to illustrate the particular features of the reson
behavior of HRS, we have performed calculations of the
efficiency in a realistic case. We have chosen the parame
of ZnSe~see Table I!, a material where excitonic effects a
clearly observed in RRS.11 Figure 2 displays the correspond
ing HR resonance profile for 2\vL around theE0 gap, as
obtained by applying Eqs.~18!–~20!. For reasons which will
become clear in Sec. IV, only the contribution of the ligh
hole valence bandv lh has been considered here. In the su
over intermediate states of Eq.~20! we have included state
from the discrete spectrum with a quantum number up tn
e-
e

o

-
n

e
of
is
s

r-

t

rs

54, whereas the contribution of the continuous spectrum
been fully taken into account~except for continuum-
continuum transitions, which have been neglected since
are studying here a one-phonon process19,20!. The lifetime
broadening of the continuum states is taken to be indep
dent of k and equal toGc . The n51 and 2 exciton states
have been assigned a unique lifetime broadeningG1 , and for
the remainder of the states we use a valueGn obtained from

TABLE I. Numerical values of the ZnSe parameters used for
calculation of the HR efficiencies displayed in Figs. 2–4.

Parameters Values

E0 (lh) 2.82060 eVa

E0 (hh) 2.822776 eVa

\vLO 31.75 meVb

mc 0.15 m0
b

mhh 0.78 m0
b

mlh 0.14 m0
b

m̃h
0.24 m0

c

R 19 meVb

ã 46.7 Å d

P2/m0 9.4 eVe

«0 9 b

«` 5.5b

uCFu 4.531025 eV cm1/2 f

aReference 27.
bReference 29.
c1/m̃h5

1
2 @(1/mhh)1(1/mlh)#.

dã5A(RH /R)@(1/me)1(1/m̃h)#aH , where RH and aH are the
Rydberg and Bohr radius of the hydrogen atom, respectively.

eP;2p\/a0 .
fSee Eq.~16!.
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interpolation betweenG1 and Gc . The continuous lines in
Fig. 2 represent the results obtained with the valuesG1

50.35 meV andGc51 meV, reasonable for samples
high purity and at low temperature. The dashed line sho
the HR efficiency obtained by using larger values,G1
53.5 meV andGc510 meV. Several sharp features can
distinguished in the small broadening resonance profile
advanced above, the incoming resonance takes place w
2\vL matches the energy of the 2p exciton state,E2p5E0
2R/4. Also, a small shoulder is apparent when twice
photon energy is in resonance with the band-to-band tra
tions, 2\vL.E0 . There is no incoming resonance
2\vL5E1s5E02R, since after the absorption of the tw
photons the exciton cannot havel 50, but we can observe
strong enhancement of the efficiency when\vS5E1s ~out-
going resonance! and even for\vS5E2s . It is noticeable
that, as compared to the off-~below-!resonance results, th
efficiency is increased by a factor;100 when 2\vL
5E2p , and up to 104 for \vS5E1s , thus reaching absolut
values of the HR efficiency between 1027 and
1025 cm(MW sr)21. These values imply, for an inciden
laser intensity of 100 MW/cm2, and scattering efficiencie
in the range 102421022 sr21 cm21, which are comparable
with the Raman efficiencies obtained under resonance
ditions in several zinc-blende-type semiconductors.11,12

These predicted values show the feasibility of the RH
experiments as far as the intensity of the scattered sign
concerned~at least for laser energies such that\vS,E1s ,
because for larger energies the scattered signal begins t
perience a strong reabsorption, which may hinder its de
tion!. Nevertheless, from the comparison between the res
in solid and dashed lines of Fig. 2~a!, it is evident that as the
broadening of the exciton states is increased~even for values
below 10 meV!, the different features of the resonance p
file rapidly smear out and become less defined, and there
they are unlikely to be resolved in experiments performed
high temperatures and/or on low-quality samples. Furth
more, the signal will be obviously weaker under these c
cumstances; for the values of the broadening used in
example, a decrease of two orders of magnitude in the
efficiency is observed~the dashed line has been enhanced

FIG. 2. Dependence of the HR efficiency on 2\vL . The param-
eters employed are those of ZnSe, and can be found in Table I~only
the contribution due to the lh exciton is shown in the figure!. The
solid ~dashed! line has been obtained usingG150.35 meV and
Gc51 meV (G153.5 meV andGc510 meV).
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a factor of 100; see right scale!. The calculations of the HR
efficiency for exciton-phonon interaction via deformatio
potential ~not presented here! give results four orders o
magnitude smaller than those shown in Fig. 2, as is expe
from the dipole-forbidden character of that mechanism.

It is also interesting to analyze the relative importance
the different sequences of exciton intermediate states w
can arise from the sums in Eq.~20!. We have calculated
separately the contributions to the efficiency due to discr
→discrete→discrete (d→d→d) discrete→discrete→con-
tinuous (d→d→c), discrete→continuous→discrete (d→
c→d), continuous→discrete→discrete (c→d→d), and
continuous→discrete→continuous (c→d→c) transitions,
and their square absolute values are represented in Fig. 3
can see that the fundamental contributions to the HR e
ciency arise from the combination ofd→c→d and d→d
→d excitonic transitions, the remainder being at leas
factor of 10 smaller. Of course, the total efficiency is co
structed by coherent superposition of the corresponding
plitudes, and interference effects are always present; m
over, the sequences containing continuous→continuous
excitonic transitions are absent from our calculatio
Nevertheless, the results shown in Fig. 3 are illustrative
the sense that they display clearly that the more impor
paths for the scattering process are those through the ex
states which allow the second and third denominators of
~4! to vanish.11 We also have to consider that sequenc
containing continuous states present a somewhat red
contribution, due to the larger broadening of these states
these grounds it can be understood why thed→d→d tran-
sitions dominate the resonance profile in the incoming re
nance region, while thed→c→d ones become of compa
rable importance for 2\vL.E0 , and exhibit a~slightly!
larger contribution in the outgoing region.

IV. COMPARISON WITH EXPERIMENT

Despite the potential advantages of this nonlinear spec
scopic technique, experimental studies of RHRS are still r
in the literature.5–8 In particular, the only reported measur
ments on zinc-blende semiconductors, to our knowledge,
those of Refs. 7 and 8, carried out on ZnSe thin films. In t

FIG. 3. Contribution of the different intermediate excitonic tra
sitions to the HR efficiency. The parameters employed in the
culations are the same as for the solid lines in Fig. 2.
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section we compare those experimental data with the th
retical model developed in this paper.

The sample investigated in Ref. 7 consists of a 5-mm
ZnSe film epitaxially grown on a~001! GaAs substrate. The
HRS experiment was performed in the right-angle scatte
geometry, i.e., inx(yy,0)z andx(zz,0)z scattering configu-
rations, where the first, second, and third symbols inside
parentheses refer to the polarizations of the two incident
scattered photons, respectively, (xi@100#, yi@010#, zi@001#,
and 0 indicates unpolarized light!, and their directions of
propagation are indicated outside the parentheses. Figu
shows the raw LO-phonon HRS intensities measured
sweeping 2\vL through the 2p exciton region of ZnSe:7

Open circles and squares represent the HRS intensities
the eWL'z andeWLiz scattering configurations, respectively.

The existence of a doublet structure in the HR resona
profile can be traced back to the residualtensile in-plane
strain present in the ZnSe film due to the mismatch in
thermal expansion of ZnSe and GaAs.22 Note that this effect
has the opposite sign to that expected from the effect of
lattice mismatch in the case of coherent growth~the lattice
constant of ZnSe is larger than that of GaAs!.23,24 Coherent
~i.e., pseudomorphic! growth, however, is only found in the
ZnSe/GaAs system for very thin ZnSe layers (&150 nm).
The uniaxial component of the strain associated with
tensile in-plane strain removes the lh-hh valence-band
generacy, giving rise to two different excitonic transition
which manifest themselves as distinct peaks in the HR re
nance profile~see Fig. 4!. Moreover, in Fig. 4 we observe
strong dependence of the resonance profile on the pola
tion of the incident light. This is due to the fact that th
Bloch function symmetries provide different polarization d
pendence of the scattering process. Let us denote
uJ5 3

2 ,Jz56 3
2 & anduJ5 3

2 ,Jz561/2& the Bloch functions of
the hh and lh valence bands, respectively. The quantiza
axis can be taken along the direction of the uniaxial stra
i.e., along@001#. Now we can calculate the polarization s
lection rules derived from Eq.~21!. In the x(yy,0)z scatter-
ing configuration we have25,26

FIG. 4. Hyper-Raman resonance profile around the critical p
E0 of ZnSe: experimental data are given by the black circ
@x(yy,0)z scattering geometry# and squares@x(zz,0)z# ~Ref. 7!,
and theoretical calculations by the solid and dashed lines~the pa-
rameters employed are listed in Table I!.
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e
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4
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for

e

e

e

e
e-
,
o-

a-

-
by

n
,

C~v lh!

m lh
5 (

Jz561/2

C~ uJ,Jz&)

m lh
5

sinu

3m lh
, ~23!

C~vhh!

mhh
(

Jz563/2

C~ uJ,Jz&)

mhh
5

sinu

mhh
, ~24!

and, in thex(zz,0)z configuration,

C~v lh!

m lh
5 (

Jz561/2

C~ uJ,Jz&)

m lh
5

2i sinu

3m lh
, ~25!

C~vhh!

mhh
(

Jz563/2

C~ uJ,Jz&)

mhh
50, ~26!

whereu is the angle of the polarization vector of the sca
tered light with respect to thex axis. The above selection
rules clearly show that the 2p excitonic transition associate
with the heavy-hole band is allowed only foreWL'z, while
the transition associated with the light-hole band takes pl
both for eWLiz and eWL'z. On the other hand, under tensi
uniaxial strain the transition from the light-hole (Jz56 1

2 )
band to the conduction band shifts to lower energy as co
pared to that involving the heavy-hole (Jz56 3

2 ) band. The
experimental results of Fig. 4 are then understood as follo
the two observed peaks come from the 2p excitonic reso-
nances associated with lh and hh valence bands, the 2p(hh)
exciton resonance taking place at higher energy than
2p(lh) one ~from their energy difference, a tensile biaxi
straine54.831024 was estimated;27 the 2p exciton energy
in unstrained ZnSe is 2.8185 eV!.

We have performed calculations of the HR resonance p
file within the framework of the model presented in previo
sections, in order to check its ability to reproduce the exp
mental results. The parameters employed are listed in T
I. The hh-lh exciton splitting due to the strain has been fix
according to the experimental data of Ref. 7. The best fit w
obtained by using the following values for the exciton broa
ening: G1(lh)50.35 meV, G1(hh)50.45 meV, andGc(lh)
5Gc(lh)510 meV. It is worth mentioning that, in order t
simplify the numerical calculations, we have taken an av
age hole massm̃h50.24m0 for both light and heavy holes
The theoretical calculations are also shown in Fig. 4 as s
and dashed lines: The agreement between calculated
measured values is very good, especially if we take into
count that both resonance profiles in Fig. 4 are fitted with
same set of parameters, and the same scale factor is
ployed in both cases to bring theory and experiment i
agreement. The minor discrepancies observed in Fig
chiefly concern the off-resonance range, where our res
overestimate the HR efficiency as compared with the exp
ment. Some disagreement is also apparent in the 2p(hh)
resonance in thex(yy,0) resonance profile, where now th
theoretical results are somewhat smaller than the meas
ones.

The success in reproducing the key features of the exp
mental results indicates that the theoretical model elabor
in this paper contains the main ingredients of the nonlin

t
s
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hyper-Raman scattering response, and thus can be use
combination with experimental data, to obtain informati
on the excitonic structure and the exciton-phonon interac
in semiconductors. In this sense, a good candidate for fur
RHRS studies would be GaN, a material whose exc
states are known to dominate its optical properties, but
hardly accessible to one-photon laser spectroscopies.30

V. CONCLUSIONS

The efficiency of hyper-Raman scattering by LO phono
has been calculated for deformation potential and Fro¨hlich
interaction, taking into account excitonic effects in t
framework of the Wannier-Mott exciton model. We co
clude that HRS via deformation potential is several order
magnitude smaller than via Fro¨hlich interaction, and there
fore only the latter case is analyzed in detail.

We show that RHRS allows us to study simultaneouss
andp excitons in cubic crystals. Under resonance conditi
2\vL resonates withp excitons, whereas the scattered ph
ton \vS52\vL2\vLO is resonant withs-exciton states (p
excitons are dipole forbidden!. The main feature of the HR
resonance profile is that the outgoing peak is much stro
than the incoming one~at least 50 times larger for ZnSe!.
The calculated HR efficiency reproduces quite well the
perimental data available for ZnSe/GaAs thin films. T
strain-induced hh-lh energy splitting and its effects on
HR resonance profile are well characterized by the pre
exciton theoretical model. Improved calculations and exp
mental measurements of scattering efficiencies should
to decide whether the terms considered in this paper are
only ones of importance in accounting for the experimen
resonant HR spectra.

APPENDIX: RADIAL INTEGRAL BETWEEN EXCITON
STATES

The matrix element~8! is proportional to

Pl8→l~eW !5E d 3rWwl~rW !* eW•pŴ wl8~rW !, ~A1!

pŴ [2 i\¹W being the linear momentum operator for the re
tive e-h motion. Then, for a transition between two excit
states with relative motion energiesDEl andDEl8 , we have

Pl8→l~eW !5
m

i\
~DEl82DEl!E d 3rWwl~rW !* eW•rWwl8~rW !.

~A2!

Moreover, the exciton envelope function can be factori
into angular and radial parts:wj,l ,m(rW)5Yl ,m(V)Rj,l(r ) ~see
Refs. 11 and 12 for further details!. In the scattering proces
considered in this paperm is always zero, and we need on
the matrix element
, in
n
n
er
n
re

s

e
-
of

s
-

er

x-
e
e
nt

ri-
elp
the
al

-

d

Pj8,l 8→j,l~eW ![Pj8,l 8,0→j,l ,0~eW !5
m

i\
~DEj82DEj!

3E
0

1`

r 2drE dV Rj,l~r !Yl ,0~V!*

3eW•rW Rj8,l 8~r !Yl 8,0~V!. ~A3!

The angular integral can be performed resorting to stand
properties of the spherical harmonics:28

Pj8,l 8→j,l~eW !5ez

m

\
~DEj2DEj8!Rj8,l 8→j,l

3FA ~ l 811!2

~2l 811!~2l 813!
d l ,l 811

2A l 82

~2l 811!~2l 821!
d l ,l 821G , ~A4!

whereRj8,l 8→j,l is

Rj8,l 8→j,l5E
0

`

r 3dr Rj,l~r !Rj8,l 8~r !. ~A5!

We note that, with the choice of envelope functions ma
in this paper,11,12 the matrix elements~A4! are purely real.
Also it is apparent that the interaction with the photon fie
induces a change of61 in the orbital quantum numberl .
Since we are treating the case of an allowed edge, onl
50 excitons participate in the first and last steps of the sc
tering process shown in Fig. 1, and consequently we n
only the matrix elementsPj8,0→j,l(eW ):

Pj8,0→j,l~eW !5d l ,1

ez

A3

m

\
~DEj2DEj8!Rj8,0→j,l . ~A6!

It can be easily shown, following a similar procedure to th
employed in Refs. 11 and 12, that the radial integ
Rj8,l 8→j,l is given by

Rj8,l 8→j,l5a4Nj8Pj8,l 8NjPj,l

G~ l 81 l 14!

L l 81 l 14

3F2S l 81 l 14 ,l 8112
1

x8
,l 112

1

x
;

32~ l 811! ,2~ l 11! ;
2x8

L
,
2x

L D , ~A7!

where L5x81x101. We recall thatx51/n for the dis-
crete spectrum andx5 ik for the continuous spectrum~the
notations employed can be found in Ref. 11!.
,
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in the Grüneisen parameters of the TA phonons near theG point.
@See A. Debernardi and M. Cardona, Phys. Rev. B54, 11 305
~1996!#.

23K. Shahzad, Phys. Rev. B38, 8309~1988!.
24N. Shibata, Jpn. J. Appl. Phys.27, L487 ~1989!.
25F. H. Pollak and M. Cardona, Phys. Rev.172, 816 ~1968!.
26C. Trallero-Giner, A. Alexandrou, and M. Cardona, Phys. Rev

38, 10 744~1988!.
27F. Minami, Y. Kato, K. Yoshida, K. Inoue, and K. Era, App

Phys. Lett.59, 712 ~1991!; 59, 2057 ~1991!; J. Cryst. Growth
117, 565 ~1992!.

28H. A. Bethe and E. E. Salpeter,Quantum Mechanics of One- an
Two-Electron Systems~Academic, New York, 1957!.

29Semiconductors. Intrinsic Properties of Group IV Elements a
III-V, II-VI, and II-VII Compounds, Landolt-Börstein, New Se-
ries, Group III, Vol. 22, Pt. a~Springer, Berlin, 1982!.

30M. Steube, K. Reimann, D. Fro¨hlich, and S. J. Clarke, Appl.
Phys. Lett.71, 948 ~1997!.


