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Direct and indirect transitions in the region of the band gap
using electron-energy-loss spectroscopy

B. Rafferty and L. M. Brown
Cavendish Laboratory, Cambridge University, Madingley Road, Cambridge, CB3 0HE, United Kingdom

~Received 17 December 1997; revised manuscript received 17 April 1998!

The momentum and energy dependence of the matrix elements for direct and indirect transitions across the
band gap is studied both theoretically and experimentally. The accepted theory for the inelastic scattering cross
section of fast electrons by condensed matter is extended to show how the nature of a transition can change the
shape of the measured energy-loss spectrum in the region of the onset. For the case of direct transitions the
matrix element acts only as a multiplicative factor to thejoint density of states~JDOS!, and so an (E
2Eg)1/2 term is observed in the spectrum. The matrix elements for indirect transitions are shown to be
dependent on the momentum transferred by the incident fast electron to the crystal electrons. The product of
the indirect matrix element and the JDOS contributes an (E2Eg)3/2 term to the spectrum. To test this theory
it is shown that thematrix-element-weighted joint density of statesshould be extracted from the electron-
energy-loss spectra via a Kramers-Kronig transformation. An objective method is proposed for plotting the
data to determine both the principal band gaps and their direct or indirect nature. The method is tested and
succeeds in well-known cases. It is now possible with the electron microscope to measure these fundamental
electronic properties of semiconductors and insulators accurately by electron spectroscopy.
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I. INTRODUCTION

Since the discovery of the electron,1 the energy loss of
electrons as they traverse matter has been one of the live
research fronts this past century. Bohr,2,3 Bethe,4 Fermi,5 and
Bohm and Pines6–8 were among the first to study theore
cally the stopping power of electrons by matter, and to sh
how this is related to the physical and electronic structure
the material. These theoretical ideas are now used every
in the understanding of electron energy loss spectra.

The low loss region~,50 eV! contains much information
about the excitations of valence electrons. These excitat
are manifest as both collective plasma oscillations6–8 and
single electron transitions that depend upon the position
critical points with the band structure of the sample the m
important critical points being those which define the ba
gap itself. To view the band-gap region of semiconduct
and insulating materials is an ideal way to study their el
tronic structure. Although optical techniques have higher
ergy resolution~;2 meV as compared to;300 meV! they
are restricted to a spatial resolution of at best 0.2mm for
transmission measurements and only direct transitions ac
the band gap can be studied. The electron-energy-loss s
troscopy~EELS! system used here is attached to a dedica
VG HB501 scanning transmission electron microsco
~STEM! which can focus an electron probe to a diameter
approximately 4 Å and position it anywhere on the sampl
Since the incident electrons in the probe have much la
momentum than equivalent photons, both energy and
mentum can be transferred to the crystal electrons during
inelastic scattering event, thus allowing both direct and in
rect transitions to be observed.

Previous measurements of the bandgap region u
EELS ~Refs. 9 and 10! showed that the spectra did not ha
PRB 580163-1829/98/58~16!/10326~12!/$15.00
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a sharp onset. Although it was recognized that both dir
and indirect transitions were involved the result was not c
rectly explained using the acceptedjoint density of states
~JDOS! picture of the Bethe theory. In this paper other term
that are present in the Bethe theory, which were then
glected, will be taken into consideration. It will be show
that the matrix elements defining the transitions can be
coupled for direct and indirect transitions. The contributio
from the indirect transitions across the band gap have
effect of smoothing out the onset to a band edge. Th
effects must also be considered in optical experiment
phonons are used as a source of momentum transfer.

Band-gap EEL spectra from six crystalline samples ha
been acquired and a numerical procedure for comparing
spectral data with the extended Bethe theory is outlined. T
method reveals the sizes of the band gaps and the natu
the transitions across them that are in excellent agreem
with other experimental measurements and theoretical
dictions.

II. THEORY

If we are to understand how the features in the EEL sp
trum are produced, we must consider both the interaction
the incident electron with the sample and also how the
ometry of the microscope contributes to the spectrum. Fig
1 is a schematic of the scattering process in the STEM.
incident electron beam is formed by the coherent sum
plane waves whose range of wave vectors is defined by
size of the objective aperture. These waves form a probe
the sample that has a spatial diameter of approximately 4
The momentum that is transferred to the sample~\q! can be
split into components that are parallel and perpendicula
the beam direction. The perpendicular component is
larger of the two for most valence energy losses. The m
10 326 © 1998 The American Physical Society
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PRB 58 10 327DIRECT AND INDIRECT TRANSITIONS IN THE . . .
nitude of the parallel component depends on the energ
the incident electron and also the energy loss associated
a particular inelastic scattering event.

There are two main theories that are used to unders
and interpret the features observed in an EEL spectrum.
first method is based upon a dielectric formulation where
sample is modeled as a homogeneous dielectric thro
which the incident electron passes. The second theory, B
theory, is quantum mechanical in nature.

In the dielectric formulation, which was first used b
Fermi,5 it is taken that the ensemble of valence electrons
solid may be characterised by a complex dielectric funct
«(q,v), which is a function of both the frequency and th
wave vector of the electromagnetic disturbance in the so
As any electron moves through the solid other ions and e
trons are moved by Coulomb repulsion; each fast electro
thus screened. This screening is negligible for insulators,
even in metals the impact parameter for a 1-eV loss
smaller than the dynamic screening length. So the fast e
tron may be regarded as an effective free particle. This is
of the key assumptions used in the dielectric formulati
The transmitted electron having coordinater and velocityv
in the z direction is represented by a point charge2ed(r
2vt) which generates within the medium a spatially a
time-dependent electrostatic potential satisfying Poisso
equation. Solving this equation leads to the doub
differential scattering cross section11–13

d2s

dE dV
5

ImF 21

«~q,v!G
p2a0mev

2na
S 1

u21uE
2 D , ~1!

where Im@21/«(q,v)# is known as theenergy-loss function,
ao is the Bohr radius,me is the electron mass,v is the inci-

FIG. 1. Schematic diagram for the inelastic scattering of el
trons in the STEM. The incident electron beam is produced by
coherent sum of plane waves whose wave vectors are defined b
angular size of the objective aperture. The momentum transferre
the sample,\q, is largely within the plane perpendicular to th
direction of the incident beam. The magnitude of the componen
q parallel to the beam depends on both the energy of the incom
beam and also the energy loss associated with that scattering e
The relative magnitude ofq is exaggerated for clarity.
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dent electron velocity,na is the valence electron density,u is
the scattering angle, anduE5E/2E0 , whereE is the energy
loss andE0 is the energy of the incident electron.

Bethe theory has been reviewed many times.14 An elec-
tron with velocityv, massme , and charge Ze collides with a
stationary massmt in an initial stateui&, and is deflected into
the solid angle elementdV along polar coordinatesu andf
measured in the center-of-mass frame of reference. Simu
neously, the atom undergoes a transition to a stateuf& at ex-
citation energyE, measured fromui&. When the fast electron
is nonrelativistic, the double-differential cross section can
calculated in the lowest order in the interaction potentiaV
between the particle and the atom~i.e., the Born approxima-
tion!, to give

d2s

dV dE
5

1

p«0
S Zmrede

2

\2 D 2S k8

k D 1

q4

3U(
j 51

N

^ f uexp~ iq•r j !u i &U2

r~E!, ~2!

whereZ521 for incident electrons,r j is the coordinate of
the j th electron,N is the number of electrons in the targ
atom andmred is the reduced mass of the incident electr
and the target atom. The termr(E) is the JDOS, which is the
convolution of the valence- and conduction-band densitie
states. The factor (k8/k) arises from the need to keep th
incident current of particles to be equal to the current
scattered particles. Herek andk8 refer to the incident elec-
tron before and after the collision respectively.15

All semiconductors and insulators have a fundamen
bandgap that can be probed and studied by a traversing
tron. Since nearly all band gaps are of only a few eV t
band-gap region of an EEL spectrum covers at most the

FIG. 2. A schematic diagram showing the ring of intersecti
~AB! between the Ewald sphere of the scattered traversing elec
and the constant energy surface of the samples band structurek
space. The Ewald spheres can be considered to be flat on the
of the scattering vectorq because the wave vectors of the incide
electron before and after the collision are much greater thanq.
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10 328 PRB 58B. RAFFERTY AND L. M. BROWN
;10 eV of the spectrum. The intensity that is observ
within this region is produced by the excitation of electro
from the valence to the conduction band of the material
possibly to localized states which we do not consider he
The excitations have no collective character and so the
ture of the transitions is best described by Bethe theo
Equation~2! should be the most accurate description of
contributions to the band-gap region of the spectrum.
extract the most information from a band-gap EEL spectru
we must first fully understand the terms in Eq.~2! with ref-
erence to the electronic properties of a material. There
three terms to consider. First, there is the joint density
states, which has much direct information about the e
tronic structure of the sample being studied. Second,
must see whether theq24 factor makes any significan
changes to the shape of the spectrum. Finally, we will
how the matrix elements change the detailed shape of
features in the band-gap spectrum.

It has been shown by Bruley and Brown9 that for para-
bolic bands the JDOS probed by the electrons is

r~E!5
V

~2p!2 S 2m*

\2 D 3/2

aAE2Eg, ~3!

wherem* is the sum of the masses of the holes in the
lence band and the electrons in the conduction band,Eg is
the value of the band gap, anda is the convergence angle o
the incident electron beam. Figure 2 shows a schematic
gram of the scattering process for a direct band-gap mat
and a cross section of the band structure centered on
Ewald sphere of the unscattered traversing electron ik
space. The volume of the ring of intersection~AB! that is
produced by the overlap of the Ewald sphere and the sp
of the excited crystal electron measures the number of fi
states available to the excited electron. This is a direct m
sure of the density of states. The number of states within
volume is equal to the product of the density of states and
infinitesimal energy element corresponding to some ene
resolution. The curvature of the valence band can be in
porated into this simple description by the use of t
summed masses of the valence-band holes and conduc
band electrons. This result does not change if the transit
from the valence to conduction band are direct or indire
Thus the JDOS has a sharp onset at an energy loss ofEg .

When the electron probe passes down the@001# direction
in a material such as diamond, transitions across the d
band gap, and also to four pockets along theGX directions to
the indirect band-gap contributions~Fig. 3!, are allowed. In
relation to Fig. 2, the indirect contributions are four equa
spaced pockets displaced a distanceq0 (q0 is the momentum
separation between the top of the valence band and the
d
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tom of the indirect conduction band! from the center of the
Ewald sphere of the incident electron. Due to the symme
of the crystal, we need to consider only one of these con
butions from the indirect bandgap. Rather than just cons
eringd3k, we now need to examined3k/q4 integrated overu
andf. For indirect transitions,q2 is given by

q25A1B cos~u!sin~f!,

A5qc
21q0

2, B522q0qc .

We require15

E d3k

q4 5E E sin~u!qc
2dqcdu df

@A1B cos~u!sin~f!#2 .

The integral overu is trivial leaving an integral of the form

E d3k

q4 5E
0

2p 2qc
2dqc

2df

A21B2sin2~f!
.

This is a third-order elliptical integralP(f,n,k), with
k50, which can be solved analytically,16

P~f,n,k!5E df

~11n sin2f!A12k2sin2f
,

P~f.n.0!5
2p

11n
2

pn@L0~b,0!21#

2An2~11n!
,

L0~b,0!5
2

p
@EF~b,1!1KE~b,1!2KF~b,1!#,

b5sin21F 1

A11n
G .

On substituting these expressions into the required integ
we obtain

FIG. 3. A schematic diagram showing the geometry of theq24

term for an indirect band-gap excitation.
E d3k

q4 5pqcdqcF5~q0
21qc

2!21~q0
21qc

2!A~q0
21qc

2!21~2q0qc!
2

~q0
21qc

2!21~2q0qc!
2 G ,

qc5S 2mc

\2 D 1/2

AE2Eg ,
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where Eg is the indirect band gap andmc is the summed
masses of the valence- and conduction-band hole and
tron masses. For transitions just above the onset of the b
gap, this expression still has an abrupt onset as before, an
the geometric contributions of indirect band gaps cannot
plain the detailed shape of the band-gap EELs spectrum.
term in the square brackets affects the density of states
when qc becomes itself comparable toq0 in size, at which
point the parabolic band approximation has broken down

So far we have not asked anything about the energy
momentum dependence of the initial and final states of
atomic electron at positionr j . It is in considering exactly

FIG. 4. Schematic diagrams showing the transitions across~a!
direct band gap and~b! an indirect band gap.
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this dependence of the atomic wave functions that produc
more complete understanding of the EELS scattering p
cess. The electrons are described as Bloch electrons,fk js

,
wherek j is the wave number of the Bloch electron at po
tion r j , u(r j ) is a function which has the same periodicity
the lattice, andxs is the spin part of the wave function whic
can be ignored for this discussion. The crystal electrons
also be described as plane waves within this framework
setting the functionu(r j ) to unity. We thus have

fkjs
5

1

AV
exp~ ik j•r j !uk~r j !xs .

We can also express the momentum transferred to thej th
Bloch electron, which is equal to that lost by the incide
electron,\q, in operator form:

q[
\

i
¹.

Also, since we will only be considering small scatterin
angles in the electron microscope, we can expand the e
nent for smallq•r j . Substituting these expressions in E
~2!, and using the orthogonality of the Bloch electrons w
find that the matrix element describing the transition fro
stateui& to stateuf& becomes
^ f uexp~ iq•r j !u i &5
\

i
^ f u¹r j u i &,

^ f u¹r j u i &5E $uk j 1q* ~r j !exp@2 i ~k j1q!r j #¹r j@uk j
~r j !exp~2 ik j•r j !#%dr j

3

5E uk j 1q* ~r j !exp~2 iq•r j !¹@r juk j
~r j !#dr j

31E uk j 1q* ~r j !exp~2 iq•r j !ik j•r juk j
~r j !dr j

35M11 ik j•M2,

where

M15E uk j 1q* ~r j !exp~2 iq•r j !¹@r juk j
~r j !#dr j

3,

FIG. 5. Schematic diagrams showing the contributions from the JDOS and matrix elements for~a! direct and~b! indirect transitions.
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10 330 PRB 58B. RAFFERTY AND L. M. BROWN
M25E uk j 1q* ~r j !exp~2 iq•r j !r juk j
~r j !dr j

3. ~4!

How do we sum these two terms together? In the proc
of summing and squaring the two terms of the matrix e
ment describing the transition, the mixing termM13 ik j
•M2 vanishes, since the integrand ofM1 is asymmetric and
that of M2 is symmetric. Therefore, the two terms do n
interfere; they are summedincoherently. Thus the double-
differential cross section becomes

d2s

dE dV
5

\

p«0
S zMe2

\2 D 2S k8

k D 1

q4 @M1
21kj

2M2
2#r~E!.

~5!

When the incident electron is scattered by the crystal,
momentum which it transfers to the crystal can be split i
its components parallel and perpendicular to the incid
electrons trajectory. For relatively flat bands, the para
component of this momentum is used to take the cry
electron from its initial energy band,j ~effective massm! to
its final energy bandj 8, ~effective massm8), while the per-
pendicular component dictates the position of the cry
electron in the final energy band. Thus, using the conse
tion of energy one can write@Fig. 4~a!#

E2Eg5En1En8 ,

thus

2~E2Eg!

\2 5
k2

m8
1

kj
2

m
, ~6!

wherek5k j1q' and

kj
25

mred~E2Eg!

\2 2q'
2 S mred

m8 D 2S m8

mred
22D

6
q'mred

2m8 F2mred~E2Eg!

\2

2q'
2 S mred

m8 D 2S m8

mred
21D G1/2

,

where (1/mred)5(1/m)1(1/m8) is the reduced mass. Th
second term in Eq.~6! is zero if the effective masses o
bandsj and j 8, are equal and negligibly small for deviation
from this.

If we consider a valence and conduction band centered
the same point in the Brillouin zone, then for direct tran
tions, q'50, the main contribution comes from electro
excited from the top of the valence band,k j50, and so the
main contribution in the spectral intensity has the ene
dependence of the joint density of states, (E2Eg)1/2. The
contributions from direct transitions withk jÞ0 will be neg-
ligible since the joint density of states includes apprecia
contributions only for excitations between parallel ban
For the contributions from indirect transitions between p
allel bands there will also be a small extra term with a sp
tral intensity proportional to (E2Eg)3/2; the second term in
the above expression fork j will be negligible for these tran-
sitions. A similar argument can be used for the case when
valence and conduction bands are not centered on the s
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point in the Brillouin zone, the only difference being th
neglect of the first term in the expression fork j . We now
have@Fig. 4~b!#

k5k j1q'2Q,

where Q is the separation of the valence and conduct
bands in reciprocal space. Thereforeq' is replaced byq'

2Q, which is close to zero for transitions just above t
onset of allowed transitions. Thus for the two contributio
~Fig. 5! we have leading terms with different energy depe
dencies corresponding to direct and indirect transitions:

I direct}~E2Eg!1/2, I indirect}~E2Eg!3/2. ~7!

This result is similar to that of Elliot17 and Batson.10 Elliot
considered bound excitons produced by optical excitation
semiconductors, and came to the same energy dependen
the optical spectra. Batson interpreted Elliot’s result as be
an envelope function of the spectrum. The way in which
have presented this theory shows that the second term
consequence of indirect transitions that also need to be
sidered in optical spectroscopy when phonon collisions
included as a source of momentum transfer.

III. RESULTS

All of the band-gap EEL spectra in this section have h
their complex dielectric function extracted using th
Kramers-Kronig transformation as described by Egerton13

We emphasize the imaginary part of the dielectric funct
that is directly related to the single electron scattering and
to the results of the extended Bethe theory and the JD
The zero loss peak has been removed using a Fourier-
deconvolution with a vacuum zero loss peak. This meth
was chosen over a scaled subtraction of a vacuum zero
peak, since large artifacts are left in the spectral data and
find the subtraction method limits the size of observa
band gaps to.2 eV ~Fig. 6!. All of the spectra were acquired
using the same objective and collector apertures that
semiangles of 9 and 7 mrad, respectively. These apert
ensure that all excitations to the conduction band in the fi
Brillouin zone would be collected. The energy drift prese
in the electronics has been minimized by alignment of

FIG. 6. A scaled subtraction of the zero loss peak works reas
ably well down to energies of approximately 2 eV for large-ban
gap materials, as shown for MgO, but does not reveal an onse
the intensity which corresponds to the size of the band gap.
subtracted spectrum is the zero loss spectrum scaled to fit the
served spectrum from the specimen over a region below the b
gap.
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FIG. 7. ~a! The electronic band structure of MgO~Ref. 17!: the top of the valence band is marked at zero energy; and~b! its JDOS,
showing an onset at;7.2 eV.
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EEL spectra on the zero loss of approximately 1000 in
vidual spectra with exposure times of 50 ms and dispers
of 0.05 eV/channel.

Magnesium oxide

The MgO cube that was used to acquire the spectrum
tilted so that four faces of the cube are parallel to the elec
beam. This means that the electron probe was centered
@100# direction of the cube. The probe was also positioned
that it was passing through the centers of the faces that w
perpendicular to the beam. This reduced the contribution
any additional surface effects in the spectrum.

The Brillouin zone of MgO cubes has body-centere
cubic symmetry; Fig. 7~a! shows a calculated ban
structure.18 It has a direct band gap of 7.8 eV~Ref. 19!
i-
n

as
n

n a
o
re

of

-

centered on theG point of the band structure. The band
between26 and O eV have predominantly oxygen 2p, char-
acter and form the highest occupied states of the vale
band. The conduction-band edge at 7.8 eV is formed by
unoccupied magnesium 3s states.

Figure 7~b! shows the experimental JDOS spectrum fro
bulk MgO. The intensity starts to increase at an energy
;7.22 eV, which is the onset of allowed transitions. This
the onset of the band gap. There is some residual inten
within the band gap that is produced by surface states.

CVD diamond

The chemical vapor deposition~CVD! diamond was tilted
so that the electron beam was centered on the@001# pole
direction, and positioned so that no defects or twin bou
FIG. 8. ~a! The electronic band structure of diamond~Ref. 20!: the top of the valence band is marked at zero energy; and~b! its JDOS,
showing a slow onset at;5.5 eV.
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FIG. 9. ~a! The electronic structure of hexagonal BN~Ref. 20!; the top of the valence band is marked at zero energy.~b! The
corresponding BK edge showing a sharp peak at;187 eV due to the 1s2p* states, and the doublet at;193 eV due to the 1s2s* states.
~c! The joint density of states showing a doublet with an onset at;5 eV with an energy dependence of (E2Eg)3/2 corresponding to the
indirect band gap to the spin-splitp* states centered on theM point of the Brillouin zone.
s
an
n
.8

ot
eV
nd
t

an
in
an

a

ate

-
c-
ect
5.2

s

aries where illuminated during acquisition. Diamond ha
body-centered-cubic Brillouin zone, and has an indirect b
gap of 5.5 eV for transitions from the top of the valence ba
centered onG to the bottom of the conduction band about 0
of the way along theGX direction @Fig. 8~a!#. It also has a
direct band gap of 6.2 eV centered on theG point.20

Figure 8~b! is the experimental joint density of states pl
of diamond in the region of the band gap. Below 5.5
there is little or no intensity, showing the size of the ba
gap to be 5.5 eV, in good agreement with the optical da
Even though the two band gaps are of a similar energy
most electrons are scattered to small angles, we see the
rect contribution quite clearly because the conduction b
in the vicinity of the indirect band gap is very flat and has
large JDOS.
a
d
d

a.
d
di-
d

Boron nitride: hexagonal and cubic forms

The hexagonal boron nitride has to be tilted to orient
the electron beam onto thec axis of a crystallite@refractive
index nc axis52.13 ~Ref. 20! used in Kramers-Kronig analy
sis#. Crystalline cubic boron nitride has a zinc-blende stru
ture. Both hexagonal and cubic boron nitrides have indir
band gaps. The band gap for hexagonal boron nitride is
eV, and is between a valence-band maximum atH and a
conduction band minimum atM @Fig. 9~a!#. This is the gap
between the hybridizedp andp* states. The boronK-edge
excitation will show thep-projected density of empty state
for the structure@Fig. 9~b!#. The peak at;189 eV is thep*
peak and the doublet at;196 eV is produced by thes*
levels ands* levels that can be seen centered on theGDA
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FIG. 10. ~a! The electronic structure of cubic BN~Ref. 20!: the top of the valence band is marked by zero energy; and~b! its JDOS,
showing the band gap to be approximately 6.2 eV.
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k is
direction of the band structure@Fig. 9~a!#. The states betwee
thep* ands* peaks are interlayer states which have a ch
acteristic form which is shown in theK edge.21 The joint
density of states@Fig. 9~c!# can be seen to have a structu
that mirrors the general structure in the boronK edge. It can
be seen that thesplitting of the peaks has been reversed; t
boronK edge has thes* peak split, while thep-p* peak in
the JDOS is seen as a doublet. For the excitation of the bo
K edge, this transition is almost perfectly direct. Thus we
r-

on
e

the 1s2p* peak as a singlet, produced by the flat region
the electronic structure in the region of theG point, and the
1s2s* peak mirrors the separation of thes* ands* bands
centered on theGDA region of the Brillouin zone, a separa
tion varying between 2 and 3 eV. For the excitations th
make up the JDOS, the splitting of thep2p* peak mirrors
the splitting of thep* band at theM point of the Brillouin
zone, a much smaller splitting of 0.5 eV. The second pea
produced by both the direct transitions from thes ~centered
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FIG. 11. ~a! The electronic band structure of zinc oxide which was calculated with a Cu-atom defect which added a narrow ban
Fermi level~Ref. 21!. ~b! The JDOS of ZnO showing an excitionic peak at;3.2 eV.~c! The JDOS with a Gaussian exciton profile remove
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on theG point! states to thes* states which will be domi-
nated by indirect transitions because of the extremely
dispersion of thes* states.

The band gap can be clearly seen at 5.13 eV in Fig. 9~c!.
Close inspection of this figure shows that the intensity for
second main peak has an onset at approximately 11 eV.
is probably due to the indirects-s* transitions, although
there will be some contribution from the directp2s* tran-
sitions centered on theK, P, andH symmetry points of the
Brillouin zone. Even though there is the possibility for dire
transitions at energies of;5 eV, there is no sign of them in
the spectra. This is because these transitions would be d
transitions betweenp andp* states. The matrix elements fo
these transitions are just the dipole matrix elemen
^p* ur up&; the angular term in this expression is independ
of r , and so we are left with the selection ruleD1561 for
nonzero matrix elements. This argument also holds for
absence of directs-s* transitions.

Cubic boron nitride has an indirect band gap of 6.2
~Ref. 20! for transitions from the top of the valence band aG
to the bottom of the conduction band atX @Fig. 10~a!#. There
is also a direct band gap but this is at a higher energy, ab
10 eV above the top of the valence band. Figure 10~b! shows
w

e
is

t

ect

s,
t

e

ut

the JDOS for cubic boron nitride with an onset of allow
transitions at approximately 6.22 eV. Just above the ini
peak at;11 eV there is some additional intensity which
probably the contribution of the direct transitions. Since it
sitting on a large contribution, it is difficult make any com
ments about the detailed shape of this contribution.

Zinc oxide

Zinc oxide is an ionic crystal with a wurtzite structur
The orientation of the crystallite that was used to acquire
data was difficult to determine because of the proximity
other crystallites and the low intensity of the diffracted dis
in the microdiffraction pattern. There is a direct band gap
3.4 eV at the center of the Brillouin zone, and a wide ran
of possible transitions from the occupied 3d-like zinc bands
to the unoccupied 2p-like oxygen bands at energies of abo
;10 eV @Fig. 11~a!#.22 The JDOS for zinc oxide can be see
in Fig. 11~b!. Although this should have a direct band ga
the shape of the band edge looks more like that of the
forms of boron nitride rather than, say, magnesium oxi
There seems to be a peak at the onset that is obscuring
true shape of the band edge. This is probably due to a bo



tion-band
d

PRB 58 10 335DIRECT AND INDIRECT TRANSITIONS IN THE . . .
FIG. 12. The electronic band structure of gallium arsenide showing the characteristic camel’s back’s structure to the conduc
edge centered on theG point. Zero energy corresponds to the top of the valence band~Ref. 19!. ~b! The JDOS of GaAs reflecting the detaile
shape of the valence and conduction bands.
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exciton that is common in these luminescent materials. F
ure 11~c! shows the JDOS data after subtracting a Gaus
profile to account for the excitonic peak. It can be seen t
there is still a residual peak at 3.7 eV due to the cru
method employed to remove the excitonic peak.

Gallium arsenide

The gallium arsenide, which has a cubic zinc-blen
structure, was orientated onto a@110# pole direction from
which EELs spectra were then acquired, gallium arsenide
a direct band gap centered on theG point of the Brillouin
zone of 1.5 eV~Ref. 20! @Fig. 12~a!#, which has the charac
teristicCamel’s back structureof the conduction-band edge

Figure 12~b! shows the JDOS for gallium arsenide,
shows an onset at an energy of;1.3 eV which is in very
good agreement with the optical data. This spectrum is a
in close agreement to that which was acquired by Bat
et al.23 The JDOS also contains structure at energies of
and 2.6 eV. The first of these energies corresponds to
energy separation between the top of the valence band
light holes@labeledG7 in Fig. 12~a!# and the bottom of the
conduction band@labeledG6 in Fig. 12~a!#. The second en-
ergy corresponds to the energy separation between the to
the valence band for heavy holes (G8) and the camel’s hump
on theGL side of the conduction-band minima (G6).

The intensity in the JDOS just before the onset is ascri
to noise from the deconvolution routine. This puts a limit
the smallest band-gap material we can look at as;0.8–1 eV.
This limit is intrinsic to the system, and is set by the ener
distribution of the electrons tunneling from the tip: the tail
the zero loss peak necessarily produces noise which obsc
the onset of losses in the spectrum.

Comparison between theory and experiment

The question to be answered now is if the onsets of
JDOS plots follow a power law of the form (E2Eg)n, and if
the value ofn is 1

2 or 3
2 for direct and indirect transitions
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respectively. From the original JDOS data it is easy to defi
an energy range which includes the critical point that
wish to examine; this range comprises of about 30–40 d
points. Once this is done we choose the first datum poin
this range, and assign its energy value to be that of the c
cal point. The data are offset so that this critical point is t
origin of the energy axis, and a log-log plot is then co
structed. To this data a general straight line (Y5A1B3X)
is fitted, using a linear regression routine, to the spectral d
The value ofB will be the best-fit value of the indexn for
this critical point. From this fitted line we can also extract t
correlation factorR2. This procedure is repeated for eac
energy point in the initial energy range around the critic
point. We can now plot the indexn and the correlation facto
R2 as a function of the position of the critical point.

Figures 13~a!–13~f! show the results of this analysis fo
MgO cubes and CVD diamond, both hexagonal and cu
BN, GaAs and ZnO, respectively. The error bars on the d
points for the indexn are6s the standard deviation derive
from the fitting procedure. It can be seen that the error in
value of the indexn is minimized when the correlation facto
is maximized. All of these plots show the correlation fact
to be maximized at energies that are in good agreement
the optical values for the fundamental band gaps~Table I!.
When the correlation factor is maximized, the value of t
index n is also seen to be at either1

2 or 3
2, showing that the

band gap is either direct or indirect, respectively. The val
of the indexn that are observed in the plots indicate t
correct nature of the type of transitions to the critical poin
for each of the materials. In particular the correlation fac
in diamond has two peaks corresponding to both indirect
direct band gaps. The plot for GaAs shows the correlat
function to be at a slightly lower energy than the accep
value for the band gap. This is probably due to the prese
of an excitonic peak near the onset that is masking the
position of the onset of interband transitions.23 The JDOS for
ZnO can be analyzed once the excitonic peak has been
moved. Although this has been done in a rather crude fa
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FIG. 13. Plots showing the indexn of the (E2Eg)n term and the correlation factor for the fitting procedure, described in the text,
function of the position of the critical point for~a! MgO cubes,~b! CVD diamond,~c! hexagonal BN,~d! cubic BN,~e! GaAs, and~f! ZnO.
The correlation curves all peak at the correct position of the critical point and the correct indexn is observed at these critical points whic
define the nature of the bandgap transitions:1

2 for direct transitions, and32 for indirect transitions.
p
p
ps
te

es

iled
t the
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for
ion, the above procedure has still revealed a band ga
3.360.05 eV which is excellent agreement with the true o
tical band gap.24 The errors in the values for the band ga
measured in this way from the EELS data can be estima
from the error in the peak position of the correlation curv
Using this criterion the errors in the values ofEg are all
approximately60.05 eV.
of
-

d
.

IV. CONCLUSIONS

A theory has been developed to understand the deta
shape of bandgap EELs spectra. This theory shows tha
matrix elements have significant effects on the shape of
spectra, especially when considering direct or indirect tr
sitions across the fundamental band gap of a semicondu
or insulator. The theory shows how the matrix elements



those
ty

PRB 58 10 337DIRECT AND INDIRECT TRANSITIONS IN THE . . .
TABLE I. A comparison of the size and types of band gaps between values in the literature and
extracted from the correlation plots of Fig. 13. These errors indicated by* are estimates from the uncertain
in the position of the maximum in the correlation coefficients shown in Fig. 13.

Material

Literature Correlation plots

Eg ~eV! Type of transitions Eg ~eV! Type of transitions

MgO 7.8 ~Ref. 18! direct 7.2260.03* direct
CVD diamond 5.5~Ref. 20! indirect 5.5060.04* indirect

6.2 ~Ref. 20! direct 6.1260.07* direct
BN ~hexagonal! 5.2 ~Ref. 20! indirect 5.1360.08* indirect
~cubic! 6.2 ~Ref. 20! indirect 6.2260.03* indirect
ZnO 3.1–3.3~Ref. 22! direct 3.360.05* direct
GaAs 1.5~Ref. 20! direct 1.4560.05* direct
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direct and indirect transitions can be decoupled from o
another. For the case of direct transitions the matrix elem
still act as a scaling factor to the JDOS, and so anE
2Eg)1/2 term is observed in the spectrum. The matrix e
ments for indirect transitions are shown to be dependen
the momentum transferred by the incident fast electron to
crystal electrons, resulting in the product of the indirect tra
sition matrix elements and the JDOS contributing as anE
2Eg)3/2 term to the EEL spectrum.

This theory has been tested on six crystalline material
is shown that before any information can be extracted fr
the spectra the zero loss peak must be removed. By de
volving a vacuum zero loss peak from the acquired sp
trum, it is possible to study the band-gap region of the EE
spectrum for materials with band gaps as small as;0.9 eV at
an experimental energy resolution~the full width at half
maximum of the zero loss peak! of at most 0.22 eV. To tes
the theory, it is shown that thematrix element weighted join
density of statesshould be extracted from the EEL spectr
These data contain all of the information needed to study
electronic structure. To derive the nature of a fundame
band gap, a numerical routine has been outlined which p
the indexn of the (E2Eg)n term and the fitting correlation
p
.
on
s
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ts
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n
e
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n-
c-
s
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factor as a function of the assumed size of the band gap.
routine reveals the nature and size of a band gap that i
excellent agreement with the data in the literature for
materials that were studied. The routine provides an ob
tive method to assess band gaps by electron spectrosco
an accuracy of60.05 eV. It should be stressed that the a
curacy of the method far surpasses the energy resolutio
the spectrometer because it is merely limited by the loca
of the critical points in the data that is entirely a question
noise.

Although this theory has been developed with inelas
electron scattering in mind, it must be noted that it is equa
valid for inelastic photon scattering when phonons are u
as a source of momentum transfer.
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