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A solidification front advancing into a three-dimensional~3D! medium containing mobile impurities is
implemented as a model for a semilate stage dynamical process at a first-order phase transition under the
isothermal undercooling condition. The approach generalizes the dynamical epidemic model to 3D. The pres-
ence of mobile particles shifts the usual probability of the percolation transition for 3D systems from 0.65
corresponding to static hindrances, to a value numerically estimated as 0.8. Excluded volume effects caused by
the impurity particles lead to an aggregation process self-organizing the particles trapped behind the front in
the solid phase. The kinetics of the process early stages is studied numerically and a power law governing the
front width evolution is suggested.@S0163-1829~98!06525-4#
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I. INTRODUCTION

A model of growth starting from a surface and the sta
tical physics of the microstructure and surface roughnes
studied here through numerical simulation. The problem
as seen on a general basis, that of a solidification front
vancing into a three-dimensional~3D! medium containing
mobile impurities, i.e., a rather semilate stage process
first-order phase transition between three phases and u
an isothermal undercooling condition.1 The work applies to
many realistic cases since it considers a~chemically nonre-
acting! front progressing into a 3D medium containing m
bile impurities in interaction with the front. The microstru
ture is going to be mainly described at the mesosco
~‘‘particle’’ ! scale rather than at the chemical level. Thic
film growth, polymer growth in impure solutions, fluid inva
sion in porous media, heterogeneous crowd traffic, hetero
neous granular flow in random medium, etc., are all case
pertinent interest.

The process model is based on the kinetic Eden mod2

The space in which the cluster develops is, however, p
tially filled with mobile ‘‘impurities.’’ During the growth,
the surface of the front expands, and the impurities are
jected or trapped by the solidifying matrix following a pro
ability rule. A dynamical repulsion effect on the front wit
the mobile ‘‘particles’’ is included as a realistic element. T
PRB 580163-1829/98/58~1!/1~4!/$15.00
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situation has been investigated numerically. Possible lo
anisotropy conditions and chemical effects have not b
included.

Based on the recent extension of the Eden model2 to a
planar dynamical epidemic model,3,4 a simple, spatial, dy-
namical, epidemic model equivalent to the growth of a so
(S) phase advancing into another one~a liquid phase,L!
containing mobile, so-called impurities or ‘‘particles’’ (P)
can be implemented in 3D. A percolationlike transition
expected, and is hereby shown to occur as a function
impurity fraction ~Sec. II!, i.e., a transition separating re
gimes of indefinitely growing and nongrowingS clusters.
The critical valuexc50.8 is much above the threshold valu
xc50.65 of the static epidemic model on a cubic lattice5,6

and also above the dynamical and static values of the co
sponding process on a square lattice.4 The difference is ex-
plained as a result of self-organization of the impurities a
by the larger possibilities of that process to take place in
space~Sec. III!. Moreover the description of the front indi
cates the possible development of facets, and compet
between facets of different orientations with surface rou
ening, i.e., an interesting microstructure complexity. E
cluded volume effects caused by the impurity particles le
to an aggregation process self-organizing the partic
trapped behind the front in the solid phase. Some mean-fi
argument is given in order to qualify the process as in Ref
1 © 1998 The American Physical Society
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The geometrical and time-dependent properties of the f
and the aggregates are discussed in Sec. IV.

II. MODEL

Consider a cubic symmetry semi-infinite 3D lattice sl
with a square base of sizeW3W. Thez axis is perpendicu-
lar to the base. Let periodic boundary conditions hold on
four sides of this square ‘‘substrate.’’ Each site of the 3
lattice is supposed to be occupied by a liquidL unit, a solid
phaseS unit, or by an impurity particleP. At the start of the
process, a fixed fractionx of P impurities is supposed to b
randomly spatially distributed in the liquid phase region. T
solidification process begins with a creation of a substr
i.e., turning all sites on the first layer from a liquidL to a
solid phaseS to initiate the cluster growth. At each subs
quent simulation step, all liquidL sites in contact with the
‘‘cluster’’ are selected. One of them is randomly chosen a
is turned into the phaseS. Such a growth scheme is equiv
lent to the classical Eden one.2 Then the dynamics of impu
rities is governed by the same rules as stated in Ref
Briefly speaking, a dynamical interaction is assumed to oc
between the cluster front and the impurities such that if
impurity is in nearest-neighbor contact with the newly add
solid unit, the impurity executes a single lattice step rand
walk towards one of the nearest liquid site, if any is ava
able, thereby displacing the liquid in order to reduce
contact with the solid front. If the move cannot be made,
position of the impurity remains unchanged and it is trapp
in the cluster, e.g., there are two ways in which an impu
particle can be trapped during the processes:~i! it can be
trapped directly by the front because the former one can
reduce its number of nearest-neighbor solid units, or~ii ! the
displacement of an impurity can be forbidden by the pr
ence of other impurities on neighboring sites, leading to
direct trapping. The selection, front, and impurity motion a
randomly chosen many times. If the particle does not m
after that process has been repeated 50 times, it is assum
be trapped. Indeed, the cluster growth can sometimes st
there is no site in the liquid in contact with the cluster b
cause a cluster of particles lays along the front.

Each of the results, in particular profiles, stems from
average over 500 simulations. For larger sizesW of the sys-
tem the simulation time becomes very long and the results
not improve much in the process.

The present model is in line with other well-known dro
let growth processes1 and reduces to an Eden model givin
compactS clusters,2 when there are no impurities, and to th
simple epidemic model when static~quenched! impurities
are considered.5,6 Other related works can be found in Ref
8–14. All pertain to isothermal undercooling processes.

III. MORPHOLOGY OF SOLID AND TRAPPED PHASES

Numerical results of the advancing front morphology
the direction perpendicular to the substrate are first
cussed. The evolution of the density profiles of theS andP
phases at a distanceh from the substrate is studied. A typica
pattern of the trapped phase by the solid phase cluster an
the advancing front morphology for impurity fractionx
50.3 (x,xc) is shown in Fig. 1 with the linear size of th
nt
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square substrate taken to beW516 for illustration. One
should note that the distribution ofP impurities in theS
matrix is quite inhomogeneous behind the front@Fig. 1~a!#.
Figure 1~c! illustrates the random distribution of the free im
purities which are not yet captured by the solidification p
cess.

The evolution of density profiles forx50.3 of the impu-
rities and of the solid phase can next be studied in the th
mutually perpendicular symmetry directionsx, y, z, for the
purpose of discussion. The density profile along a given
rection and at a certain point is given the contribution ofP/S
units in the plane perpendicular to the direction at that po
Since it is a spatial model we looked first at theP and S
profiles in thex and y directions. They are found to be a
most constant and are thus not shown. However, a spe
behavior of the impurity density profilerP'

(h) along the

advancing growth in thez direction at distanceh from the
substrate is observed near the position of the front@Fig.
2~a!#.

For all studied density profiles for impurity fractions
,x,xc : ~i! in the first stages of the growth,rP'

(h) is very

FIG. 1. Typical pattern:~a! of trapped impurities;~b! of the
advancing front morphology and;~c! of free randomly distributed
impurities for impurity fractionx50.3 and for aW516 size of the
square substrate.
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low near the substrate, and~ii ! a bump is clearly seen in th
rP'

(h) distribution around the front position, as in the ca

of a 2D lattice.3

The depletion in therP'
(h) distribution near the substrat

can be understood as resulting from the relatively sma
number of constraining hindrances in the early stages of
interface growth. The bump observed in therP'

(h) profile is

an excess ofP impurities moving with the front as long a
0,x,xc . As the front advances, the bump widthDh in-
creases and the bump heightDr decreases.

The numerical analysis of the bump height was do
through the measurement of the maximum height of
rP'

(h) profile. By fitting the first eight points it was foun

that the bump height is scaled as a power law with an ex
nent b50.31760.038. The bump height is found to bex
dependent as in the 2D case. Numerical results for the b
height obtained for the case of a 16316330 cubic lattice
dimensions are shown in Fig. 3. The maximum of the
rabolalike dependence is observed for impurity fract
aroundx50.3. Then the curve drops to zero atxc50.8.

For impurity fractions near the critical value a ripple o
curs behind the front just after the main initial depleti

FIG. 2. Profilesr'(h) for bothP andS phases are illustrated a
a function of the distanceh from the substrate for impurity concen
tration values:~a! x50.3 and~b! x50.65. The profiles result from
an average over 500 simulations.
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layer near the substrate@see Fig. 2~b!# as it was observed in
the plane and the same schematical presentation holds.
observation can be interpreted and understood as resu
from the approach to fractality of the front, and the resulti
trapped impurities.

IV. THE TIME DEPENDENCE OF THE WIDTH
OF THE FRONT

The width s of the front, or equivalently the correlatio
length j in the z direction along the front was numericall
studied at the initial stages of the cluster growth process.
correlation length in thez direction is usually defined by3

j5A1

N (
i 51

N

zi
22S 1

N (
i 51

N

zi D 2

, ~1!

whereN is the number of the solid phase units which form
front at distanceh ~see Fig. 1! from the substrate andzi is the
z coordinate of the position of each of these units. The
sults for the time evolution of the width show a power-la
dependencej;ha characterized bya50.52660.0151/D
(D591/48) since it is a 2D structure.15 After that the corre-
lation length enters a saturation regime~Fig. 4!.

FIG. 3. Thex dependence of the bump heightDr.

FIG. 4. The evolution of the solidification front width~s or j!.
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V. CONCLUSION

I have studied the growth of a cluster at a first-order ph
transition between three phases along the lines of the
namical epidemic model for a 2D interface interacting w
mobile impurities in a semi-infinite 3D medium, thus as
model for a semilate stage dynamical process at a first-o
phase transition under isothermal undercooling conditi
During the growth, the repulsion between the front and
impurities leads to an aggregation process along the so
fying matrix, and to a self-organization of aggregates n
and after the interface for 0,x,xc . The percolationlike
transition for a 3D dynamical system has been numeric
investigated and found to be much above the one for
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corresponding planar structure. That is understood to re
from the richer complexity of the rough surface/interface
the way of self-organization.
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