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We show that the final-state stimulation of a scattering process involving composite bosons is fundamentally
limited by the Pauli exclusion of the constituent fermions. Even though we concentrate on the saturation and
Pauli blocking of the statistical enhancement factor for exciton-phonon scattering into a many-body electron-
hole pair state, our basic result is valid for a large class of composite bosons and for arbitrary dimensionality.
The expression that we obtain explicitly shows that the stimulation is a direct result of the many-body
coherence in the final state. For a two-dimensional magnetoexciton gas, we analytically demonstrate the
transition from stimulated scattering in the low-density bosonic limit to Pauli blocking of scattering in the
high-density limit.@S0163-1829~98!51508-1#

Final-state stimulation of a scattering process is the
bosonic counterpart of the Pauli exclusion principle. The best
known example forbosonic stimulationor statistical en-
hancement of scattering is the stimulated photon emission
that provides gain for~photon! laser oscillators. The accumu-
lation of a large fraction of excitons in the ground state dur-
ing the initial stages of Bose-Einstein condensation is also a
direct result of stimulated~exciton-phonon! scattering.1–3 In
the latter case, condensing Bose particles are composed of
fermionic constituents, which obey Fermi-Dirac statistics. As
the density of composite bosons increases the mean separa-
tion between particles becomes comparable to their size
~Bohr radius aB!. The stimulated scattering in this limit
should be altered due to phase-space filling~PSF! effects of
the underlying fermionic particles.

In this paper, we derive an expression for the statistical
enhancement factor of composite boson scattering that is
valid for all densities. Even though we concentrate on
electron-hole-pair phonon interaction in the Born-Markov
limit, our basic result can be used for a large class of com-
posite bosons and for arbitrary dimensionality, provided that
the Bardeen-Cooper-Schrieffer~BCS! type ground state of
the system is predetermined.4 The expression that we obtain
allows us to analyze the saturation of stimulated scattering
arising from PSF effects for a two-dimensional~2D! magne-
toexciton gas.5,6 For this system, we analytically demonstrate

the transition from stimulated scattering in the low-density
bosonic limit to Pauli blocking of scattering in the high-
density limit. The scattering rate for 2D magnetoexcitons
peaks near theMott densitywhere only 1/2 of the ground-
state magnetoexcitons effectively participate in final-state
stimulation. Our results indicate that bosonic stimulation is a
direct result of the many-body coherence in the final state
and in this respect cannot be reduced to a breakdown of
bosonic commutation relations.

The starting point of our analysis is the interaction of a
specific many-body electron-hole state with the phonon res-
ervoir. The corresponding interaction Hamiltonian is7

Ĥ int5\(
k,q

@ge2ph~q!êk1q
† êk1gh2ph~q!ĥk1q

† ĥk#~ b̂q1b̂2q
† !,

~1!

where êk , ĥk , and b̂k denote the annihilation operators for
electron, hole, and phonon modes with momentumk, respec-
tively. ge2ph(q) and ge2ph(q) are the corresponding
electron-phonon and hole-phonon interaction coefficients.
The spin index and the vector nature of the momenta are
suppressed for simplicity. The same set of variables could
also be used to describe an electron-hole-phonon system un-
der large magnetic fields.

Before proceeding, we reiterate that our principal goal is
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to analyze the Pauli blocking of bosonic enhancement, and
not necessarily to evaluate the actual exciton-phonon scatter-
ing process at arbitrary densities. To this end, we assume that
the initial many-body electron-hole state can be written as4

uC in&5Ĉn,K
† uC̃BCS&5Ĉn,K

† )
k

@ ũ~k!1 ṽ ~k!êk
†ĥ2k

† #u0&

~2!

where

Ĉn,K
† 5(

p
wn~p!êK/2 1p

† ĥK/2 2p
† ~3!

denotes the creation operator of an electron-hole pair with
a center-of-mass momentumK and an internal motion
desribed by the~reciprocal space! wave functionwn(p). The
coefficientsũ(k) and ṽ (k) satisfy the normalization condi-
tion ũ2(k)1 ṽ 2(k)51 and(pu ṽ (p)u25N. The final ~elec-
tronic! state of the scattering process that we choose to con-
sider is

uCfin&5uCBCS&5)
k

@u~k!1v~k!êk
†ĥ2k

† #u0& ~4!

where (puv(p)u25N11 is the mean number of electron-
hole pairs in the final state. In the following discussion, we
will assume thatN@1, so that the difference betweenv(p)
„u(p)… and ṽ (p) „ũ(p)… is negligible;p.

Let mexc and ṼK denote the electron-hole pair mass and
the effective pair-pair interaction energy, respectively. Both
the initial state of Eq.~2! and the final state of Eq.~4! can be
considered as~approximate! eigenstates of the many-body

electron-hole system, provided thatK@A4NṼKmexc. As we
shall see shortly, for such high center-of-mass momentum
~particlelike! excited states, the effective exciton-phonon in-
teraction coefficients are small, justifying the Born-Markov
approximation that we use.

The next step is to obtain the scattering rate in the Born-
Markov approximation using the Fermi golden rule. For sim-
plicity, we will assume that the lattice is at zero temperature
and only consider the spontaneous phonon processes. We
then obtain the scattering rate

Ws52p(
q

uge2ph~q!M ~q!1gh2ph~q!M ~2q!u2

3d~v in2vfin2vq!, ~5!

where

M ~q!5(
k

wn* S k1
q

2Du* ~k!v~k!@12uv~k1q!u2#. ~6!

Here,\v in and \vfin denote the energies of the initial and
final many-body eigenstates, respectively.vq is the fre-
quency of the emitted phonon. We reiterate that Eq.~5! is
derived using the interaction Hamiltonian of Eq.~1! and no
assumption regarding thebosonic characterof electron-hole
pairs was made. The productu* (k)v(k) is proportional to
the electron-hole pair wave function. In the Hartree-Fock

approximation,u* (k)v(k) can be determined from the semi-
conductor Bloch equation for the polarization term4

i\
ds~k!

dt
5@ee~k!1eh~k!#s~k!

2(
q

V~q!@~12A124us~k2q!u2!s~k!

2s~k2q!A124us~k!u2#, ~7!

where s(k)5^ĥ2kêk&5^CBCSuĥ2kêkuCBCS&5u* (k)v(k).
V(q) is the Fourier transform of the Coulomb interaction
energy;ee(k) and eh(k) denote the bare electron and hole
energies, respectively. For low-density excitons~with
NaB

d /Ld!1, whered is the dimensionality andL is the lat-
eral size!, this equation reduces to the Wannier equation in
real space and yields the 1s exciton wave functionw1s(p).
In the high-density limit (NaB

d /Ld@1), it is the counterpart
of the superconducting gap equation.8 In many cases, how-
ever, Hartree-Fock approximation is not valid and the calcu-
lation of the pair wave function would require the inclusion
of screening and scattering terms.

The factor@12uv(k1q)u2# in Eq. ~6! gives the correction
to the electron-hole-phonon scattering arising from the fact
that the presence of a BCS ground state with a large number
of composite bosons modify the commutation relation of
high-momentum electron-hole pairs as well. To the extent
thatK@kF wherekF is the Fermi wave vector, the contribu-
tion of this term is negligible. If we in addition assume
K;q@p/aB , we can also neglect thek dependence of
wn* (k1 q/2), provided thatwn is a hydrogenic wave func-
tion. In this limit, we obtain

M ~q!.wn* S q

2D(
k

u* ~k!v~k!, ~8!

and

Ws.2p(
q

Uge2ph~q!wn* S q

2D1gh2ph~q!wn* S 2q

2 D U2

I

3d~v in2vfin2vq!, ~9!

where

I 5U(
k

u* ~k!v~k!U2

. ~10!

The expression forI given in Eq. ~10! is the principal
result of this paper as it contains the statistical enhancement
factor for the scattering of a phonon by a many-body com-
posite boson~electron-hole pair! system. In the low-density
limit where v(k).ANw1s(k), we obtainI}N for all com-
posite bosons, as expected. In the high-density limit, the
qualitative nature of saturation and Pauli blocking of statis-
tical enhancement factor strongly depends on the particular
BCS state@i.e., the coherence factorsu(k),v(k)#. The differ-
ences between the low- and high-density limits become more
apparent if we recall Eq.~10!: In the low-density limit
@u(k);1,;k#, bosonic enhancement arises from a construc-
tive interference of the contributions from all partially occu-
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pied pair states. In the opposite high-density limit, only the
states around Fermi level for whichu* (k)v(k)Þ0 contrib-
ute to I . Equivalently for this latter case, the electron-hole
pairs with k!kF have exhausted the phase space available
for them @v(k).1# and can no longer participate in stimu-
lated scattering. Physically, this is due to the fact that the
mean separation of the electron-hole pairs is less than their
size, which makes the Pauli exclusion dominant.

Equation~10! shows that the stimulated scattering explic-
itly depends on the overlapu* (k)v(k). Therefore it is the
coherence between the electron-hole pair states that results in
bosonic enhancement. Conversely, if the ground state of the
many-body system is an electron-hole plasma state where
u* (k)v(k)50,;k, there is no final-state stimulation at any
electron-hole pair density. We remark that even though we
assume a BCS state in our analysis, the assumption of a
well-defined condensate phase should not be relevant for the
bosonic enhancement factor.

Next, we consider the special case of two-dimensional
~2D! magnetoexcitons. It has been shown by several authors
that in the strong magnetic-field limit where the magnetic
lengtha05A\/eB is much smaller thanaB , the magnetoex-
citons become ideal noninteracting bosons. More specifi-
cally, Paquetet al.6 have shown that the single-particle wave
function remains unchanged for all occupancies of the lowest
exciton band. For this system we have

v~k!5v5A2pao
2N/L2, ~11!

whereL is the transverse size of the 2D structure. The evalu-
ation of the stimulated scattering contribution is then
straightforward:

I 5NS 12
2pa0

2N

L2 D L2

2pa0
2 . ~12!

The analytical expression given in Eq.~12! is valid for
1<N<L2/2pa0

2. In the low-density limit (N! L2/2pa0
2),

magnetoexcitons behave as ideal bosons (I}N). The total
scattering rate peaks atNmax5NM5 L2/4pa0

2 where only half
of the magnetoexcitons contribute to stimulation. For
N.NM , stimulated scattering rate into the ground state
starts to decrease and goes to zero asN→2NM ; at this oc-
cupancy, all the underlying electron and hole fermionic
phase space is exhausted and it is not possible to create an-
other ground-state magnetoexciton. Here,NM /L2 is the
counterpart of theMott densityfor this system.

We believe that the results presented in this paper are
important for the analysis of recently proposed semiconduc-
tor matter lasers or bosers.9,10 Stimulated composite-boson
scattering provides a gain mechanism for thesedevices. The
saturation and eventual Pauli blocking of the stimulated scat-
tering due to PSF effects that we predict would therefore
result in unique gain saturation mechanism. This is espe-
cially important for large Bohr-radius exciton lasers in III-V
and II-VI semiconductors.

In summary, we have derived an expression for bosonic
stimulation of exciton-phonon scattering, in the limit where
Born-Markov approximation is applicable. Pauli exclusion of
the fermionic constituents that form the composite bosons
~excitons! results in a saturation of the stimulated scattering
at high densities where the separation between the bosons is
less than or equal to their Bohr radius. In the special case of
two-dimensional magnetoexcitons, we obtain analytical ex-
pressions for the stimulated scattering term: as the electron-
hole pair density increases, the stimulated scattering rate first
saturates and then experiences complete Pauli blocking for
N→2NM .
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