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The generalized spectral distribution, which is the frequency-domain representation of the velocity autocor-
relation function, is determined for liquid molecular deuterium for a broad range of frequencies from neutron-
scattering experiments. Two well-defined features centered at frequencies of 3.8 and 7.6 meV are seen super-
imposed on a broad, slowly decaying tail. The latter seems reminiscent of what has been observed for hydrogen
in the dense-gas phase whereas the former is shown to arise from finite-frequency collective excitations and
quantized molecular rotations.@S0163-1829~98!50718-7#

Although the generalized frequency distributionZ(v) or
its time-domain representation, the velocity autocorrelation
function ^v(0)•v(t)&, is perhaps the most relevant quantity
to characterize the dynamics of any disordered material, ex-
plicit experimental results for simple liquids or dense gases
are scarce. This is due to the difficulty of measuring the
dynamic structure factorS(Q,v) at rather low wave vectors,
and to the absence of any widely accepted procedure to ex-
trapolate data taken at finiteQ2v values toQ50. In fact,
accurate estimations of the velocity autocorrelation function
of simple liquids from experiment are restricted to dense
hydrogen gas1 and liquid alkali metals,2–4 although a number
of results of lesser accuracy have been reported in several
studies.5,6 Computer molecular dynamics has also been valu-
able in cases where the interaction potential is simple
enough, such as liquid rare gases, the case of liquid Ar being
paramount.7 The evaluation of the frequency distribution
thus involves the extrapolation of the single-particle dynamic
structure factorSs(Q,v) to zero wave vectors,2,8 which for a
classical liquid becomesZ(v)5z(Q→0,v), where

z~Q,v!5S v2

Q2 1A~Q! DSs~Q,v!. ~1!

The functionA(Q) was introduced as an addition2 to the
Egelstaff formula8 to provide a more reliable representation
of the low-frequency part of the spectrum, which is domi-
nated by mass-diffusion effects. It amounts to a correction
given by DQ2, a hydrodynamic estimate for the spectral
width in terms of the self-diffusion coefficient. For a liquid
showing quantum effects to first order in\, the single-
particle structure factor is given by the symmetrized quantity
exp(2 1

2\vb)Ss(Q,v) with b5(kBT)21.
The expression written above immediately evidences a

singularity atv→0 andQ→0, which poses stringent condi-
tions if very low-v ~below 0.25 meV! data are required. This
was the case in investigations focused on the quest for the
low-v cusp arising from a long-time tail as predicted by

kinetic theory formulations. An additional source of compli-
cation arises for systems where the coherent neutron-
scattering cross section is large. The coherent effects have
here to be removed from the measured structure factor by
means of appropriate angular averages or through modeling
and subsequent subtraction.3

Here, our aim is focused on the dense-liquid phase of
molecular deuterium under conditions close to freezing
where collective effects are clearly evidenced9 and, contrary
to the high-temperature gas,1 rotational motions become
fully quantized. The interest in carrying out such a study is
twofold. First, the frequency distribution for such a liquid is
expected to be significantly different from that of the gas
phase, where the most marked characteristic is a strong rise
with decreasing frequency up to a finite intercept ofZ(v
50)5D/p given by the macroscopic self-diffusion coeffi-
cient. It is also expected to exhibit significant differences
with that for heavier diatomic liquids, where molecular rota-
tions are describable by continuous diffusion treatments.
Second, to explore up to what extent the behavior found in
the gas phase, which is at present understood in terms of
mode coupling~low-v! and Enskog~large-v! contributions,
is still significant within the liquid phase. On the other hand,
at temperatures of aboutT520 K, quantum effects become
relatively important for molecular deuterium. Recent results9

have shown that the behavior of single-particle excitations in
liquid D2 approaches an ideal-fluid regime forQ
.4.2 Å21, while the low-Q spectra (Q<1 Å21) show a
remarkably well defined phonon dispersion giving clear in-
dications of strong anomalous dispersion, which is governed
by phonon decay processes. In consequence, our aim is to
explore the possibility of identifying withinZ(v) the fre-
quency ranges that correspond to those found in our previous
study: a phonon propagation regime forQ,1.1 Å21 andv
,9 meV, a classical-fluid regime at large wave vectors as
discussed above, and an intermediate region, 1.8 Å21<Q
<2.4 Å21 which comprises the ‘‘roton’’ minimum of the
dispersion curve.
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For a liquid composed by light particles one expects to
find at least two different limiting behaviors inS(Q,v). At
low wave vectors (0.3 Å21<Q<1.0 Å21) the coherent re-
sponse will be dominated by a quasielastic component10 plus
a weaker phononlike excitation at some finite frequency well
above the recoil energyEr5\2Q2/2M ~the effective massM
can in principle be identified with the molecular mass!. The
Q dependence of the intensity of these coherent effects mim-
ics the static structure factorS(Q), and the single-particle
response, such as mass~self-! diffusion and molecular rota-
tions, is masked. The rotational excitations give rise to nar-
row peaks at frequencies corresponding toEKK81Er , where
EKK8'BK(K811) is the rotational level spacing, withB
53.8 meV. For larger momentum transfers, the excitations
that matter are of single-particle nature since the coherent
effects die away above 5 Å21.11

The measurements reported here were carried out using
the MARI chopper spectrometer at ISIS pulsed neutron
source, where two instrumental configurations with incident
energies ofEi510 meV andEi540 meV were chosen to
cover the low- and high-frequency regimes discussed above.
The sample which was made of liquefied normal deuterium
was held in a cylindrical container.S(Q,v) was obtained
from the measured cross section using well established
procedures.9 The equilibrium composition of molecular deu-
terium at 20 K corresponds to a mixture of 97.8% (o)ortho
and 2.2% (p)para species. This results in a total cross section
having a dominantly coherent component, although incoher-
ent scattering arising mostly fromp D2 will dominate the
cross section forQ!1 Å21.12

To determineZ(v) from the experimental data, two paths
have been followed. The first makes use of the relative ad-
vantage of liquid D2 that the scattering pattern at low wave
vectors is strongly dominated by incoherent scattering aris-
ing from mostly para D2. This can be pictorially seen from
the S(u,E) surface plot shown in some of our previous
communications.9 In fact, rather accurate bounds to the co-
herent and incoherent components can be obtained from a
previous high-resolution study of liquid D2. An analysis9 of
the quasielastic region of the spectra showed that~a! the
hydrodynamic behavior~Fick’s Law! was confirmed by the
Q2 dependence of the incoherent width concomitantly with
theQ22 decrease of the peak amplitude forQ<1.6 Å21, ~b!
for 0.4<Q<1.6 Å21, the ratioSinc(Q,0)/Scoh(Q,0) varies
from 750 to 40, and~c! both the incoherent linewidth and
peak intensity have the same proportionality constant~self-
diffusion coefficient!.

The next step involved the computation of quantities
given by Eq.~1! and extrapolation towardsQ→0. Here, and
contrary to previous derivations, straightforward use of a
simple diffusion formula~Fick’s law! is neither convenient
nor adequate. As a matter of fact, a single spectral compo-
nent does not seem to constitute an optimal recipe to ex-
trapolate a complicated scattering law towards the hydrody-
namic regime, since both quantized ortho-para transitions
and additional finite-frequency excitations are involved.
Since the very low-frequency end of the spectrum (v
,0.25 meV) was not of our immediate interest, the extrapo-
lation was performed after rearrangingz(Q,v) into
constant-v slices and data for a given frequency was
smoothly extrapolated towardsQ→0. This procedure, also

used by other authors,4,13 has been shown to be robust
enough, with exception made for frequencies comparable to
the instrumental resolution.

The high-Q data from the present experiment provide an
alternative way to determineZ(v) for higher frequencies,
outside the hydrodynamic regime. To normalize the spec-
trum, the constant-Q cuts were integrated over energy trans-
fers so that the resultingS(Q)5*dvS(Q,v) was compared
with equivalent magnitudes measured by neutron
diffraction.11

Figure 1 shows a set ofz(Q,v) functions for some se-
lected wave vectors, calculated from the experimental data.
The comparison between these data and those reported for
dense H2 gas1 reveals the presence of a far richer structure in
the liquid data. The sharp peak arising from theJ50→1
rotational transition at about 7.6 meV becomes visible in
some of the low-Q cuts, as well as a broad but well defined
feature showing maxima between 3 meV at the lowestQ
values and about 8 meV at the highest momentum transfer

FIG. 1. Constant-Q cuts of z(Q,v) used in the extrapolations
for values of the wave vector given as insets. The arrows indicate
the excitation energies found in our previous analysis of the total
dynamic structure factor.
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plotted there. In terms of functions such asz(Q,v), the
spectra forQ values aboveQp'2.1 Å21 @which corresponds
to the maximum inS(Q)#, are dominated by recoil broad-
ened rotational peaks, leading to a broad maximum centered
at 6–9 meV arising from a recoil shifted~and recoil broad-
ened! J50→1 transition, a second peak at higher frequen-
cies denoting the presence of higher-order rotational transi-
tions, such as theJ50→2 excitation @BK(K11)
522.8 meV],14 and a small feature at about 15 meV, the
origin of which could not be ascertained.

It is interesting to note that the frequencies corresponding
to the main peaks appearing inz(Q,v) are very close to the
renormalized frequency15 ~see Fig. 1! VQ5(vQ

2 1GQ
2 )1/2 ob-

tained from fitting a damped harmonic oscillator model to
S(Q,v), as was done in Ref. 9. The advantage with the
present method is that it does not involve any model fitting.
Furthermore, the frequenciesVQ are exactly the same as
those of the maxima ofv2S(Q,v). This lends additional
support to the interpretation of theVQ as the relevant physi-
cal frequency to describe the collective, damped harmonic
motion in a liquid, rather than its ‘‘bare’’~i.e., interaction-
free! counterpartvQ .

Figure 2 shows the spectral frequency distributionZ(v)
obtained from the measuredz(Q,v). Two well defined
peaks centered at 3.8 and 7.6 meV with a slowly decaying
tail are observed. The first peak is the signature of the finite-
frequency collective density oscillation whereas the second
sharp peak very close to the theoretical value~7.6 meV! of
the J50→1 rotational transition is clearly due to the quan-
tized molecular rotation. The relative amplitudes of the two
finite-frequency peaks serve to quantify the importance of
the rotational effects versus the coherent response in liquid
deuterium. The former are expected to be far larger in liquid

hydrogen, because of the substantially enhanced neutron-
scattering cross section for the para→orthohydrogen conver-
sion.

As a consistency check, the first two frequency moments
of Z(v) have been evaluated and compared with the theo-
retical expectancies. The zeroth-frequency moment which
equalskBT/M was found to be fulfilled within'1%. The
second-frequency moment was calculated from8

E
0

`

dv v2z~v!5
r

6M2b E dr g~r !F2

r

]u~r !

]r
1

]2u~r !

]r 2 G ,
where data for the intermolecular potentialu(r ) and the
staticg(r ) radial distribution function were the same as used
in the correlated-density-matrix studies reported in Ref. 9,
and again, the fulfillment of the sum rule was verified up to
a few percent.

The present estimate for the frequency spectrum of nor-
mal D2 at 20 K can be compared with that reported by
Carneiro5 for liquid H2 at 14.7 K. These liquids have very
similar interaction potentials but their mass- and thermal-
wavelength effects are different. In liquid H2,

5 Z(v) shows
two distinct contributions at energies of about 0.6 and 4.3
meV, which are identified with mass diffusion and propagat-
ing excitations~‘‘phonons’’!, respectively. Rotational excita-
tions are expected at energies higher than those measured by
Carneiro. In liquid D2, Z(v) is dominated by collective den-
sity excitations and the rotational transition. The former con-
tribution toZ(v) is in remarkable agreement with liquid H2.
Diffusion effects are substantially reduced in D2, since the
diffusion coefficient for deuterium at an equivalent thermo-
dynamic state is approximately 30% below that of
hydrogen.16

Finally, it seems worth comparing the frequency distribu-
tion for this liquid and that for liquid Ar as derived from
molecular dynamics simulations.7 The shape of theZ(v)
curves for the two liquids is not too different, except for the
rotational peak. The maximum which appears at 3.8 meV in
D2 is shifted down to 2 meV in the simulated liquid Ar, and
the ratio of its height to the value ofZ(v50) is about 3.5
times higher in liquid D2, which is due to the larger lifetimes
of the collective excitations in liquid D2. As in liquid Ar, the
low-frequency peak can be approximated by a model for the
Brownian motion of a set of ~monatomic! Einstein
oscillators,17 using the oscillator frequency as an adjustable
parameter, which in this case has to be close to the peak
frequency. As also seen in Fig. 2, the agreement is reason-
ably good up to 5 meV. Well above the rotational peak~from
10 meV onwards!, the Brownian approximation severely
breaks down. The shape ofZ(v) can be reproduced qualita-
tively using an Enskog formula like that employed for dense
hydrogen gas,1 and quantitatively above 8 meV, retaining the
Enskog average time between collisions,vE'7.5 meV, used
for the dense-gas phase and scaling the relevant diffusion
coefficient.

This work was supported in part by DGICYT~Spain!
Grant No. PB95-0075-c03-01.

FIG. 2. The derivedZ(v) spectral frequency distribution~sym-
bols!. The solid line depicts a Brownian approximation for an Ein-
stein oscillator with frequency 3.8 meV, number densityr5
0.023 Å23, Lennard-Jones parameterse536.7 K, s52.96 Å, a
mass of 4 amu and the same thermodynamic constants as those of
liquid D2. The dashed line gives an Enskog approximation to the
high-frequency wing calculated using the same average time be-
tween collisions as for dense hydrogen gas.
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