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Spatially separated excitons in quantum-dot quantum well structures

Kai Chang and Jian-Bai Xia
National Laboratory for Superlattices and Microstructures, Institute of Semiconductors, Chinese Academy of Sciences,

P.O. Box 912, Beijing 100083, People’s Republic of China
~Received 15 August 1997!

In the framework of the effective-mass envelope-function theory, the electronic and optical properties of a
spherical core-shell quantum-dot quantum well~QDQW! structure with one and two wells have been investi-
gated. The results show that the energies of electron and hole states depend sensitively on the well thickness
and core radius of quantum-dot quantum well structure. An interesting spatially separated characteristic of
electron and hole in QDQW is found and enhanced significantly in the two-wells case. The normalized
oscillator strength for the optical transition between the electron and hole states in QDQW exhibits a deep
valley at some special well thickness. The Coulomb interaction between the electron and hole is also taken into
account.@S0163-1829~98!02412-6#
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I. INTRODUCTION

At present, much attention is paid to the physics of lo
dimensional semiconductor structures. This has been st
lated by the rapid progress in nanometer-scale fabrica
technology. Among those, quantum dots~QD’s! are of par-
ticular interest.1 The effect of quantum confinement on th
electrons and holes in semiconductor QD has been stu
extensively in recent years.2–5 The most striking properties
of semiconductor quantum dots is the massive chang
optical properties as a function of quantum-dot size. For
ample, the band gap in CdS can be tuned between 4.5
2.5 eV as the size is varied from the molecular regime to
macroscopic crystal.

It is possible now to fabricate various semiconduc
quantum dots consisting of II-VI, III-V, and group IV sem
conductor materials. Recently, a remarkable nanocrystal
erostructure called quantum-dot quantum well~QDQW!
structure was synthesized, which is composed of two dif
ent semiconductor materials6 ~shown as Fig. 1!. It consists of
a tetrahedral CdS core, about 50 Å in size, with~111! facets.
When exposed to Hg21 ions, the Hg21 displaces precisely 1
ML of Cd 21 from the surface. Subsequently, the HgS lay
may be capped with a final layer of CdS. The resulti
sample can be described as a CdS/HgS/CdS QDQW.
wet chemical synthesis, the characterization, and some li
and nonlinear optical properties of QDQW have recen
been reported in detail.6–8 It has been shown that the linea
absorption of QDQW differs significantly from that of th
composite materials. The transition energy~or new band
gap! can be tuned by the core diameter, the thickness of
well, and the thickness of the outmost shell. The synthe
goals of the new type of quantum dot are the preparation
multiply layered structures giving multiple-quantum-d
quantum well, and the use of materials other than CdS
HgS. It is important to know the physical properties of the
complex multilayer structures.

Hauset al.9 developed a recursive method to calculate
electronic structure of QDQW. They assumed the infin
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potential well and calculated 1s-1s transition energies, ne
glecting the Coulomb interaction between electron and h
They found a tendency for the wave function amplitude
increase in the center, when a shell material of a sma
band gap is added to the core, while keeping the radius c
stant. Schoosset al.10 considered a more realistic case,
which the effects of finite band offset and the Coulomb
teraction between electron and hole were taken into acco
They calculated the electronic structure of QDQW and co
pared with the experimental measurement.

The previous work is extended in two ways: first, high
excited states are investigated and they exhibit much dif
ent characteristics from the ground state, and second,
study the electronic structure of QDQW with two-well stru

FIG. 1. The schematic structure of the quantum-dot quan
well.
9780 © 1998 The American Physical Society
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57 9781SPATIALLY SEPARATED EXCITONS IN QUANTUM-DOT . . .
ture. In this structure, with the electronic structure of QDQ
significantly distinct from that of QD, it exhibits anticrossin
between levels with the same angular momentum and cr
ing between levels with different angular momentum, a
enhances the spatial separation characteristic of the ex
in QDQW. We found that the binding energy is suppress
but the pair-oscillator strength is enhanced by adding an
dtional well to a quantum dot. It provides a flexibility t
tailor the wave functions of electron and hole in QD. T
mechanism of spatially separated character is different f
that caused by the external electric field, which results
weakening of the oscillator strength and widening of t
linewidth. One possible application is as follows: the sp
tially separated character results in a long lifetime exci
and large dipole moment, and consequently enhance
nonlinear optical properties in weak field. It may provide
basis for a new type of opticelectronic device. We will de
with the problem in a forthcoming paper.

In this paper we shall propose a numerical diagonaliza
method to calculate the electronic structures of semicond
tor quantum-dot quantum well structure. Our method is c
venient to apply to these complex multilayered structu
and agree well with experiment measurement. The excito
energies including the Coulomb interaction are calculat
For simplicity, we use the simple-parabolic-band model
electron and hole, neglecting the mixing effect of heavy a
light hole states. The mixing effect can be taken into acco
conveniently in our method. The paper is organized as
lows: Sec. II presents the calculation method and deals w
optical transition probabilities. Section III gives the nume
cal results on electronic structure of the quantum-dot qu
tum well. Finally, we give the conclusion in Sec. IV.

II. CALCULATION METHOD

We consider a spherical QDQW consisting of several l
ers, one semiconductor material with a smaller band
sandwiched by another material with a larger band gap;
whole QDQW is embedded in water matrix. The eigensta
of the exciton in QDQW structures can be expanded in te
of the uncorrelated pair states constructed from single
ticle states for electron and hole in the QDQW. The eig
states of electron and hole are obtained from the nume
diagonalized method. We assumed the spherical QDQW
bedded in a big sphere with radiusRmax. The complete basis
set is constructed from the spherical Bessel function. O
method is convenient to apply to those complex struct
with multilayers and external field.

If we take the electronic Bohr radius and Rydbergae*
5\2e0 /m0e2 as units of length and energy, the excito
Hamiltonian in a QDQW structure can be written as

H5H01Ve-h , ~1!

H05Pe

1

me* ~r !
Pe1Ph

1

mh* ~r !
Ph1Ve~r !1Vh~r !, ~2!

Ve-h52
2

e~r e ,r h!r eh
, ~3!
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wheree (h) refers to electron~hole!, e(r e ,r h) the dielectric
constant of the materials,me (mh) the effective mass of elec
tron ~hole! in units of the free electron massm0. Ve-h is the
Coulomb interaction term between the electron and ho
Ve(Vh) the confined potential of electron and hole in t
QDQW,

Vi~r !5

¦

Vi1 , r ,R1

0, R1,r ,R2

Vi2 , R2,r ,R3

0, R3,r ,R4

Vi3 , R4,r ,R5

A A

Vin , Rn21,r ,Rn

A A

~4!

mi* ~r !5

¦

mi1* , r ,R1

mb1* , R1,r ,R2

mi2* , R2,r ,R3

mb2* , R3,r ,R4

mi3* , R4,r ,R5

A A

min* , Rn21,r ,Rn

A A

~5!

where the subscripti 5e,h denotes the electron or hole.
The exciton wave function can be expanded in terms

single-particle wave function

Cex5(
i , j

ci j Cei~r e!Ch j~r h! ~6!

whereCei(r ei) andCh j(r h j) are the wave functions of elec
tronic and hole eigenstates, respectively. The matrix elem
of the Coulomb interaction can be calculated by using

1

e~r e ,r h!r eh
5 (

k50

` r ,
k

e~r e ,r h!r .
k11

Pk~cosueh!, ~7!

Pk~cosueh!5
4p

2k11 (
m52k

k

Ykm* ~ue ,we!Ykm~uh ,wh!, ~8!

where Pk are the Legendre polynomials,ueh is the angle
between the position vector of electron (r e) and hole (r h),
r ,[min(re,rh) and r .[max(re,rh).

The exciton energy can be obtained from secular equa

u~Ene ,l e
1Emh ,l h

2E!d i j 1Vi j u50 ~9!

the matrix element of the Coulomb interactionVi j is given
by
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K 1

r eh
L 5(

k
Rk

4p

2k11 (
m52k

k

~21!m^Yl
e8m

e8
uYk2muYl eme

&^Yl
h8m

h8
uYkmuYl hmh

& ~10!

where

Rk5E
0

`E
0

`

Re~ne ,l e ,me!Re~ne8 ,l e8 ,me8!Rh~nh ,l h ,mh!Re~nh8 ,l h8 ,mh8!
r ,

k

r .
k11

r e
2r h

2dredrh , ~11!

^Yl 8m8uYkmuYlm&5E
0

2pE
0

p

Yl 8m8~u,w!Ykm~u,w!Ylm~u,w!sin~u!dudw

5F ~2l 811!~2l 11!~2k11!

4p G1/2S k lh l h8
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The Hamiltonian of the electron is

He5Pe

1

me* ~r !
Pe1Ve~r !,

~13!

HeCe~r !5EnC~r !.

C(r e) satisfies the boundary condition

Ce~Rmax,u,w!50, ~14!

whereRmax is the radius of the large sphere. The spheri
Bessel function in large sphere constitute a complete or
normal basis of single-particle wave function.

The angular quantum numberl and itsz componentm are
both good quantum numbers, the wave function of the e
tron respect tol andm can be written as

C~r e ,u,w!5(
n

anlAnl j l~kn
l r e!Ylm~u,w!. ~15!

Anl5(A2/R3/2)1/j l(an
l ) is the normalization constant,j l the

spherical Bessel function ofl th order.an
l 5kn

l Rmax is thenth
zero points ofj l . Rmax is determined by convergence of th
energy of electron in QDQW. Here we takeRmax
52RQDQW in the calculation.

By substituting Eq.~15! into Eq. ~13!, we obtained easily
a n3n secular equation for the coefficientsan :

uHi j 2Ed i j u50, ~16!
l
o-

c-

where Hi j 5* f (r e) j Ĥef (r e) i r e
2dre . Solving the secular

equation by the matrix diagonalization method, we obt
eigenenergies and corresponding eigenstates not only fo
ground states but also excited states.

The eigenstates of the hole in QDQW can be obtained
similar procedure. The valence-band mixing effect has b
investigated in detail.11–14 Since the mixing effect is weak
for size of QDQW concerned here~2–10 nm!, we neglect the
valence band mixing effect here for simplicity. The clust
band-structure calculation supports this conclusion over
size range in our calculation.15–18 We assume that the elec
tron and hole are confined in a spherical QDQW. T
QDQW is embedded in a large sphere with radiusRmax.
Since we are only concerned with the localized states
QDQW, the numerical results will converge if the radiu
Rmax and the number of basis states involved in calculat
are large enough.

The optical transition probability between the electr
and hole states can be calculated by19

^FeupuFh&5E r 2dr f e~r ! f h~r !^ l emeu l hmh&^cupuv&

~17!

5(
L
E r 2dr f e~r ! f h~r !(

M1

^cupuv& ~18!

5I ehpcvd l el h
dmemh

, ~19!
n
TABLE I. Material parameters. All energies are in units of eV,me* is effective mass of the electron i
units of the free-electron mass;Eg is the band gap,Vc1 the conduction band offset.

Material me* mh* Eg Vc1 e`

CdS 0.2 0.7 2.5 1.35 5.5

HgS 0.036 0.44 0.5 11.36

CdSe 0.13 0.45 1.84 9.8

ZnS 0.28 0.49 3.9 0.9

H2O 1 1 3. 1.78
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TABLE II. Calculated energies of the transition eneries between 1Se-1Sh for HgS/CdS QDQW. Experi-
mental transition energies are also given~Ref. 10! ~in units of eV!.

Rcore ~nm! 2.35 2.35 2.35

Lwell ~nm! 0.3 0.6 0.9

Rclad ~nm! 0.3 0.3 0.3

1se-1S3/2 2.31 1.9 1.72

Expt. 2.1 1.76 1.6
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where uc& and uv& are the Bloch wave functions at th
conduction-band bottom and valence-band top.I eh is the
overlap integral.

III. NUMERICAL RESULTS AND DISCUSSION

The structure of a spherical QDQW embedded in wa
matrix involved in calculation is shown schematically in Fi
1. The material parameters used in the calculation are li
in Table I. We investigate the energies of the electron a
hole states for CdS/HgS and ZnS/CdSe QDQW structu
An interesting spatially separated characteristic of excit
in QDQW structure is found and enhanced significantly
two wells case. The comparison between theoretical res
and experimental measurement for HgS/CdS is listed
Table II.

In a QDQW structure, we studied the energies of elect
levels with angular momentuml 50,1,2 for various well
thickness. The energies of the lowest two electron ene
levels for ZnS/CdSe and HgS/CdS QDQW’s with one w

FIG. 2. The energies of the electron states of angular momen
l50 ~solid line!, 1 ~dotted line!, 2 ~dashed line! in ZnS/CdSe
QDQW vs the well thickness.~a! @~b!# plots the electron in
ZnS/CdSe~HgS/CdS! QDQW with one well,Rcore52.35 nm,Rc1

51 nm and~c! @~d!# plots the electron in ZnS/CdSe~HgS/CdS!
QDQW with two wells case.Rcore52.35 nm,Lwell151 nm, Rc1

52 nm,Rc251 nm.
r

ed
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s
r
lts
in

n

y
l

and two wells are showed in Fig. 2@~a!, ~b!, ~c!, and~d!# as
a function of the well thickness, respectively. The depe
dence of energies of electron and hole level on the w
thickness is comparatively more complicated in QDQ
structure. In the QD case, the energies decrease app
mately quadratically with radius of QD and no crossing b
tween levels with different angular momentum~or anticross-
ing between same angular momentum! occurs. In the QDQW
with one well case@Figs. 2~a! and 2~b!#, the wave function of
the lowest level of electron localized in the well region a
its energies depend sensitively on the well thickness ra
than the core radius. The energies of second level are in
sitive to the well thickness, since its energies are higher t
the conduction band bottom of barrier material~ZnS or CdS!
and its wave function extends to the whole region of QDQ
When the well thickness increases continuously, the w
function of the second level localized in the well region a
its energies decrease rapidly. The energy spectra
ZnS/CdSe and HgS/CdS QDQW’s with two wells are sho
in Figs. 2~c! and 2~d! as a function of the outer well thick
ness, respectively. The crossing between levels with diffe

m
FIG. 3. The energies of the electron states of angular momen

l 50 ~solid line!, 1 ~dotted line!, 2 ~dashed line! in ZnS/CdSe
QDQW vs the radius of core.~a! @~b!# plots the electron in
ZnS/CdSe~CdS/HgS! QDQW with one well,Lwell151 nm, Rc1

53 nm and~c! @~d!# plots the electron~hole! in QDQW with two
wells case.Lwell151 nm,Lwell251 nm,Rc151 nm,Rc251 nm.
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9784 57KAI CHANG AND JIAN-BAI XIA
angular momentum and anticrossing between levels with
same angular momentum can be observed in these fig
The wave functions of the lowest energy level are alwa
localized in the internal well, while the wave functions of th
second level localized in the outer well region of QDQ
though the outer well is narrow to 0.4 nm~the thickness of
the internal well thicknessLwell is 1 nm!, thus the energies o
the lowest level are almost constant, and the energies o
second level decrease rapidly when the outer well beco
wider. When the energies of two states in two wells are cl
to each other, then the anticrossing and crossing occur
seen from Figs. 2~c! and 2~d!. Comparing Figs. 2~a! and 2~b!
@~c! and ~d!#, we found that for smaller effective mass
~CdS/HgS QDQW!, the energy level of different angular mo
mentum separates farther. The energy spectra of hole s
in these two QDQW’s are similar.

Figure 3 illustrates the energies of electron states of
gular momentuml 50,1,2 varying with the radius of core o
ZnS/CdSe and HgS/CdS QDQW with one well@Figs. 3~a!
and 3~b!# and two wells@Figs. 3~c! and 3~d!#, respectively.
From these figures, we find that energies of electron st
with l 50 are insensitive to the radius of core of QDQW, t
energies of the states withl 51,2 decrease rapidly with in
crease of the core radius. This result arises from the fact
the electron at thel 50 level is trapped in the well region
but those at thel 51,2 level extend over the whole region o
QDQW. When the core radius increases, the variations
confinement are slight for electron at the level ofl 50, but
large for those at the levels ofl 51,2.

FIG. 4. The wave function of the~a! electron and~b! hole states
of angular momentuml 50 in ZnS/CdSe QDQW with one well vs
the well thickness and radius of core.
e
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Figures 4~a! and 4~b! depict the wave functions of elec
tron and hole ground states ofl 50 in ZnS/CdSe QDQW
with one well. The results show that the wave function of t
electron and the hole concentrate in the center of the
while the well is narrow, and shift toward a wider well re
gion at a different rate while well thickness increases. F
ures 5~a! and 5~b! show the wave function of electron an
hole ground states ofl 50 in ZnS/CdSe QDQW with two
wells. The wave function of the electron and hole conce
trate in the internal well initially; when the outer well thick
ness increases and the anticrossing occurs, the electron
hole move to the outer well. Due to the difference of t
effective mass and confinement between electron and h
the electron~hole! localizes at a different region for specifi
size of QDQW. This phenomenon can be observed readil
these figures when the outer well thickness approac
Lwell251 nm for the structure involved in the calculation. A
interesting spatially separated characteristic between elec
and hole can be observed.

In Figs. 6~a! and 6~b! we plot the overlap integralI eh
between 1Sh and 1Se as a function of the radius of core an
thickness of well. In these figures we can find that spa
separation between electron and hole exists in the QD
structures containing one@Fig. 6~a!# or two wells@Fig. 6~b!#.
This arises from the difference between the effective mas
and confinement of electron and hole. The spatial separa
characteristic of the exciton cannot be observed in Q
without internal wells. The overlap integral decreases t
minimum, and then increases continuously with increas
well thickness. It is enhanced for QDQW in the two-we
case. The overlap integral in QDQW containing two we

FIG. 5. The wave function of the~a! electron and~b! hole states
of angular momentuml 50 in ZnS/CdSe QDQW with two wells vs
the outer well thickness and radius of core.
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exhibits a sharp valley in the range of specific size and
dramatic enhancement of spatial separation. The phen
enon can be explained as follows: while there is no intern
well in the QD, the wave function of the electron and ho
peak at the center of the QD. When the well thickness
creases, the electron~hole! shifts to the well region at a dif-
ferent rate, and thus the overlap integral decreases to a m
mum. QDQW containing two wells exhibits a strong spati
separation characteristic since electron and hole are trap
in different wells for special well thickness. The spatial sep
ration characteristic can be enhanced or weakened by adj
ing thickness of the clad layer between two wells.

Figure 7 shows how the binding energies of exciton
angular momentuml 50 varies with the well thickness for
different core radius of QDQW. We find that the bindin

FIG. 6. The overlap integralI eh between the electron and hole
states of angular momentuml 50 in ZnS/CdSe QDQW with~a! one
well and ~b! two wells vs the well thickness and radius of core.
a
m-
l

-

ni-
l
ed
-
st-

f

energy in QDQW is distinct from that in the QD case. T
binding energy decreases monotonically in the QD case,
in QDQW structures with one well@Fig. 7~a!# the binding
energies experience a minimum when the well thickness
creases. The binding energies in the QDQW structure w
two wells @Fig. 7~b!# exhibit a sharp valley when the we
thickness increases. This phenomenon arises from the sp
separation between electron and hole. When the width of
outer well is small, electron and hole both localize in the fi
well. Electron and hole shift to the outer well at differe
rates with increasing outer well thickness, they are trappe
different well regions at some special size, thus the bind
energy decreases. When the outer well thickness incre
continuously, electron and hole are both trapped in the o
well and this leads to an increase of the binding energ
The competition between the spatial separation and
change of confinement of electron and hole results in th
phenomena in the binding energy of the exciton.

IV. CONCLUSION

In this paper, we study the electronic structures of sph
cal QDQW structure with one and two wells, including th
Coulomb interaction between electron and hole. It is fou
that the energies of the electron and hole depend sensiti
on the structures of the QDQW, the crossing between
levels of electron and hole with different angular momentu
and anticrossing between the levels with same angular
mentum can be observed in QDQW with two wells, a
become remarkable in ZnS/CdSe QDQW structures. T
spatial separation between electron and hole in QDQW w

FIG. 7. The binding energyEb of the ground state of exciton
(1Se1Sh) in ZnS/CdSe QDQW with one well~a! Rc151 nm and
two wells~b! vs the well thickness and radius of core.Lwell151 nm,
Rc151 nm,Rc251 nm.



e
n
it
k
tiv
s
ic
a

ter

ral

9786 57KAI CHANG AND JIAN-BAI XIA
two wells is more significant than that in QDQW with on
well. The normalized oscillator strength for the optical tra
sition between the electron and hole states in QDQW w
two wells exhibits a deep valley at some special well thic
ness due to the difference of the electron and hole effec
masses. Controlling size and composition of the material
QDQW can provide the flexibility to engineer the electron
structure of QDQW and enhance or weaken spatial sep
.

ys

r,

-

ev
-
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of

ra-

tion characteristic of the exciton in QDQW. The charac
will enhance the nonlinear optical properties of QD.
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