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Relaxation kinetics of a low-density exciton gas in Cu2O
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The thermalization of a low-density gas of excitons in Cu2O is analyzed within the phonon-assisted Boltz-
mann kinetics in the presence of a weak interaction with the light field. For optically quadrupole-allowed
orthoexcitons, the thermalization kinetics is formulated in terms of the polariton picture. A ‘‘bottleneck’’
relaxation along the lower polariton branch strongly dominates over the accumulation of orthoexcitons in the
energy minimum of the upper polariton dispersion branch. For paraexcitons, which are strictly forbidden in
resonant optical transitions, a rather slow nonexponential occupation kinetics of the ground-state mode at
temperatureT<Tc (Tc is the condensation critical temperature! prevents the development of a steady-state
Bose-Einstein condensate within the optical-phonon-assisted radiative lifetime of paraexcitons. While atT
<Tc the high-energy orthoexcitons or paraexcitons quasiequilibrate into the Planck distribution~the effective
chemical potential is equal to zero!, the low-energy excitons in a narrow spectral band (,100meV! are still far
from equilibrium. This provides us with an alternative interpretation of the recent reports on the observation of
quasi-steady-state Bose-Einstein condensation of excitons in Cu2O. @S0163-1829~98!03816-8#
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I. INTRODUCTION

Already more than three decades ago, a Bose-Eins
condensation~BEC! of excitons in semiconductors had be
discussed for the first time.1,2 An exciton (x), as a bound
complex of two fermions~electron and hole!, has an integer
spin, i.e., in the low-density limit obeys Bose-Einstein~BE!
statistics. Furthermore, due to the small translational m
Mx of excitons which is typically of the order of the fre
electron mass, a gas ofx’s becomes quantum statistical
degenerate at a relatively high temperatureT;Tc . Indeed,
the critical temperature is given byTc52pz22/3(3/
2)(\2/Mx)n0

2/3}1/Mx , wheren0 is the concentration ofx’s
andz(3/2).2.612 is the Riemannz function. An interaction
of x’s with the light field, resonant or phonon assisted, p
vides us with a natural optical probe of the relaxation p
cesses towards a final quasiequilibrium state with a poss
BEC. A further important advantage is that for excitons w
a small radius one can approach the BEC phenomenon fo
ideal Bose gas.

It seems that bulk Cu2O is best suited for the realizatio
of a quantum statistically degenerate system of excitons.
exciton spectrum in Cu2O consists of two components, tripl
degenerate ortho-x and singly degenerate para-x, separated
by 12 meV. An orthoexciton is optically quadrupole-activ
i.e., interacts resonantly with the light, while a para-excit
can optically decay only by emitting an~e.g., G5

2 or G25
2 )

optical phonon. The observation of a nonclassical BE sta
tics of ortho-x’s in Cu2O has been reported in Ref. 3. Ther
after, a highly degenerate quantum gas of ortho-x’s with an
extremely small chemical potential has been detected4,5 and
the observation of BE condensation of ortho-x’s has been
claimed.6 Moreover, a possible BEC of para-x’s in Cu2O has
been examined recently, both experimentally7 and
theoretically.8

In this paper, we develop a theory of the phonon-assis
relaxation kinetics of paraexcitons and orthoexcitons
570163-1829/98/57~16!/9663~11!/$15.00
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Cu2O. Simple estimates show that due to the small exci
radius in Cu2O (ax.7 Å!, the x scattering by longitudinal
acoustic~LA ! phonons strongly dominates over thex-x scat-
tering for concentrationsn0<1017 cm23 (Tc<3 K!. The
bath of acoustic phonons is supposed to be in thermal e
librium at the temperatureTb . We are interested in the re
laxation kinetics atTb.Tc andTb<Tc .

The relaxation kinetics in a nonequilibrium gas of par
x’s can potentially lead to BEC in the ground-state modek
50. However, a considerable slowing down of the phono
assisted relaxation kinetics atTb<Tc has been proven in ou
previous study9 for an arbitrary gas of Bose-particles wit
quadratic dispersion. In particular, an analytic generic so
tion of the three-particle Boltzmann thermalization kineti
has been derived forTb<Tc . The generic solution is inde
pendent of the initial distribution and completely defined
the ratioTc /Tb of the critical and bath temperatures. Bein
applied to excitons in Cu2O, the generic solution proves th
existence of an extremely slow adiabatic stage of the L
phonon-assisted relaxation kinetics of para-x’s. A bottleneck
relaxation kinetics occurs, i.e., a jam of the relatively hig
energy para-x’s together with the nonexponential occupatio
of the ground-state modek50. This is due to the few scat
tering processes into the lowest state, which are allowed
the energy-momentum conservation laws. For para-x’s with
a finite lifetime of about 13ms, the bottleneck thermalizatio
does not allow a steady-state BEC. Moreover, during
final adiabatic stage of relaxation only the para-x’s in a close
vicinity of the ground-state mode are far from equilibrium
i.e., without a condensate fraction, while a high-energy
of the distribution of para-x’s is in a quasiequilibrium with
the effective chemical potentialm50 and the effective tem-
peratureT5Tb1dT (1@dT/Tb.0). This result shows tha
the observation of zero chemical potential in the lumin
cence spectra with an experimental accuracy of ab
1002500meV cannot be taken as a proof for a quasi-stea
state BE condensate.7
9663 © 1998 The American Physical Society
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A weak, but still well developed, quadrupole polarito
effect has been observed recently for ortho-x’s in Cu2O.10

The polariton dispersion stems from the mutual hybridizat
and unification of the initial exciton and photon dispersi
and results in the upper and lower polariton dispers
branches. While the minima of the upper polariton dispers
branch and of the initial quadratic excitonic dispersion re
to k50 and coincide for the quadrupole-allowed ortho-x’s,
the lower polariton branch starts from zero energy. The
lariton picture strongly modifies the conventional treatme
of the relaxation kinetics formulated in terms of the quadra
dispersion of ortho-x’s. The lower polariton branch gives ris
to a ‘‘polariton bottleneck’’ relaxation kinetics, which ha
been developed initially for the excitons with strong dipo
coupling with the light field.11 The ortho-x’s occupy pre-
dominantly the lower polariton states that lie below the i
tial excitonic dispersion unperturbed by the polariton effe
rather than the modek50, which refers to the local mini-
mum of the upper polariton branch. Our numerical simu
tions of the LA-phonon-assisted relaxation, done within
quadrupole polariton picture, clearly indicate such a therm
ization kinetics for ortho-x’s. Therefore, we conclude tha
the polariton effect prevents a steady-state BE condensa
of ortho-x’s in Cu2O.

In Sec. II, we develop the phonon-assisted relaxation
netics of paraexcitons in Cu2O at Tb.Tc and Tb<Tc . For
Tb@Tc the thermalization completes within a few scatteri
timestsc. For Tb→Tc from above, we describe the therm
dynamic critical slowing down that results in a nonexpone
tial thermalization of para-x’s. At T<Tc , the relaxation ki-
netics consists of a transient stage, which correlates with
initial distribution and lasts a fewtsc, and the following
slow adiabatic stage. For the adiabatic stage, we apply
generic solution9 of the phonon-assisted Boltzmann kineti
at Tb<Tc and show that even in thems time scale the low-
energy para-x’s are far from the equilibrium, i.e., without
macro-occupation of the ground-state modek50. At the end
of this section, we present numerical calculations of the
laxation kinetics in the presence of an optical-phono
assisted decay of para-x’s. A quasi-steady-state BEC of para
x’s is not found.

In Sec. III, we discuss the LA-phonon-mediated rela
ation kinetics of ortho-x’s within a quadrupole-allowed po
lariton picture, i.e., in terms of ‘‘polariton6 LA-phonon↔
polariton’’ scattering. A criterion of the coexistence of
weak polariton effect and a quasi-steady-state BEC in
relative energy minimum of the upper polariton branch
proposed and tested for Cu2O. The well-developed polariton
bottleneck relaxation kinetics along the lower polariton d
persion branch rather than an effective accumulation
orthoexcitons at the upper polariton branch is found in
merical simulations.

In Sec. IV, we apply our results to give an alternati
interpretation of the experimental data on the search fo
quasiequilibrium BE condensation of para-x’s ~ortho-x’s! in
Cu2O. A brief discussion of the importance of the excito
exciton interaction is given with respect to the BEC pheno
enon.

In the Appendix, we derive some important thermod
namic relationships between a change of the chemical po
n
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tial dm and the corresponding change of the temperaturedT
of a gas of bosons atT@Tc andT→Tc from above.

II. PHONON-ASSISTED KINETICS OF PARAEXCITONS

The Boltzmann kinetics of a spatially homogeneous g
of para-x’s coupled to a bath of LA phonons and in th
presence of a weak LO-phonon-assisted radiative deca
para-x’s is given by

]

]t
Nk52

2p

\2 (
p

uMx2ph~p2k!u2$@Nk~11nk2p
ph !~11Np!

2~11Nk!nk2p
ph Np#d~ek2ep2\vk2p!

1@Nknp2k
ph ~11Np!2~11Nk!~11np2k

ph !Np#

3d~ek2ep1\vp2k!%2Nk /topt, ~1!

where ek5\2k2/(2Mx) and \vp2k5\vsup2ku are the
para-x’s and LA-phonon energies, respectively,Nk and
np2k

ph 51/@exp(\vp2k /Tb)21# ~we putkB51) are the para-
x’s and phonon occupation numbers, respectively,Mx2ph(p
2k) is the matrix element of thex-LA-phonon deformation
potential interaction, andtopt is the radiative lifetime of para-
x’s. The x-LA-phonon coupling is given byuMx2ph(p
2k)u25\D2up2ku/(2Vrvs), where D is the deformation
potential,V is the crystal volume,r is the crystal density,
andvs is the longitudinal acoustic sound velocity.

If an initial distribution of paraexcitonsNk(t50) is iso-
tropic in momentum space, Eq.~1! reduces to a kinetic equa
tion for the distribution functionNe of para-x’s in energy
space, wheree5\2k2/2Mx @see Eq.~2! of Ref. 9~a!#. In
numerical simulations of the relaxation kinetics we use
energy representation, i.e., the distribution functionNe(t).
The characteristic scattering time of the LA-phonon-assis
Boltzmann kinetics of excitons in Cu2O is given by tsc

5(p\4r)/(4D2Mx
3vsne0

ph) as the probability of anti-Stoke

scattering of a para-x from the ground-state modee50.
Here,e052Mxvs

250.621 meV is the energy of the partne
state coupled to the ground-state mode by the emissio
absorption of an acoustic phonon@see Fig. 1 of Ref. 9~a!#.

In this section we~i! analyze with Eq.~1! the thermaliza-
tion kinetics of paraexcitons atTb.Tc and, in particular,
develop thermodynamics of the phonon-assisted crit
slowing down of the quasiequilibrium relaxation atTb
→Tc ; ~ii ! apply to the paraexcitons with a finite radiativ
livetime topt the generic solution of the phonon-assist
Boltzmann kinetics atTb<Tc in order to show that an ex
tremely slow nonexponential relaxation towards BE cond
sation does not end up with a macro-occupation of
ground-state modee50.

A. Relaxation of paraexcitons for T>Tc

In order to realize the general tendencies of the phon
mediated relaxation kinetics of para-x’s, at first we analyze
the thermodynamic aspects of this problem. Let us trea
relaxation transition (m1Dm,T1DT)→(m,T) between two
close thermodynamic states of a gas of bosons. The se
state corresponds to the final BE distributio
Ne

f 5Ne
eq(m,T)51/$exp@(e2m)/T#21% in equilibrium with
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57 9665RELAXATION KINETICS OF A LOW-DENSITY . . .
the phonon bath, i.e.,T5Tb.Tc . In other words, at the
beginning of this subsection we examine within kinetic E
~1! the phonon-assisted thermodynamic relaxation of bos
~para-x’s! initially distributed by Ne(t50)5Ne

i 5Ne
eq(m

1Dm,T1DT)51/$exp@(e2m2Dm)/(T1DT)#21%.
With the specified above initial and final distributions, t

kinetic Eq.~1! for the ground-state modek50 ~the particle
energye50) reduces to

]

]t
Ne505s~m!dTNe50 , ~2!

where

s~m!5
1

tsc
F12expS m2e0

Tb
D G21S e0

Tb
2D . ~3!

Here, we assume that the phonon-assisted relaxation oc
through a sequence of the quasiequilibrium thermodyna
states (m1dm,T1dT) with DT>dT(t)>0 and 2Dm>
2dm(t)>0. The right-hand side~rhs! of Eq. ~2! indeed van-
ishes in the final equilibrium of bosons with the phonon ba
due todT50. The substitution of the corresponding BE d
tributions in Eq.~2! yields the thermodynamic relationship

~dm!8

Tb
2

m

Tb
2 ~dT!85s~m!@12em/Tb#dT, ~4!

where f 8[] f /]t.
The further analysis depends crucially on a link betwe

dm anddT of a Bose gas with the constant concentrationn0.
For T5Tb.Tc one gets~see Appendix A!:

2dm5F3

2S F1~m/Tb!11

F2~m/Tb!11D2
m

Tb
GdT, ~5!

whereF1,2(m/T) with m,0 are defined by Eq.~A4! of Ap-
pendix A. Equations~4! and ~5! yield the temperature law:

~dT!852dT/t* ~6!

with solutiondT(t)5DT exp@2t/t* #. Here, the characteris
tic time t* of the temperature relaxation is given by

t* 5
3

2
tscS F1~m/Tb!11

F2~m/Tb!11D S Tb

e0
D @12em/Tb#21

3@12e2~e02m!/Tb#. ~7!

The corresponding occupation kinetics of the ground-s
modee50 is determined by

Ne50~ t !5Ne50
f 2

3

2 S DT

Tb
D e2m/Tb

~e2m/Tb21!2

3S F1~m/Tb!11

F2~m/Tb!11De2t/t*

5Ne50
f 2~Ne50

f 2Ne50
i !e2t/t* . ~8!

The effective timet* is a well-defined characteristic of re
laxation because it is independent of the initial valueDT ~or
Dm). Moreover, forT@Tc the complete relaxation indee
.
ns

urs
ic

,

n

te

occurs within a few elementary scattering times becaus
this caset* ;tsc according to Eq.~7!.

The exponentialcooling given by Eq.~6! originates from
the proportionality (2dm)}dT in accordance with Eq.~5!.
As it is shown in Appendix A, this thermodynamic relation
ship breaks forT→Tc from above (T.Tc). For a close vi-
cinity of Tb5Tc (dT.0), Eq.~5! changes on~see Appendix
A!

2dm5
9

16p
z2~3/2!

~dT!2

Tc
. ~9!

In this case, we derive from Eqs.~4! and ~9!:

~dT!852 1
2 s0~dT!2, ~10!

wheres05s(m50). The solution of Eq.~10!, which satis-
fies the initial condition, is

dT~ t !5
DT

s0DTt11
. ~11!

The corresponding phonon-assisted kinetics of the grou
state mode occupation is given by

Ne50~ t !5
16p

9z2~3/2! S Tc

DTD 2

@s0DTt11#2

5Ne50
i @s0DTt11#2. ~12!

Thenonexponentialbehavior given by Eqs.~11! and~12!
clearly indicates a slowing down of the phonon-assisted
laxation forTb→Tc (DT.0). Such acritical slowing down
of the thermodynamic processes is a general feature of
second-order phase transitions.12 As a manifestation that the
exponential kinetics of Eq.~8! becomes invalid forTb
→Tc , the effective relaxation timet* increases smoothly
with decreasingTb towards Tc . Moreover, formally,t*
→` if Tb5Tc . In this limit, the denominator on the rhs o
Eq. ~7! approaches zero because@F2(m/Tb)11#@1
2exp(m/Tb)#um→0→0.

The developed analysis of the phonon-assisted relaxa
implies that a Bose gas evolves thermodynamically, i
through a sequence of the quasiequilibrium states. Suc
scenario can be justified only in the presence of stro
particle-particle interaction, which is conservative and equ
brates the system without change of the total energy.
energy~temperature! relaxation is solely due to the conta
with a phonon thermostat. If the particle-particle interacti
is considerably stronger than the particle-phonon coupli
the both kinetics can be naturally separated~see, e.g., the
corresponding discussion in Ref. 13! and the developed ther
modynamic approach is correct.

However, the further analysis of relaxation of a low
density system of paraexcitons within the phonon-assis
kinetics of Eq. ~1! implies that thex-x interaction is ne-
glected and that the evolution to the final equilibrium occu
through a sequence of thenonequilibriumstates. In this case
the relaxation kinetics strongly depends upon the initial d
tribution Ne(t50). Some numerical modeling of th
phonon-assisted Boltzmann kinetics of excitons are repo
in Refs. 14 and 15. A typical example of the thermalizati
kinetics atTb@Tc , which is evaluated numerically within
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Eq. ~1! reduced to the kinetic equation in energy space@see
Eq. ~2! of Ref. 9~a!#, is shown in Fig. 1. Here, the initia
distribution is given by the GaussianNe(t50)5
Nẽ exp@2(e2 ẽ)2/(De)2# with the central energyẽ51.237
meV and the widthDe50.186 meV. These parameters co
respond to the concentrationn050.8731017 cm23.

Figure 2 summarizes the numerical modeling of t
phonon-mediated relaxation kinetics into the ground-s
modee50 from the different initial distributionsNe(t50)
of the same concentrationn0. In particular, the relaxation
from the BE initial distributions Ne(t50)5Ne

i 5Ne
eq(m

1Dm,T1DT) with various deviations (Dm,DT) are exam-
ined. Although the thermalization indeed occurs through
nonequilibrium intermediary states and depends on the in
distributionNe(t50), typically it lasts a few scattering time
tsc (tsc5327 ps forTb57 K! as can be seen in Figs. 2~a,b!.
Moreover, the dependencesDNe50(t)5Ne50

f 2Ne50(t)
plotted in the semilogarithmic scale@see Fig. 2~b!# clearly
show an ‘‘exponential’’ character of the phonon-assisted
laxation atTb@Tc .

Within the phonon kinetics of Eq.~1!, the characteristic
transition time t̃ sc between the two BE distributions of th
initial (m1Dm,Tb1DT) and final (m,Tb) thermodynamic
states can be estimated from Eq.~4! of Ref. 9~a! as t̃ sc

5(Ne50
f 2Ne50

i )/@s(m)DTNe50
i #. Substitution of the BE

distributionsNe50
f and Ne50

i in this expression yieldst̃ sc

5t* . Numerical calculations confirm this conclusion. F
example, the curve of relaxation fromNe

i at T5Tb1DT
57.1 K is only ‘‘translationally’’ shifted from the curve
which corresponds toT58 K. Moreover, both of these line
are approximately parallel to the straight reference line of
exponential lawDNe50}exp@2t/t* # of Eq. ~8! @see Fig.
2~b!#.

B. Relaxation of paraexcitons for T<Tc

In previous subsection we have attributed the criti
slowing down of the phonon-assisted relaxation thermo
namics to the change of (2dm)}dT for Tb@Tc on

FIG. 1. Relaxation of an initial Gaussian distribution of par

excitons in Cu2O with the central energyẽ51.237 meV, the spec
tral width De50.186 meV, and the densityn058.731016 cm23 to
the bath temperatureTb57 K. The critical temperatureTc52.135
K. The following parameters of Cu2O have been used in numeric
evaluations:Mx52.7 m0, D521.38 eV,vs54.53105 cm/s, and
r56.11g/cm3.
te

e
al

-

e

l
-

(2dm)}(dT)2 for Tb→Tc (Tb>Tc). On the other hand, the
bottleneck relaxation into the ground-state modee50 to-
gether with the need to accumulate at this mode a ma
scopic number of para-x’s are responsible for the slowin
down of the relaxation kinetics atTb<Tc .9 The low-energy
states e<e0 /45Mxvs

2/2.0.155 meV of paraexcitons in
Cu2O couple only through anti-Stokes scattering with t
corresponding phonon-separated partner modes@see Fig. 1 of
Ref. 9~a!#. Moreover, the bottleneck relaxation takes pla
for all low-energy statese!Tb in the close vicinity ofe
50 (Tb<Tc,e0 for the considered concentrationsn0
<1017 cm23). Similar to the ground-state modee50, for
these modesNe

eq.Tb /e@1 and simultaneously the ant
Stokes partner states have a high energy;e0 to be nonde-
generate and to suppress the stimulated relaxation, du
Ne.e0

→ne.e0

ph @see Fig. 1 of Ref. 9~a!#.

A unique scenario of the relaxation kinetics of an ide
Bose gas coupled to a phonon bath at temperatures belo
equal to the critical temperatureTc has been developed i
Ref. 9. The high-energy states with nondegenerate stati
Ne

eq!1 equilibrate first. After a few scattering times, th
low-energy@e<ec(t)!Tb# and the high-energy@e.ec(t)#

FIG. 2. ~a! Occupation numberNe50(t) of the ground-state
mode for various initial conditions versus timet ~full lines!. The
final equilibrium occupation numberNe50

f 5Ne50
eq for Tb57 K is

shown by the dotted line.~b! Difference of the finalNe50
f and

nonequilibriumNe50(t) occupation numbers for the same initi
conditions~full lines! and the analytic law of Eq.~15! ~dashed line!.
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57 9667RELAXATION KINETICS OF A LOW-DENSITY . . .
bosons form two subsystems weakly interacting through
phonon-mediated scattering. TheH theorem,16 applied to the
high-energy bosons, yields a quasiequilibrium Planck dis
bution Ne.ec

51/@exp(e/T)21# with the effective tempera

ture T5Tb1dT(t). The effective chemical potentialdm of
the quasiequilibrated high-energy bosons can be negle
because (2dm)!dT. Here, we again exploit the thermody
namic property (2dm)}(dT)2 which is valid for Tb.Tc .
At this adiabatic stage of the relaxation, the low-energy s
system shrinks in energy space (ec(t)→0), while the effec-
tive temperatureT of the high-energy bosons approaches
bath temperatureTb @dT(t)→0#. The absence of the direc
phonon-mediated interaction between the low-energy bos
results in their slow adiabatic equilibration through the re
nant coupling with the high-energy quasiequilibrium sta
e;e0.

During the first transient stage of the phonon-assisted
laxation atTb<Tc , which lasts a few characteristic scatte
ing timestsc, the initial distribution disappears. The follow
ing nonexponential relaxation towards a quantum degene
equilibrium state with a Bose-Einstein condensate is a s
adiabatic process. For this second kinetic stage ananalytic
generic solutionof the Boltzmann equation~1! with topt
→` has been found.9 Namely, the nonequilibrium distribu
tion of bosons is given by

N«~t!5tE
0

1F aAt

1/21a
~u2a21/221!1

1

Au
Ge2t«~12u!du

5
aAt

1/21aF t3/2

1/22a
e2t«F~1/22a,3/22a,t«!

2
At

«
~12e2t«!G12A t

e«21
Ds@At~e«21!1/2#,

~13!

where«5e/Tb and t5t@12exp(2e0 /Tb)#
21tsc

21.t/tsc>t tr

5Dt tr /tsc@1 are the dimensionless energy and time, resp
tively, Dt tr is the duration of the first transient relaxatio
which depends upon an initial distribution att50, F
is the degenerate hypergeometric function,17 and
Ds@x#5exp(2x2)*0

xdt exp(t2) is Dawson’s integral.18 The
corresponding fundamental law of the phonon-assisted a
batic cooling of the high-energy quasiequilibrium bosons

dT~t!5S Tb
2

e0
D 1

2tF11
112a

11~1/2a!t2a21/2G . ~14!

The dimensionless parametera.0 in Eqs.~13! and~14! is a
real solution of the following transcendent equation:

S a

a11D E
0

1 du

~12u!3/2
@u2a21/221#5z~3/2!F S Tc

Tb
D 3/2

21G .
~15!

Equations~13! and ~14! are the generic solution of th
phonon-assisted kinetics of a Bose gas atTb<Tc . This ge-
neric solution is completely defined by the ratioTc /Tb of the
critical and bath temperatures through the solut
a5a(Tc /Tb) of Eq. ~15!. Equation~15! has only one rea
e

i-

ed

-

e

ns
-
s

e-

te
w

c-

ia-

n

root 0<a,1/2 for given Tc /Tb . For Tb→Tc (Tb<Tc)
the solution a!1/2 can be approximated bya
50.25z(3/2)@(Tc /Tb)3/221#5@\2/(2ApMxTb)#nc . Here,
we have a unique example of the fundamental solution of
Boltzmann kinetics that is insensitive to an initial distrib
tion of bosons att50. The only information from the initial
distribution, which influences the total kinetics atTb<Tc , is
the durationDt tr of the first transient stage, typically a few
tsc. Physically, this means that during the slow adiaba
stage, which lasts a great number oftsc, a system of bosons
loses correlations with the initial distributionNe(t50). For
t.t tr the effective temperatureT5Tb1dT(t) and the dis-
tribution function of bosons asymptotically approach the g
neric solution~14! and ~13!, respectively, witha given by
Eq. ~15!.

The generic solution~13! and~14! has been applied to th
LA-phonon-assisted relaxation of para-x’s in Cu2O modeled
numerically within the initial kinetic Eq.~1! with 1/topt50.9

According to Fig. 5 of Ref. 9~b!, the time-dependencedT
5dT(t) of the adiabatic cooling of high-energy quas
equilibrium para-x’s is indeed described uniquely for variou
Tb<Tc by the generic solution~14!. The time evolution of
the distributionsAeNe(t) andNe(t) as numerical evaluation
of Eq. ~1! is compared with the corresponding generic so
tion ~13! for Tb5Tc52.135 K @see Fig. 6 of Ref. 9~b!# and
for Tb51.5 K,Tc @see Fig. 7 of Ref. 9~b!#. These plots show
that the fundamental solution~13! with a given by Eq.~15!
rather well reproduces the adiabatic stage of the phon
assisted relaxation of para-x’s in the time scale of a fewms.

According to Eq.~13!, thenonexponentialrelaxation into
the ground-state modee50 is given by

Ne50~t!52t1S a

1/22a D t3/2. ~16!

Equation ~16! shows a drastic slowing down of the enti
phonon-assisted relaxation kinetics. The relaxation kine
has a marginal character atTb5Tc , i.e., for a50. In this
case, one gets from Eq.~16! Ne50(t)52t in contrast with
the phonon-assisted relaxation atTb,Tc , when 0,a,1/2
andNe50(t)ut→`}@a/(1/22a)#t3/2. The adiabatic stage o
the phonon-assisted thermodynamic relaxation forTb→Tc
from above (Tb>Tc):

Ne50~t!5
16p

9z2~3/2!S e0

Tc
D 2

t2 ~17!

results from Eq.~12! provided that (s0DT)t@1. Again, Eq.
~17! shows that the adiabatic stage is independent of
initial quasiequilibrium BE distribution (m5Dm,T5Tc
1DT). The condition (s0DT)t@1 written in the dimension-
less units yields the duration of the ‘‘transient’’ thermod
namic relaxation ast tr5Tc

2/(e0DT). This transient depend
upon the initial distribution throughDT. The thermodynamic
kinetics of Eq. ~17! is inconsistent with Eq.~16! for Tb
5Tc because the phonon-assisted kinetics of a low-den
gas of bosons~paraexcitons! occurs through the nonequilib
rium intermediary states. In particular, in the resonan
coupled energy modese50 and e0 of para-x’s, only the
high-energy partner state is in the BE quasiequilibrium.
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The generic solution given by Eq.~13! evolves to the true
equilibrium distribution N«

eq, i.e., N«(t→`)→N«
eq

5(nc /A«)d(«)11/(e«21).9 On the other hand, from Eq
~13! one concludes thatA«N«→0 for «→0 and any given
t.0, while for the Planck distribution one hasA«N«

eq

}1/A«→` for «→0. As a result, BE condensation into th
ground-state mode builds up within the phonon-assisted
netics only att→`. The absence of the BE condensate
para-x’s (A«N«→0 for «→0) is traced in Fig. 6 of Ref. 9~b!
up to t520 ms. Furthermore, a finite radiative lifetime o
paraexcitonstopt in thems time scale prevents a genuine B
condensation provided the absence of a condensate se
the initial distributionNe(t50). Figure 3 shows a typica
behavior of the phonon-assisted kinetics of para-x’s with the
finite lifetime. The numerical evaluation within Eq.~1! is

FIG. 3. Evolution of an initial Gaussian distribution with th
same parameters as in Fig. 1,Tc(t50)52.135 K and the bath tem
peratureTb51.5 K. The'5

2 optical phonon-assisted radiative life
time of paraexcitonstopt513ms. The arrow marks the transitio
from Tc(t).Tb to Tc(t),Tb .
i-
f

in

given for topt513 ms, Tb51.5 K andTc(t50)52.135 K.
The radiative decay of para-x’s results in a continuous de
crease ofTc5Tc(t)}n0

3/2(t) with a time and the crossove
Tc(t5Dtcr)5Tb occurs at the dimensional time

Dtcr5
3

2
toptlnS Tc

Tb
D . ~18!

For t.Dtcr the gas of paraexcitons even potentially cann
condense and evolves rather quickly (;tsc) to the classical
Boltzmann quasiequilibrium distribution. The parameters
Fig. 3 correspond to the crossover point atDtcr.6.9ms ~see
the vertical arrow in Fig. 3!.

III. PHONON-MEDIATED RELAXATION
OF ORTHOEXCITON POLARITONS

A weak, but still well-developed, quadrupole polariton e
fect has been observed recently for orthoexcitons in Cu2O by
a high-precision ‘‘propagation beats’’ spectroscopy.10 The
dispersion of quadrupole polaritons is given by

c2k2

ebv2 511
Vc

2~k!

v t
21\v t~k2/Mx!2 ivGx2v2 , ~19!

whereVc(k)5( f c2k2/eb)1/2 is the polariton parameter of th
ortho-x–photon coupling,f is the corresponding dimension
less polariton oscillator strength,eb is the background dielec
tric constant,\v t is the energy of an orthoexciton at rest, a
Gx is the damping rate. The dispersion Eq.~19! yields the
upper v5v1(k) and lowerv5v2(k) polariton branches
~see Fig. 4!. Because the quadrupole polariton parame
Vc(k) is proportional to the wave vectork, the upper polar-
iton branch starts fromv t , i.e., v1(k50)5v t .

The polariton effect strongly influences the low
temperature relaxation kinetics and particularly the appro
of a BEC phase. Thex-photon coupling modifies the bar
exciton massMx and replaces it by an effective massMx

1 of
the upper polariton branch atk50. From Eq.~19! we find

Mx
15

Mx

11~ f c2Mx /ebv t!
. ~20!

For an ortho-x in Cu2O this correction is rather small, i.e
(Mx2Mx

1)/Mx;1023. However, for dipole-active exciton

FIG. 4. Schematic picture of the polariton dispersion
quadrupole-allowed orthoexcitons.
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~e.g., in CdS, CuCl, etc.! Mx
15Mx /@112(v l tMxc

2)
/(ebv t

2)# and, as a result,Mx
1!Mx (v lt is the longitudinal-

transverse polariton splitting!. If one treats the relaxation ki
netics only within the upper polariton branch, a decrease
Mx

1 leads to an increase ofTc together with a decrease of th
density of states of the dispersionv1(k) at k.0. However,
the presence of the lower polariton branch interferes with
accumulation ofx’s ~polaritons! at the energy minimum o
v1(k) at k50 and gives rise to the polariton bottlene
relaxation kinetics.11

Within the complete, two-branch, polariton picture t
dispersionv1(k) has only arelative minimum ~see Fig. 4!.
The lower polariton dispersion branch has no energy m
mum apart fromv2(k50)50 and allows the polariton en
ergies\v2(k),\v t . Due to the relatively high density o
states atv2(k), excitons ~polaritons! start to occupy the
lower polariton branch rather than the statek50 of the upper
branch. The bottleneck relaxation is a diffusion of polarito
down in energy along the lower polariton branch. This kin
ics effectively slows down due to the decay of the bo
density-of-states and excitonic component of the low
branch polaritons with detuningv t2v2(k).0. Further-
more, within a finite lifetime the bottleneck relaxation do
not result in a final equilibrium thermodynamic state of t
gas of polaritons.

The described relaxation picture is valid in the prese
of a well-developed polariton effect. However, an effecti
occupation of the modesk.0 can coexist with a weak quad
rupole polariton effect provided that

eopt5
\2k0

2

2Mx
@\Vc~k0!, ~21!

where the wave vectork0 corresponds to a crossover point
the unperturbed photonvg5ck/Aeb and excitonvx5v t
1\k2/2Mx dispersions~see Fig. 4!. In this case, the ‘‘bottle-
neck’’ of the lower branchv2(k) lies abovev1(k50)
5v t and the modek50 of the upper branch has indeed t
status of a ground-state mode. The criterion~21! provides the
coexistence of a weak polariton effect and a possible qu
steady-state BEC into the ‘‘ground-state’’ modek50 of the
upper polariton dispersion branch. For ortho-x’s in Cu2O,
k052.63105 cm21 and eopt5\2k0

2/2Mx59.8 meV, while
Vc(k0)5124 meV according to the valuef 53.731029

found experimentally in Ref. 10. Therefore, inequality~21!
does not hold for orthoexcitons in Cu2O.

The scattering processes give rise to the dampingGx in
the dispersion Eq.~19!. In the presence of damping, the p
lariton solutionsv5v6(k) ~quasiparticle solution,k is real!
andk5k6(v) ~forced-harmonic solution,v is real! are not
identical.19 While the forced-harmonic solution is very se
sitive to Gx, the quasiparticle solution is nearly independe
of the damping parameter~see Figs. 3 and 4 of Ref. 19!. The
Boltzmann kinetics within the polariton picture operates w
the quasiparticle solution. Moreover, the damping of orthox
quadrupole polaritons in Cu2O is rather weak, i.e.
Gx.0.9 meV at T52 K according to estimates of Ref. 10
Therefore, the low-temperature relaxation kinetics of orth
excitons in Cu2O has to be examined within the polarito
picture.
of
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The phonon-assisted relaxation kinetics in the polari
representation is given by the following Boltzmann equatio

]

]t
Nk

i 52
2p

\2 (
p, j 56

uMx2ph~p2k!u2w i~k!w j~p!

3$@Nk
i ~11nk2p

ph !~11Np
j !2~11Nk

i !nk2p
ph Np

j #

3d~v i~k!2v j~p!2\vk2p!1@Nk
i np2k

ph ~11Np
j !

2~11Nk
i !~11np2k

ph !Np
j #d„v i~k!2v j~p!

1\vp2k…%, ~22!

where the superscripti ( j )56 refers to the upper (1) and
lower (2) polariton branches, respectively, and thex weight
functionsw6 are determined by

w1~k!5
v1~k!2vg~k!

v1~k!2v2~k!
, w2~k!5

vg~k!2v2~k!

v1~k!2v2~k!
.

~23!

These functions satisfy the conditions 1>w6(k)>0,
w1(k)1w2(k)51 and describe the distribution of an exc
ton state between the two polariton branches. The kinetic
~23! written in terms of ‘‘polariton66 LA-phonon↔ polar-
iton6’’ scattering includes both basic interactions, th
x-photon coupling~polariton effect! and thex-phonon inter-
action. For the polariton parameterVc→0, Eq.~23! evolves
to the kinetic Eq.~1!. Due to the quadrupole ortho-x–photon
coupling with Vc(k)}k, Eqs. ~23! include this interaction
only in the resonant approximation.

The previous numerical simulations20,21 of the phonon-
assisted polariton kinetics have been done for dipole-ac
excitons in a CdS crystal. In this case, the polariton effec
so well developed thateopt/Vc;1024. As a result, the nu-
merical evaluations clearly indicate a polariton bottlene
relaxation kinetics, i.e., an accumulation of excitons in t
x-like parts of the lower polariton branch rather than in t
modek50. Here, we report our numerical analysis of t
phonon-assisted thermalization of ortho-x quadrupole polari-
tons in Cu2O. Similar to the analysis of Eq.~1!, the kinetic
Eqs.~22! reduce to two coupled equations forNv1

1 andNv2
2

in the energy space provided that an initial distribution
ortho-x’s ~quadrupole polaritons! is isotropic in momentum
space.

A typical phonon-assisted relaxation kinetics of ortho-x’s
is plotted in Figs. 5 and 6 for an initial isotropic Gaussi
distribution placed atk55k0 of the lower polariton branch
andTb,Tc . Here, the critical temperatureTc refers to ortho-
x’s in the absence of the exciton-photon coupling a
D6(v6) are the density of states of the upper and low
polariton dispersion branches, respectively. The distribut
function D2(v2)Nv2

2 (t) ~solid line! is strongly dominant
and clearly shows a quick occupation~in ns time scale! of
the lower branch at the bottleneck rangev2,v t . The un-
occupied band right belowv t is due to the relatively high-
energy (\vsk0.80 meV! LA phonons that couple the bottle
neck band with a regular distribution of orthoexcitons
v6.v t . In particular, the double-peak distributio
D2(v2)Nv2

2 (t) results in a ‘‘camel-back’’ line shape of th
polariton luminescence. Such a camel-back line shape



ce

tic

tio
io

g
x-
tio

e

ons

s
5
po-

-

ax-
he

cale.

ng

9670 57C. ELL, A. L. IVANOV, AND H. HAUG
indeed been seen recently in resonant photoluminescen
low-density ortho-x’s in Cu2O.22 On the other hand, this
sharp structure is absent in the polariton bottleneck kine
of dipole-active excitons because usuallyv lt>\vsk0. Fur-
thermore, according to Figs. 5 and 6 an effective popula
of the upper polariton branch is prevented. The distribut
D1(v1)Nv1

1 (t) ~dashed lines in Fig. 5! even decays with a
time at t.50 ns.

While the distributionNv2
2 (t) of lower-branch polaritons

is strongly nonequilibrium, it has a thermalized high-ener
tail at v2>v t . Remarkably, the quasiequilibrated orthoe
citons can indeed be approximated by the Planck distribu
@see Fig. 5~c!#. However, the effective chemical potentialm
50 of the high-energy orthoexcitons starts to decreas

FIG. 5. Distribution functionsD1(e5v1)N1(e5v1) for up-
per ~dashed line! and D2(e5v2)N2(e5v2) for lower ~solid
lines! polariton branches at~a! t518.2 ns,~b! t538.2 ns, and~c!
t558.2 ns.
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some time, due to the continuous transitions of orthoexcit
in the polariton bottleneck range atv2,v t . The long-time
(1ms time scale! polariton bottleneck relaxation kinetics i
plotted in Fig. 7 for the same initial distribution as in Figs.
and 6. Therefore, we conclude that the weak quadrupole
lariton effect indeed prevents a steady-state BEC of orthox’s
in Cu2O.

IV. DISCUSSION

The developed theory of the LA-phonon-assisted rel
ation kinetics yields an alternative interpretation of t
experiments4–7 on the search forx-BEC in Cu2O. Namely,

FIG. 6. Time evolution of the distributionsN6(k/k0 ,t) in the
lower and upper polariton branches on a nanosecond time s
The wave vectork05v tAeb/c.2.63105 cm21 refers to resonant
coupling between photons and orthoexcitons in Cu2O.

FIG. 7. Polariton bottleneck relaxation of orthoexcitons alo
the lower dispersion branch in a microsecond time scale.
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the chemical potentialm50 found from the LO-phonon-
assisted luminescence spectra is not a unique manifest
of the steady-statex-BEC. The spectral resolutions are abo
1002300 meV for ortho-x’s and about 500meV for para-
x’s.4–7 According to our results, one can indeed getm50
within the experimental accuracy in a situation where
excitons from a narrow spectral band (,100 meV! around
v t are still not in equilibrium and without a steady-sta
BEC. While in these experiments the gas of ortho-x’s or
para-x’s is strongly quantum degenerate, the finite spec
resolution masks the fine nonequilibrium band of the dis
butions.

Thex-x scattering rates in Cu2O become comparable wit
those due to thex-LA-phonon deformation potential interac
tion at concentrations 1017 cm23<n0<1018 cm23 and are
strongly dominant forn0.1018 cm23. In the experiments4–7

the concentration of excitons is in a relatively broad ran
531016 cm23<n0<531019 cm23. We believe, however
that the considered above general features of the pho
assisted kinetics are also valid in the presence ofx-x scat-
tering.

For the optically inactive para-x’s with quadratic disper-
sion, the search for a generic solution for the Boltzma
relaxation kinetics in the presence ofx-x interaction atTb
<Tc is a challenging problem, which recently has be
solved.24 Thex-x scattering is important not only for the firs
kinetic stage of relaxation of para-x’s towards BEC. This
interaction is crucial for the BEC phenomenon as a seco
order phase transition. A genuine BE condensate posse
such a nonlinear property as coherence and finally deve
due to the conservativex-x interaction.13,23 Even for an ar-
bitrary small, finitex-x interactionU0, a coherent band 0
<e,ecoh arises due to the strong accumulation of excito
~para-x’s! in a close vicinity of the ground-state modee50.
This coherent region, where the potentialx-x interaction ex-
ceeds the corresponding kinetic energiesek of para-x’s, can-
not be treated within the semiclassical kinetics,23 i.e., with
the kinetic Eq.~1! valid in the random phase approximatio

For ortho-x’s in Cu2O an increase of thex-dampingGx

due to thex-x scattering does not destroy the polariton p
ture written in terms of the quasiparticle solutio
v5v6(k) of the polariton dispersion Eq.~19!. Thex-x scat-
tering will accelerate the polariton bottleneck relaxation
netics along the lower dispersion branch and will relax
even remove at high concentrations of the ortho-x’s the
camel back structure in the distribution functio
D2(v2)Nv2

2 . Furthermore, the observed low-energy tail
the time-resolved LO-phonon assisted spectra of orthox’s
~see Fig. 1 of Ref. 4! can be naturally attributed to the po
lariton bottleneck relaxation kinetics rather than to lon
range condensate interactions25 as it has been assumed
Ref. 4. The distributionD2(v2)Nv2

2 (t) at v2,v t ~see Fig.
5! results in a low-energy tail of a few hundredmeV, as has
been found experimentally.

V. CONCLUSIONS

In this work we develop the LA-phonon-assisted rela
ation kinetics of a low-density gas of excitons in Cu2O. The
thermalization of the both optically quadrupole-allow
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ortho-x’s and para-x’s, forbidden in resonant optical trans
tions, is analyzed for temperatures above and below the c
cal temperature for a BEC. The following conclusions su
marize our study.

~i! At Tb@Tc , the relaxation of paraexcitons from an a
bitrary initial distribution is completed within a few charac
teristic scattering timestsc. For Tb→Tc from above, the
phonon-assisted kinetics undergoes a thermodynamic cri
slowing down in accordance with Eqs.~11! and ~12!. For
Tb<Tc , the relaxation kinetics is given by the followin
scenario: within a few scattering times an initial distributio
of para-x’s disappears and the relaxation towards a quan
degenerate equilibrium state with a Bose-Einstein cond
sate is a slow adiabatic process. This second kinetic stag
described uniquely by the generic solution~13! and ~14!.

~ii ! The thermalization of orthoexcitons is treated in t
presence of a weak quadrupole-allowed polariton effect. T
numerical evaluations of the LA-phonon-assisted relaxat
clearly indicate an effective accumulation of ortho-x’s within
a narrow spectral band of the lower polariton branch bel
v t , i.e., a polariton bottleneck kinetics. This conclusion
valid for an arbitrary bath temperatureTb and stems from the
fact that the upper branch of the polariton dispersion ha
low density of states and does not possess an absolute m
mum in energy. The criterion~21! of the coexistence of a
weak polariton effect and a quasi-steady-state BEC in
ground-state modek50 of the upper polariton branch indee
does not hold for ortho-x’s in Cu2O.

~iii ! The LA-phonon-assisted relaxation kinetics does
lead to a natural BEC of excitons in Cu2O provided the ab-
sence of a laser-induced condensate seed. For para-x’s, a
slow occupation of the ground-state mode given by Eq.~16!
does not allow us to build up a steady-state BEC during
finite lifetime due to the LO-phonon (G5

2 or G25
2 ) -assisted

radiative decay. For ortho-x’s, the polariton effect always
strongly prevents an effective population of the relative e
ergy minimum of the upper polariton branch. The chemi
potentialm50 found in the optical experiments6,7 with ex-
citons in Cu2O refers only to the distribution of relatively
high-energy excitons that are in a quasiequilibrium, while
small band of low-energy excitons are far from equilibriu
and without a macroscopic occupation of the ground-s
modek50.
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APPENDIX A: THERMODYNAMIC RELATION
dµ5dµ„T,µ,dT… FOR AN IDEAL BOSE GAS AT T>Tc

The relationdm5dm(T,m,dT), which describes the in-
finitesimal thermodynamic transition (m,T)→(m1dm,T
1dT) of a closed system of bosons atT>Tc , can be derived
from the condition

(
p

@Np
eq~m,T!2Np

eq~m1dm,T1dT!#50, ~A1!
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where the occupation numbersNp
eq are given by the BE dis-

tribution. This condition means the conservation of the c
centrationn0 of bosons, i.e.,dn0(m,T)50.

For T.Tc one gets from Eq.~A1!

2I 1~m/T!dT5I 2~m/T!S dm2
m

T
dTD , ~A2!

where only linear terms with respect todm anddT are kept.
Here, the integralsI 1 and I 2 are given by

I 1~m/T!5E
0

` «3/2e«

@e~2m/T1«!21#2
d«

5
3Ap

4
em/T@11F1~m/T!#,

I 2~m/T!5E
0

` «1/2e«

@e~2m/T1«!21#2
d«

5
Ap

2
em/T@11F2~m/T!#, ~A3!

where

F1~m/T!5 (
n51

`
e~nm!/T

~n11!3/2
, F2~m/T!5 (

n51

`
e~nm!/T

~n11!1/2
.

~A4!

Equations~A2!–~A4! result in

2dm5F3

2S F1~m/T!11

F2~m/T!11D2
m

T GdT. ~A5!

A classical gas with the Maxwell-Boltzmann distributio
is characterized by2m/T@1 andF1,2(m/T)→0. Therefore,
for T@Tc Eq. ~A5! reduces to

2dm5F3

2
2

m

T GdT. ~A6!

Equation ~A6! can also be derived from the relationsh
n0(m,T)5(MxT/2p)3/2exp(m/T), which is valid for a classi-
cal gas. In this case, the variationdn05d@T3/2exp(m/T)#50
leads to Eq.~A6!.

For T→Tc from above (T.Tc), the prefactor ofdT on
the rhs of Eq.~A5! vanishes, becausem→0 andF2(m/Tc
→0)→`. In this case, the linear approximation2dm}dT
given by Eq.~A5! does not hold. The corresponding relatio
ship dm5dm(Tc ,dT) for dT→0 and2dm→0 can be de-
rived from the following representation of Eq.~A1!:

2I 1~0!dT5 Ĩ 2~dm,dT!dm, ~A7!

where

I 1~0!5E
0

` «3/2e«

~e«21!2
d«5

3Ap

4
z~3/2!,

Ĩ 2~dm,dT!

5E
0

` «1/2e«

~e«21!$@12~dm/Tc!2«~dT/Tc!#e
«21%

d«.

~A8!
-

For 2dm→0 and dT→0 the main contribution to

Ĩ 2(dm,dT) stems from«!1. Making expansion with re-
spect to« of the numerator and denominator of the int

grand, Ĩ 2 is approximated by

Ĩ 2~dm,dT!.E
0

` d«

A«2~dm/Tc!
5pS Tc

2dm D 1/2

. ~A9!

From Eqs.~A7!–~A9! one finally gets forT5Tc1dT:

2dm5
9

16p
z2~3/2!

~dT!2

Tc
. ~A10!

In this case, the chemical potential2dm}(dT)2 approaches
zero considerably faster thandT5T2Tc .

Figures 8~a! and 8~b! show the accuracy of the approx
mations given by Eq.~A5! for T.Tc and by Eq.~A10! for
T→Tc .

FIG. 8. Chemical potential as a function of temperature for va
ous T5Tb@Tc ~a! and for variousTb5Tc (T5Tc1dT) ~b!. Full
lines, numerical solutions of Eq.~A1!; dashed lines, analytical so
lutions given by Eq.~A5!~a! and Eq.~A10!~b!, respectively.
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