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Electronic and optical properties of finite zigzag carbon nanotubes
with and without Coulomb interaction
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Department of Physics, Nanjing University, Nanjing 210008, People’s Republic of China
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The effects of electron-electron interaction on properties of zigzag carbon nanotubes with caps at both ends
are theoretically investigated by employing an extended Peierls-Hubbard model. The electron-electron inter-
action is treated within the frame of Hartree-Fock approximation. Then the electronic structures and optical
properties of zigzag nanotubes with and without the electron-electron interaction are investigated. Furthermore,
we also study the dependence of its electronic and optical properties on its length.@S0163-1829~98!06615-6#
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I. INTRODUCTION

A great deal of interest has been generated by C60 mol-
ecules, by their unique symmetry and by their spec
properties.1,2 Closely related to the C60 molecules are higher
order fullerenes such as C70, C76, and C84 which also have
been studied.3 A graphitic carbon nanotube has recently be
obtained by wrapping a single graphite sheet onto a l
tubule.4,5 Carbon nanotubes are regarded as low-dimens
carbon systems that have been widely used in application
lightweight, strong, and conductive materials.6 Considering
the large optical nonlinearity of carbon fullerenes,7 the car-
bon nanotubes may also be possible candidates for app
tion in optical devices. So it is not only important but al
interesting and useful to investigate properties of the car
nanotubes both from experimental and theoretical vie
points.

There are several classifications of the graphene na
tubes with caps, depending on whether they are related
fivefold or threefold symmetry.8 The graphene nanotube
consist of a graphene sheet rolled up in one dimension
form a cylinder with top and bottom edges that fit perfec
on a cap at either end. The caps can be formed by cutting
C60 molecule in half. So the carbon nanotubes can be ge
ated as the members of a series of fullerenes as C60110j and
C60118j , where j is a positive integer, and they can be co
sidered as high-order fullerenes.

The electronic properties of carbon nanotubes have b
investigated in some papers.9–11 In a discussion of the me
tallicity and Peierls distortion, from the model includin
electron-phonon interaction, it is concluded that a car
density of some kinds of fullerene nanotubes is similar
that of metals, and their band gaps are zero at ro
temperature.9 Also, a simple tight-binding model shows th
some tubes are metallic and stable against perturbation o
one-dimensional energy bands, but their conclusion is ba
on assuming all the bonds in a graphene carbon tube
identical.10 In Ref. 11, Peierls distortion is considered
study the electronic properties of the carbon nanotubes,
more reasonable results are obtained, but there, only
nanotubes without caps are studied, in other words, the
fects of the caps are omitted.

Further investigating in this direction, we will acquire d
570163-1829/98/57~15!/9343~6!/$15.00
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tailed knowledge about the properties of carbon nanotube
is well known that the electron-electron interaction plays
important role in the electronic properties of fullerenes. T
electron-electron interaction should also be taken into
count to investigate the optical properties of fullerenes.12 In
Ref. 12, to reasonably describe the optical absorption sp
trum of fullerenes observed in experiment, Hubbard Co
lomb terms are included in the model, and the obtained
sults are in good agreement with the experimental d
which implies that the electron-electron interaction affe
the properties of the fullerene system. Now, detailed inv
tigation for carbon nanotubes has been absent so far. Ta
into account that the electronic interaction cannot be omitt
in this paper, taking the zigzag nanotube as an example
study how electronic structures of carbon nanotubes are
fluenced as results of the mutual interaction. Since the inv
tigation on optical properties of carbon nanotubes is a
absent, based on the sum-over-states~SOS! approach,13 we
have studied the optical absorption spectrum for zigz
nanotubes. The dependencies of the electronic and op
properties of the nanotube on its length are also studie
this paper. The structure of the zigzag nanotube is depic
in Fig. 1. From Fig. 1~a!, one can find that the cap of
zigzag nanotube is formed by truncating the C60 molecule,
and it contains 39 carbon atoms. The cylindrical tube
formed by rows of nine zigzag hexagons, and its zigzag r
is displayed by the dot-dash vector@see Fig. 1~b!#. Rolling
up the sheet in Fig. 1~b!, covering pointB by point A, one
can get a cylindrical tube which fits the cap well.

II. MODEL AND THE NUMERICAL METHOD

It is known that the electron-phonon interaction in t
one-dimensional system gives rise to instabilities and dim
ization. Regarding the carbon nanotubes as one-dimensi
systems, we employ the extended Peierls-Hubb
model,14,15 where the on-site and nearest-neighbor Coulo
interactions are taken into account in the Su-Schrieff
Heeger~SSH! model. As we know that the electron-phono
interaction is included in the SSH model, which will cau
the Peierls distortion, in our present investigation, the dim
ization in carbon nanotubes due to the Peierls instabilitie
included, or, in other words, the change in the bonds is c
sidered. Because in systems like carbon nanotubes the i
9343 © 1998 The American Physical Society
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9344 57JUN MA AND REN-KUAN YUAN
action is not strong, the Hartree-Fock approximation is
propriate. In the meantime, it can be assumed that Coulo
interaction strength decreases exponentially as the elec
separate distantly. So the interactions are naturally limite
the electrons only on one site and on nearest-neighbor s

To examine the property of carbon nanotubes, we take
zigzag nanotubes as examples. According to the topolog
structure of the zigzag carbon nanotubes in Fig. 1, one
construct its Hamiltonian matrix.

In order to describe the zigzag nanotubes, we utilize
extended Peierls-Hubbard Hamiltonian,14

H5 (
^ i j &,s

~2t02a0yi j !~cis
† cjs1H.c.!1

K0

2 (̂
i j &

yi j
2

1U(
i

ci↑
† ci↑ci↓

† ci↓1V(̂
i j &

S (
s

cis
† cisD S (

s8
cjs8

† cjs8D ,

~1!

wherecis
† andcis are the usual creation and annihilation o

erators of ap electron at thei th carbon atom with spins,
respectively;t0 is the hopping integral of the undimerize
system,a0 is the coupling constant between electron a
phonon, andyi j is the change of the bond length betweeni th
and j th atoms. The sum over̂i j & is taken over nearest
neighbor pair siteŝ i j &. The second term is the elastic e
ergy of the phonon system with theK0 as the spring con-
stant.U is the on-site Coulomb repulsion strength, andV is
the Coulomb strength between the nearest-neighbor site

FIG. 1. The structure of the zigzag carbon nanotube.~a! The cap
formed by truncating a C60 molecule. ~b! The cylindrical tube
formed by rolling up this sheet and joining pointsA andB which
are two ends of the dot-dash vector indicating the zigzag row.
-
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Assuming the electron-electron interaction is not stro
the above-mentioned Hamiltonian can be treated by Hart
Fock approximation. We utilize the same method as use
Refs. 15 and 16. From mean-field theory, we can use

U@^ci↑
† ci↑&ci↓

† ci↓1ci↑
† ci↑^ci↓

† ci↓&2^ci↑
† ci↑&^ci↓

† ci↓&# ~2!

and

V(
s,s8

@~^cis
† cis&cjs8

† cjs81cis
† cis^cjs8

† cjs8&2^cis
† cis&^cjs8

† cjs8&!

2~^cis
† cjs8&cjs8

† cis1cis
† cjs8^cjs8

† cis&!2~^cis
† cjs8&^cjs8

† cis&!]
~3!

to replace the third and fourth terms of Eq.~1!, respectively.
Then Eq.~1! would be

HHF5 (
^ i j &,s

~2t02a0yi j !~cis
† cjs1H.c.!1

K0

2 (̂
i j &

yi j
2

1U(
i

S (
s

r i ,2scis
† cis2r i↑r i↓D

1V (
^ i j &,s,s8

r js8cis
† cis2V (

^ i j &,s,s8
r isr js8

2V (
^ i j &,s

@t i j ,s~cis
† cjs1H.c.!2t i j ,s

2 #. ~4!

Then the eigenvalueeks and eigenfunctioncks are deter-
mined by

ekscks~ i !5(̂
i j &

~2t02a0yi j 2Vt i j ,s!cks~ j !

1V (
^ i j &,s8

r js8cks~ i !1Ur i ,2scks~ i !, ~5!

where ther is is the electron density,

r is5^cis
† cis&5(

k
8 cks

2 ~ i !, ~6!

and

t i j ,s5^cis
† cjs&5^cjs

† cis&5(
k

8 cks~ i !cks~ j !, ~7!

where the prime indicates the sum over occupied states.
ing the constraint conditionS^ i j &yi j 50, we can obtain the
self-consistency equation foryi j ,

yi j 5
2a0

K0
(
k,s

8 cks~ i !cks~ j !2Dy, ~8!

where

Dy5
1

N (̂
i j &

2a0

K0
(
k,s

8 cks~ i !cks~ j !, ~9!

whereN is the number ofp bonds. The coupled equation
~5!–~9! can be solved iteratively and the ground state with
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57 9345ELECTRONIC AND OPTICAL PROPERTIES OF FINITE . . .
the frame of Hartree-Fock approximation is obtained. Th
the total energyE is raised as follows:

E5(
k,s

8 eks1
K0

2 (̂
i j &

yi j
2 2U(

i
r i↑r i↓2V(̂

i j &
S (

s
r isD

3S (
s8

r js8D 1V (
^ i j &,s

t i j ,s
2 . ~10!

III. ELECTRONIC PROPERTIES
OF ZIGZAG CARBON NANOTUBES

The above-mentioned Hartree-Fock approximation
valid as the electron-electron interaction is not strong, an
is applied successfully within 2.0t0>U>0 and
1.0t0>V>0.15 In the numerical calculation, parameters a
taken to be same as those used for other carbon fulleren
Refs. 7 and 17: t052.5 eV, a056.31 eV/Å, and K0
549.7 eV/Å2. According to the topological structure of zig
zag tubules, we construct the iterative equations and com
them.

It is known that the zigzag nanotubes with caps poss
threefold symmetry, which causes the symmetries among
elements of the initial matrix of the Hamiltonian. Howeve
the symmetries among the initial elements of the Ham
tonian matrix are destroyed gradually by the iteration, wh
is reflected in the topological structure byyi j . The undimer-
ized zigzag nanotubes possess threefold symmetry, how
if the dimerization presents, or, in other words, the at
leaves its initial site, the threefold symmetry is destroy
This phenomenon is described byyi j , which shows the
change in bonds. So it is necessary to develop an inves
tion of yi j . Furthermore, from the sum-over-stat
approach,7 one can know that the change of topologic
structures of the system will affect its optical propertie
Therefore it is important to analyzeyi j for various lengths of
zigzag nanotubes and various strengths of electron-elec
interaction.

By computing coupled equations~5!–~9!, from Eq. ~8!,
yi j , the change in bond length between thei th andj th atoms
in an undimerized system can be obtained. The 1/N depen-
dence of the average of the absolute value ofyi j , uyi j u,
which indicates the strength of distortions, is shown in F
2, where lines ~1!, ~2!, and ~3! are for U5V50; U
51.0t0 , V50.5t0 ; and U52.0t0 , V51.0t0 , respectively,
andN is the number of carbon atoms. In Fig. 2,N are 132,
168,204, . . . ,384, respectively, and the unit for they axis is
Å. From Fig. 2, one can know that for a fixedN, the stronger
electron-electron interaction, the largeruyi j u. This indicates
that Coulomb interaction obviously raises the distortion
the topological structure of the system. One can also no
all three lines decrease linearly along with the decrease
1/N. From lines~1!, ~2!, and~3!, the extrapolated valuesuyi j u
at N→` for U5V50; U51.0t0 , V50.5t0 ; and U
52.0t0 , V51.0t0 are figured out as 0.0022, 0.0027, a
0.0033 Å, respectively. Comparing these values with tha
C60, 0.022 Å, we can conclude that the infinitely long zigz
carbon nanotubes are almost exempted from distortion
spite of Coulomb interaction, and their threefold symmetr
can be nearly preserved. The diameter of the experimen
n
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generated nanotube is of the order of 1 nm and its length
reach 1mm, therefore, so it can be regarded as infinite
long, and its distortion should be much less.

Because the levels near the Fermi level play an impor
role in the properties of the material, we compute band g
Eg with various numbers of carbon atoms of zigzag nan
tubes for variousU andV. We plot the dependence ofEg on
1/N in Fig. 3, whereN stands for the number of carbo
atoms and is 96,132,168, . . . , 384respectively. As the 1/N
decreases, in Fig. 3, the values of lines~1!, ~2!, and ~3! for
U5V50; U51.0t0 , V50.5t0 ; and U52.0t0 , V51.0t0 ,
respectively, decrease linearly. One can notice that at
1/N point, theEg for U50, V50 is always lower than the
one forU51.0t0 , V50.5t0 which is always lower than the

FIG. 2. Dependence of average absolute value of the b
changeuyi j u on 1/N. Lines ~1!, ~2!, and ~3! are for U5V50; U
51.0t0 , V50.5t0 ; andU52.0t0 , V51.0t0 , respectively. The unit
of the y axis is Å.

FIG. 3. Dependence of energy gapEg on 1/N. Lines ~1!, ~2!,
and ~3! are for U5V50; U51.0t0 , V50.5t0 ; and U52.0t0 , V
51.0t0 , respectively.
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9346 57JUN MA AND REN-KUAN YUAN
one forU52.0t0 , V51.0t0 . Therefore it can be conclude
that the electron-electron interaction widens the band g
But we are more interested in the energy gaps with and w
out Coulomb interaction whenN→`. From Fig. 3, one can
notice that at theN5384 point, the energy gap forU5V
50 is about 0.198 eV, and the one forU52.0t0 , V51.0t0 is
about 0.267 eV. The tendencies of three lines fit to th
group data indicate that the energy gap should further
crease along with the increase of the length of the nanot
So we can infer that asN is large enough,Eg can be, at least
less than 0.1 eV. On the other hand, from Fig. 3, one
notice that at theN596 point, the difference between theEg
for U52.0t0 , V51.0t0 and the one forU5V50 is about
0.22 eV, but the difference atN5384 is about 0.068 eV. It is
obvious that the difference should further decrease al
with the increase ofN. Figure 3 indicates that the three line
fit to three groups of data almost reach the same value aN
→` which is a little over zero. The extrapolated values
three cases atN→` are of order of 1023 eV. According to
the extrapolated values from three lines, we may concl
that regardless of Coulomb interaction, the energy gap
long enough zigzag nanotube with caps is still low enough
induce metallic behaviors.

We know that to fit to the edge of caps, every zigz
circle should contain 18 carbon atoms in this kind of zigz
nanotubes. It is already known there are some other kind
zigzag carbon nanotubes without caps. Every kind co
sponds to a particular number of carbon atoms containe
the zigzag circle. Furthermore, zigzag nanotube without c
can be metallic or semiconducting depending on the num
or speaking alternatively, depending on the diameter of
zigzag nanotube. However, we wonder whether Coulomb
teraction changes the character of the semiconducting zig
nanotube. It is known that in semiconducting cases, the
ergy gaps atN→` reach a saturation value which is of th
order of 1 eV.11 From Fig. 3, it seems that the longer th
tube, the weaker the effect of Coulomb interaction for ene
gaps. So we can conclude that in the semiconducting c
the energy gap of a long enough tube for the Hamilton
including Coulomb interaction may approximately prese
its value from the free electron model. In other words, a lo
enough semiconducting nanotube preserves its charact
spite of mutual interaction.

From Ref. 11, one can know that in the metallic case,
per site energy is very insensitive to the change of the len
of tubes, whose value is about23.93 eV. On the other hand
the electron-electron interaction inevitably affects the grou
state of the system, and Fig. 3 can verify this viewpoi
Thus it is more interesting to investigate how the mut
interaction influences the per site energy. It is easy to co
pute the per site energy from the total energy given by
~10!. We plot our numerical results in Fig. 4. Figure 4~a!
shows the dependence of per site energy onU, while theV is
chosen as 0. Figure 4~b! shows the dependence of per s
energy onV, while theU is chosen as 2.0t0 . In Fig. 4, the
number of carbon atomsN is chosen as 132. From Fig. 4~a!,
one can know that at theU5V50 point, the per site energ
is a little less than23.9 eV. The per site energy increas
along with the increase of the strength of electron-elect
interaction. Figure 4~b! shows that the per site energy is
little over 22.2 eV at theU52.0t0 , V51.0t0 point. Consid-
s.
-

e
e-
e.

n

g

r

e
a
o

g
of
-
in
s
r,
e
-
ag
n-

y
e,

n
e
g
in

e
th

d
.
l
-
.

n

ering that in the carbon fullerenes the electron-electron in
action is not strong, we can conclude that the energy per
of zigzag nanotubes should be in the range22.0–
24.0 eV.

IV. OPTICAL PROPERTIES
OF ZIGZAG CARBON NANOTUBES

Because the optical absorption spectrum reflects the e
tronic structure, we also investigate it for the zigzag nan
tubes. Within the sum-over-states approach, the linear po
izability ~optical absorption! a~v! is7,13

a~v!5(
m

8 (
n

9 mmnmnmS 1

Enm2v2 ih
1

1

Enm1v1 ih D ,

~11!

where the prime indicates the sum over occupied states
double primes indicate sum over unoccupied states,
Enm5en2em . The lifetime broadening factorh is included
in the denominator of the above equation, which suppres

FIG. 4. Dependence of energy per site of tubesE/N on ~a! U/t0

with V50; ~b! V/t0 with U52.0t0 .
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57 9347ELECTRONIC AND OPTICAL PROPERTIES OF FINITE . . .
the height of the resonant peaks, and is taken to
1.6831022 eV. The dipole transition matrix is expressed

^num r um&5(
j ,s

cns* ~2erj !cms~ j !. ~12!

Note that in the SOS approach, the contribution to
spectrum is given by every dipole transition between
occupied stateum& and the unoccupied stateun& in ground
state. So the optical absorption spectrum is partially de
mined by the ground state of systems. Considering that
Hartree-Fock method is valid applicable to small values oU
andV compared with the transfer energy, from this meth
one can obtain the ground state for the cases with
electron-electron interaction. Based on the ground s
gained within the frame of the Hartree-Fock method, we c
investigate the optical absorption spectrum of the sys
with Coulomb interaction. Then the optical absorption c
also reflect the changes of levels motivated by the mu
interaction.

From Eq.~11!, one can know that the main contribution
static a is given by the hopping from the level under th
Fermi level to one higher than the Fermi level in the ene
region around the Fermi level. Furthermore, the contribut
is inverse to the energy difference between the two levels
the low-energy gap may lead to strong static optical abso
tion. Figure 3 suggests that the value of the static opt
absorption spectrum for smallN may be less than the one fo
largeN due to a large energy gap, and since Coulomb in
action widens the energy gap, it would lower the value of
static optical absorption.

According to the standard method, we study the spati
averaged optical absorption, and it is given by

a~v!5@ uaxx~v!u1uayy~v!u1uazz~v!u#/3. ~13!

We plot the numerical results for the optical absorption sp
trum for zigzag nanotubes in Fig. 5. Figures 5~a! and 5~b! are
for U5V50 and 5~c! and 5~d! are forU52.0t0 , V51.0t0 .
In Fig. 5, the unit of thex coordinate is eV, and the unit o
they coordinate fora~v! is 104e2a0

2Eh
21, which is in atomic

units. Here 1Eh54.359310218 J, 1a050.529310210 m,
and 104e2a0

2Eh
2151.649310237 C2 m2 J21. We compute the

spectra of a series of nanotubes with different lengths.
results forN596 are depicted by the thin lines in Figs. 5~a!
and 5~c!, and the thin lines in Figs. 5~b! and 5~d! are for
N5204. The heavy lines in Figs. 5~a! and 5~c! are for
N5312, and the heavy lines in Figs. 5~b! and 5~d! are for
N5420. From Figs. 5~a! and 5~b! for U5V50, comparing
results forN596, 204, 312, and 420, it is obvious that th
long zigzag nanotube possesses strong optical prope
From Figs. 5~b! and 5~d! for U52.0t0 and V51.0t0 , the
same conclusion can be drawn. We are also interested in
effects of Coulomb interaction on the optical absorpti
spectrum. From Fig. 5, one can know that the peaks of
spectrum of a zigzag tube are shifted backwards by mu
interactions, and meanwhile, their heights are suppres
For an example, the main peaks of the line forN596 in Fig.
5~a! are located around 1.5 and 2.75 eV, and the highest p
is more than 3 units of they axis. But main peaks forN
596 with U52.0t0 , V51.0t0 are located around 1.75 an
e
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3.1 eV, and the highest peak is less than 3 units of they axis.
One can also find that mutual interactions withU52.0t0 ,
V51.0t0 shift backwards the highest peak forN5204 with
U5V50 from 2.6 to 3 eV, and lessen its value from 4
units to 4 units. The same conclusion can be drawn from
lines for N5312. For an example, the highest peak ofN
5312 in Fig. 5~a! is suppressed from more than 6 units
less than 6 units, and its location is shifted backwards fr
2.6 to 3.0 eV@see Fig. 5~c!#. Careful comparison indicate
that the whole line forN5420 in Fig. 5~b! is lower than the
one forN5420 in Fig. 5~d!, moreover, its peaks are shifte
backwards obviously by Coulomb interaction. Our conc
sion for Coulomb interaction on optical properties of zigz
nanotubes agrees well with that for C60.

12 Further comparing
Figs. 5~a!, 5~b!, 5~c!, and 5~d! carefully, one can easily find
that the longer the zigzag tube, the larger the value of
static a. Moreover, it is obvious that the value of statica
without Coulomb interaction is higher than the one w
Coulomb interaction. For an example, the line forN5420 in
Fig. 5~b! indicates the value of statica is about 1.8 units of
they axis, but its value in Fig. 5~d! is about 1.6 units. So ou
above inference deduced from Fig. 3 in the preceding pa
graph is justified. We know the static optical absorption
important in experiment. To get the detailed information,
investigate the static optical absorptiona~0!. The numerical
results for statica are plotted in Fig. 6, where lines~1! and
~2! are for U52.0t0 , V51.0t0 and U5V50, respectively.
In Fig. 6, N stands for the number of carbon atoms in t
tube, and is 96,132,178, . . . ,420, respectively. The unit o
the y coordinate is the same as used in Fig. 5. Two lines
Fig. 6 indicate that the increase of statica almost yields
linearity along with the increase ofN. The difference be-
tween the value ofa~0! for U5V50 and the one forU
52.0t0 , V51.0t0 increases along with the increase of theN.
One can also find that at anyN point, the statica for U

FIG. 5. The optical absorption spectrum for zigzag nanotub
~a! and ~b! are for U5V50, and~c! and ~d! are for U52.0t0 , V
51.0t0 . The thin lines in~a! and ~c! are for N596 and the thin
lines in ~b! and ~d! are forN5204. The heavy lines in~a! and ~c!
are forN5312 and the heavy lines in~b! and ~d! are forN5420.
The unit of thex coordinate is eV and the unit of they axis is
104e2a0

2Eh
21.
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9348 57JUN MA AND REN-KUAN YUAN
5V50 is always larger than the one forU52.0t0 , V
51.0t0 , which agrees with Fig. 5. We know that the zigz
nanotubes can be divided into several kinds. One kind
infinitely long zigzag tubes preserves zero energy gap,
the semiconducting kind preserves about 1 eV gap. It is
vious that our inference in the preceding paragraph is ju
fied completely by Figs. 5 and 6, so we can further conclu
that the value of statica of an infinitely long zigzag tube
with caps should be higher than that of the infinitely lo
semiconducting one. We think the above results and con
sions can be verified by future experiments.

FIG. 6. Dependence of the static optical absorption spectrum
the number of carbon atoms of zigzag tubes. Lines~1! and ~2! are
for U52.0t0 , V51.0t0 andU5V50, respectively. The unit of the
y coordinate is the same as that used in Fig. 5.
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V. SUMMARY

In this paper, taking the zigzag carbon nanotubes w
caps at both ends as examples, we study the electronic
optical properties of zigzag carbon nanotubes. It is sho
that Coulomb interaction raises the distortion in the zigz
nanotubes with caps, but it seems that the long enough tu
possess very slight distortion. Although Coulomb interact
heightens the energy gaps, we find that the longer the zig
nanotubes, the lower the energy gaps, which indicates th
long enough zigzag carbon nanotube still induces its meta
behavior. Moreover, based on assuming that the elect
electron interaction is not strong, it is concluded that t
energy per site of tubes is in the range22.0–24.0 eV.

On the other hand, Coulomb interaction shifts the pe
of the optical absorption spectrum to a relatively high-ene
region, and suppresses the height of the peaks of the op
absorption spectrum. However, from the comparison am
the optical absorption spectra forN596, 204, 312, and 420
it can be concluded that the long zigzag nanotubes wo
possess strong optical properties. From the statica spectrum
for various lengths of zigzag nanotubes, the same viewp
could be drawn. Although the value of parametersU, V in
the model should be determined by experiments, because
parameters used in this paper reveal how Coulomb inte
tion influences the electronic and optical properties, our c
clusion remains valid for different strengths of electro
electron interaction.
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