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Energy gap in the bilayer: Understanding the failure
of the Singwi-Tosi-Land-Sjolander approximation
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We demonstrate that the conflicting predictions of the ST&Bgwi-Tosi-Land-Sjoland¢rand the quasilo-
calized charge approximations concerning the lack of, or the existence of, an energy gap, respectively, in the
collective excitation spectrum of an electronic bilayer can be traced to a formal defect of the STLS scheme
which renders it inappropriate for the analysis of kke 0 behavior of collective modes in binary systems. We
conclude that in addition to the cogent physical reasons that mitigate in favor of its existence, the structural
isomorphism between the bilayer and binary systems also mandates an energy gap in the former.
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. EIecFronic bilayer systems consisting of two quafsi-two-. g(kw)=1— (k) xo(ko){1—u(ke)xo(kw)} . (1)
dimensional electron or hole gases separated by a fixed dis- . . .
tanced in a double quantum well have been of intense in-U(K®) is related to the more customary “mean-fielGikw)

terest in recent years. Another class of layered system&Y Uas(K®)=¢ap(kw)Gpap(kw). xoag(kw) is the partial

. 1 . .
electronic superlattices, consisting of a large number of equidens‘Ity response matrix™ for the noninteracting system

distant layers, exhibit similar physical features. Such systemgand thus diagonal in species spaehe interaction potential

can now be routinely fabricated through modern semiconfp(k) is not necessarily pure Coulombic, since it may absorb

ductor nanotechnolo Relatively highs [=alag; a other features of the interaction.
12 0l0gy. R €ly Nnighs [ B> The screening function(k) is static(i.e., independent of
=(1/nm)*“ is the interparticle distance within a layerg

. . w) both in the STLS and in the QLC approximations. The
=fe/e’m* is the Bohr radiup values have b_eénor ar®  two approximation schemes also agree with each other in
expected to be achieved. In this strong-coupling regime (' that u(k) is determined as a functional of the equilibrium
>1), layered systems exhibit remarkable features, both ogajr correlation functiorn(r) or its Fourier transforni(k).
the static and dynamic levels?® One of the issues under where they deviate from each other is both the underlying
investigation is the structure of collective excitations inphysical picture and the precise functional dependence of
strongly coupled bilayer systems where the conventionali(k) on h(k).
random-phase approximatidiRPA) is inapplicable. Earlier The fundamental assumption of the STLS approximation
approaches were based on focusing on intralayer correlatioris that even when the system is outside equilibrium due to an
while ignoring interlayer correlations:>® The unphysical external perturbation, particle correlations are well approxi-
consequences of this inconsistent approach are by now wethated by their equilibrium value. The resulting expression
realized"®17Within the realm of a more consistent approxi- for u(k) is?’~2°
mation there have been two major approaches to this prob-
lem. One approach consists of applying the well-established Upg(K) =
STLS (Singwi-Tosi-Land-Sjolander(Refs. 27—29 approxi- AB

mation to the probleri->1®?®The other approach is based _ _ _ _
on the more recent QLC (quasilocalized charge We are interested in the—0 behavior of the collective

method!1~1416-18The predictions of the two methods are €xcitations of the system: thus we analyzék—0). Con-
quite different. In particular, the QLC method predicts theSider first a three-dimensional binary systésay, a binary

K.
S 7 enslDhas(k=a) (STLS (2

<lr

existence of a finite energy gdp>0 for k=0) in the exci- ionic mixture>*) with pure Coulomb interaction
tation spectrum of the out-of-phase modes: no such energy Ame?
: : g e
gap appears as the result of the STLS calculations. This pa oap(K)= Z,Zs, &)

per addresses the question of the origin of this discrepancy. k?

It is well known that the electronic bilayer can be mapped ,
onto a single two-component two-dimensional laffeFhus whereeZ, andeZg are the species charges. We focus on the

we focus on the formal description of a multicomponent sysk—0 limit of u(k). One finds for the diagonal and off-
tem of charged particles, possibly with a neutralizing back-diagenal terms
ground. Using a matrix formalism in species spit¢he

dielectric matrlx can be expressed quite generally in terms of Upa(k—0)= — ezzif dghaa(q)  (STLS), (@)
the screening function(kw): 3w 0
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2 o The second line follows from (¥)= hag(q)=hag(r=0)
2 q
Unp(k—0)= 35— €°ZxZg | dahag(q) (STLS =—1 for a repulsive Coulomb interaction. Similarly, for a
0 bilayer system, one has

(A£B). (5)

e 1 (-
. . . k—0)=——= f d ~49p
The important feature of the above relations is that both the Uanl ) 2 k? Jo G qe Thas()

diagonal and the off-diagonal elementsuwik) approach a

constant(negative k-independent value in thie—0 limit. =—upg(k—0) (QLC) (A#B).
Consider now the system of our principal interest, an elec- (12

tronic bilayer, consisting of two two-dimensien@D) elec- _ ) _

tron layers in a neutralizing background, separated from eachh€ precise value of the integral in Ed.1) depends oi(k)

2D layer with two “components.®? The corresponding po- Petween the STLS equatiortd), (5), (7), and (8) and the

tentials are QLC equations(10), (11), and (12), respectively, is, then,
that in thek— 0 limit the latter expressions become infinite
27e? while the former remain bounded. In order to see the impli-
¢11(K) = @ K) = — —, cations of this difference we now analyze the dispersion re-

(6) lation for the longitudinal collective modes. The dispersion

a2 relation is obtained from the
1K) = K e K,

le(k, w)[|=0 (13

and, in thek—0 limit, the diagonal and off-diagonal ele- condition. Fory,(k,») we adopt the high-frequency
ments ofu(k) assume the form
k2
w (K,w)=48 e (14
Uan(k—0)=3€? fo dghua(a), Y ABTR TR m o2
expression, which can also be interpreted as the expression
Lo [ g resulting from the neglect of the random motion of the par-
uas(k—0)=7ze f dge °hap(a) (STLS) (A#B). ticles.
0 Consider first the binary mixture: the combination of Egs.

® 1, 3, @, (), 13, and (14 yields (w,zJ
Next we turn to exhibiting the calculation afk) inthe QLC  =4me?[(Z2n,/m;) +(Z2n,/m,)])
approximation. The approximation is a dynamical one, that
focuses on the oscillatory motion of the quasilocalized par- w2=w§+ O(k?) (STLS (15)

ticles trapped in local potential fluctuations. The resulting o o
general expression fan(k) is given again in terms of the for the STLS approximation, whereas the combination of
pair-correlation functio?f Egs.(1), (10), (11), (13), and(14) yields

1 (k-q)2 w?=wi+ dwX(Z,1Z;,my/my ,ny/ng)+0(K?)  (QLC)
UAB(k)ZVEq: B eas(dhas(k—0Q) (16)

for the QLC approximation. The significant difference be-
_5AB§C: (PAC(q)hAC(q)’ (QLC). (9) tween Eqs_.(15)2 r_:md (16) _is _m_anifested by the_ finite fre-

guency shiftéw* in k— 0 limit in the QLC descriptior(the
precise value obw?, which is positive, is not relevant here;
the interested reader can find the corresponding expression
and the discussion in Ref. B4in contrast, no such shift

We now consider the two cases as before, inkthe0 limit.
For binary mixtures one finds

47627 .7 (k-q)2 appears in the STLS approximation.
Upa(k—0)=— ATB E > hag(Q) It is now not surprising that for the case of the bilayer a
v k™q similar result ensues. For the STLS approximation, Etjs.
(6), (7), (8), (13), and(14) combine into(n, is the surface
A7 272,74 density
=+3 @ (Qo) (10
Z—W k?+0(k?) (STL9 (17
47€2Z,75 < (k-Q)2 @ '
Upg(k—0)=+ v > K32 has(q)
q This is the well-known RPA out-of-phase plasma acoustic
5 mode, softened by the negati@k?) correlational correc-
_ 4w eZplg LC) (A+B) tion. This result was reported in Refs. 2, 3, 4, 5, and 26. In
-3 k2 (Q ( ' contrast, the QLC calculation via Egfl), (11), (12), and

(11 (13) leads to
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2mwe’ngd experimentallf® and through molecular dynamics
“’2:“’2(0)+T k?+0(k%, (QLC) (18  simulations' Thus, whereas the third frequency moment
sum rule is violated by the STLS scheme both for single-
where the leading term is theindependent»?(0) component and multicomponent systems, the consequences
) for thfe fc;]rmer are mild, but for thﬁ Ia}tter %uitehdra(rgnl_act:ic_.
en (= A further comment concerns the fact that the is an
w*(0)=— m fo dq e %%hyy(q). (19 approximation scheme which is valid in the strong-coupling
regime, i.e., for high enoughy(=a/ag) or I'(=e%akgT)
In other words, there is an energy gaf0) at k=0, whose values, where local order, making quasilocalization possible,
value is determined by E@19). This is the result obtained in has already set irithis can be estimated to be aroung
Refs. 12, 13, 14, 16, and 17 for the case of an infinite super-6, or I'~10). In fact, a perturbation calculation fdr<1,
lattice, and in Refs. 12 and 18 for the case of a bilayer.  performed for the binary mixtur&;*%4? indicates dw
It now remains to determine which one of the two results~I'?3, quite in contrast to th&-independento discussed
guoted can be regarded as providing a credible description dfere. Thus one can conjecture that in the same fashion a
the collective mode behavior of the bilayer. We contend thasimilar scenario would prevail in the case of the bilayer,
there are at least two reasons that show that the QLC amnsuring a smooth transition from the RPA to the strong
proach is correct, while the STLS is not. The first is that thecoupling regime; at the same time this expected scenario
QLC expression foe(kw) satisfies the third frequency mo- implies that a small but finite energy gap would exist even
ment sum rulé*=*" while the similar STLS expression does for I" values well below the QLC regime.
not. This can be easily shown by comparing the coefficients Finally, we wish to emphasize that in addition to the for-
of the o™~ * terms in the high-frequency expansion k) mal reasoning put forward in this paper to show the correct-
as constructed with the STLS and QLC expressions given foness of the QLC formalism leading to the energy gap, there
u(k) by Egs.(2) and (8), respectively, with the expression exist cogent physical argumehts*8that explain its exis-
given in the literaturgsee, e.g., Refs. 32 and )33 his dif-  tence. These are not repeated here, since the purpose of this
ference between the STLS and QLC schemes is significamgaper has been only to clarify the formal reasons that lead to
since satisfaction of the third frequency moment sum ruleghe result discussed. One may also relate the appearance of
has been recogniz&as an important criterion in the con- this gap to the existence of other gapped excitations in many
struction of an acceptable dynamic approximation. body systems which are certainly not uncommon. Collective
The second reason to accept the QLC prediction as comodes due to long range forces, such as the three-
rect is that the correlational upward frequency shift of thedimensional plasmon, and the optical frequencies of ionic
plasmon mode in a binary ionic mixture is a known featureand other crystals constitute one class of examples; others,
of such systems, and has been verified by computesuch as the superconducting or excitonic gaps are generated
simulations>?>31t should be clear from the line of argument by the formation of bound pairs in the ground state; a gap in
followed in this paper that from the formal point of view the the collective mode spectrum can also be due to a finite
energy gap in the bilayer and the frequency shift in the bi-energy jump in the single-particle energy spectrum, a com-
nary mixture are closely related to each other and the latter imon occurrence in magnetized systefoé Ref. 43. The
fact may be regarded as an “upward shift” of the RPA physical origin of the gap in the bilayéor in the superlat-
w(k=0)=0 frequency. tice) seems to be different from any of the above mecha-
The inability of the STLS(or of any static mean fiejd nisms and should be sought in the spatial nonuniformity of
scheme to satisfy both low- and high-frequen@yird fre-  the system.
guency momentsum rules was recognized a long time In conclusion, we have shown that the STLS approxima-
ago®® The consequences of this inconsistency are, howevetion scheme is structurally incapable of generating finite fre-
not the same for all physical systems. While it seems cleaguency shifts ak=0, even in cases where the existence of
that the STLS scheme is seriously deficient as far as thsuch a shift is well established; thus any prediction based on
description of the dynamics of two-component systems ighe STLS scheme concerning tke 0 behavior of collective
concerned, at the same time it is well known to be qualitaimodes in a bilayer should be regarded as unreliable. We have
tively quite reliable for a single component system, such aslso shown that the prediction of the QLC approximation of
the electron gas. When applied to the problem of the plasa finite energy gap &=0 in the collective-mode spectrum
mon dispersion in the latter, both the STLS and QLCis an unavoidable formal consequence of the structure that
reproduce—albeit with different numerical coefficients—thehas already led to the description of well-understood and
negative plasmon dispersion which has been identified botbxperimentally verified effects in other situations.
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