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Response of adx22y2 superconductor to a Zeeman magnetic field
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We study the response of a two-dimensionaldx22y2 superconductor to a magnetic field that couples only to
the spins of the electrons. In contrast to thes-wave case, thedx22y2 state is modified even at small magnetic
fields, with the gap nodes widening into normal, spin polarized, pockets. We discuss the promising prospects
for observing this in the cuprate superconductors in fields parallel to the Cu-O planes. We also discuss the
phase diagram, inclusive of a finite momentum pairing state with a linkage between the momentum of the pairs
and the nodes of the relative wave function.@S0163-1829~98!04714-6#
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Following the original work of Clogston and
Chandrasekhar,1 the modification of superconductivity by th
Zeeman coupling between the spins of the electrons an
applied magnetic field has attracted intermittent attentio2

Much of this has centered on the bound on the upper crit
field Hc2 provided by consideration of the Zeeman intera
tion alone ~‘‘Pauli limit’’ ! and on the nature of the phas
boundary when this effect dominates. A more unusual as
of this physics was uncovered by Fulde and Ferrell3 and by
Larkin and Ovchinnikov4 in the possibility of a finite mo-
mentum pairing state at large magnetic fields, where the
erence Fermi surface is spin split. Experimentally, the cla
predictions on the nature of thes-wave phase boundary hav
been borne out by work on thin Al films,5 while recent work
on unconventional superconductors has exhibited Pauli
ited critical fields6 as well as the first evidence for a realiz
tion of the finite momentum pairing state.7 Very recently, the
Zeeman suppression has also been discussed in experim
on mesoscopic samples.8

In this paper, motivated by the recent experimental id
tification of the pairing state in several of the cuprate sup
conductors, we discuss the Zeeman response of an ideal
dimensionaldx22y2 superconductor. We believe that this is
useful exercise on three grounds. First, the cuprates
strongly two-dimensional systems and hence admit a ge
etry for measurements in a magnetic field, with the fie
parallel to the Cu-O planes, where the Zeeman respo
should dominate the orbital response at low temperatu
Second, we estimate that spin-orbit scattering, which atte
ates the Zeeman response, is small enough in the clea
samples to allow its neglect above fields as small as a
Tesla. Third and most interestingly, the existence of node
the gap function imply that~in contrast to thes-wave case!
the superconducting state responds non-trivially at arbitra
small values of the magnetic field. As is intuitively plausib
the response is paramagnetic with the destruction of su
conductivity over parts of the Fermi surface where the Z
man energymB exceeds the local gapD(k), and a spin po-
larization of the resulting normal electrons. This leads
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observable effects in all quantities that are sensitive to
density of states for quasiparticles.

In the following we will explicitly illustrate this by calcu-
lations on a weak coupling BCS model and present estim
that indicate that it is readily observable in the cuprates.
completeness, we also discuss the mean-field phase dia
of our model in the field-temperature plane, where we n
the existence of finite momentum pairing with a linkage
the wave vector to the nodal structure of the gap functio

Choice of Hamiltonian. We study a two-dimensional~2D!
electron system described by the Hamiltonian

H5 (
k,s5↑,↓

ekcks
† cks1(

k,k8
Vk,k8ck,↑

† c2k,↓
† c2k8,↓ck8,↑ ,

~1!

where ek is the rotationally invariant kinetic energy mea
sured from the Fermi energyeF , and forueku,uek8u,ec!eF ,
the pairing potentialV takes the form9

Vk,k8522V0cos~2uk!cos~2uk8!1m* , ~2!

whereV0.0, m* is the renormalizeds-wave repulsion and
uk is the azimuthal angle ofk; V50 otherwise. At low tem-
peratures the system is a superconductor with a gap func
of the dx22y2 form D(u)5D0(T)cos(2u), whereD0 satisfies

15
N~0!V0

2p
E

0

2p

duE
0

ec
dj

2 cos2~2u!

E~j,u!
tanhS E~j,u!

2kBT
D ,

~3!

and E(j,u)5Aj21D0
2cos2(2u), N(0) is the single particle

density of states for each spin species at the Fermi leve
the weak coupling limitN(0)V0!1, assumed throughou
this paper, this leads to a maximum gapD005D0(T50)
52.43ece

21/N(0)V0, and a critical temperature
Tc50.467D00. The quasiparticle spectrum is governed
the mean-field Hamiltonian
8566 © 1998 The American Physical Society
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HMF5(
k

Ek~ak
†ak1bk

†bk!, ~4!

whereEk5Ae2(k)1D0
2cos2(2uk), andak

† (bk
†) are creation

operators of up~down! spin quasiparticles.
We should note that thedx22y2 state that we are intereste

in, arises in~nearly! tetragonal lattice systems. Our choice
model here is intended to mimic this lattice physics w
minimal and computationally favorable ingredients: we ke
a rotationally invariant Fermi surface but introduce a pair
potential~2! that has the reduced symmetry of the lattice

A uniform magnetic field (B) appliedparallel to the 2D
plane does not couple to the orbital motion of the electron
the plane. It does, however, lift the spin degeneracy,
introduce the Zeeman termHZ52mB(k(ck↑

† ck↑2ck↓
† ck↓)

into the Hamiltonian, wherem5gmB/2 is the magnetic mo-
ment of the electron, and↑ and ↓ refer to spin direction
along and opposite to the field direction, respectively. T
modifies both the gap equation and the quasiparticle Ha
tonian to

15
N~0!V0

2p
E

0

2p

duE
0

ec
dj

cos2~2u!

E~j,u!
F tanhS E~j,u!1mB

2kBT
D

1tanhS E~j,u!2mB

2kBT
D G ;

HMF5(
k

@~Ek2mB!ak
†ak1~Ek1mB!bk

†bk!]. ~5!

Qualitatively, the Zeeman field lowers~increases! the energy
of the spin up~down! quasiparticle states which in tur
changes their occupation and affects the self-consiste
condition for the gap function~which is now distinct from
the true quasiparticle gap!.

Weak-field response. We begin by considering weak mag
netic fields and low temperatures:mB,kBT!D00. An
s-wave state is essentially unaffected in this limit. This
because the occupation numbers for quasiparticle state
main exponentially small at lowT and B, due to the finite
gap, even though the field shifts the quasiparticle bands
early ~at T50 the gap function and the ground state a
completely unaffected!.

The situation, however, is qualitatively different in th
case of thedx22y2 state studied here—in our case the g
vanishes at four nodal points on the Fermi surface
sufficiently close to these points there are always some
up quasiparticle states whose energies becomenegativefor
arbitrarily small values ofB. These states, which live in e
liptical pockets,Ek,mB, near the Fermi surface~Fig. 1!,
develop a thermal occupation that isO(1) at any tempera-
ture. Translating back into electron operators, one sees
these pockets are in fact regions of the spin polarized nor
state~fully polarized atT50)—their inner and outer arcs ar
pieces of the spin split Fermi surface which come toget
when the angle dependent gap function exceeds the Zee
energy. The loss of pairing in them and the area withinkBT,
leads to an overall reduction of the gap function:
p
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D0~T,B!5D00F12S kBT

D00
D 3

FDS mB

kBT
D 1O~D00

24!G , ~6!

where

FD~x!5E
0

`

t2F12S tanh
t1x

2
1tanh

t2x

2 DY2Gdt.

Noting that FD(0)'3.61 recovers the zero field answe
while for x@1 FD(x);uxu3/3 whence,

D0~T50,B!5D00F12
1

3S muBu

D00
D 3

1O~B4!G . ~7!

Consequently, the reduction of the gap function at low fie
and temperatures is quite modest, and the most impor
effect of the proliferation of quasiparticles in the ground st
is thefinite density of states~DOS! at the Fermi level, which
qualitatively alters the low-energy physics of the system11

We now turn to the consequences for some physical qua
ties in this regime, where we may neglect the reduction ofD0
at leading order.

Specific heat. This takes the scaling form

C~T,B!52kBN~0!
~kBT!2

D00

FCS mB

kBT
D , ~8!

where

FC~x!5 (
s561

E
0

`

t~ t1sx!2et1sx/~et1sx11!2dt.

For fields in excess of the temperature,x@1,
FC(x);(p2/3) x whence C5 (2p2/3) kB

2TN(0)mB/D00

5CNmB/D00, whereCN is the normal state specific hea
the linearT dependence at lowT is a consequence of th
finite DOS. FormB!kBT, we recover the expectedT2 de-
pendence upon usingFC(0)59z(3)'10.8.

Thermal conductivity. At low temperatures where impu
rity scattering may lead to a constant quasiparticle scatte

FIG. 1. Fermi surface pockets~shaded regions! produced by a
Zeeman magnetic field. The electrons in the pockets are unpa
and spin polarized along the direction of the field. The dashed li
indicate the extent of the smearing of the Fermi surface by
superconducting order at zero field, and show that the lateral
trema of the ‘‘normal’’ pockets are bracketed by regions of pair
electrons.
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8568 57KUN YANG AND S. L. SONDHI
rate,12 the thermal conductivityke should be proportional to
C. Therefore ke should increaselinearly with T, for
kBT!mB, while it increases withT quadratically in the ab-
sence of the field, as observed experimentally.13 This is to be
contrasted with the recent experimental finding13 that a mag-
netic field appliedperpendicularto the Cu-O plane of the
cuprate superconductorsuppressesthe electronic therma
conductivity, presumably due to orbital effects.

Magnetization. M also takes a scaling form:

M ~T,B!52mN~0!
~kBT!2

D00

FMS mB

kBT
D , ~9!

where

FM~x!5E
0

`

tS 1

et2x11
2

1

et1x11
D dt.

The limitsFM(x@1);x2/2, andFM(x!1);(2 ln2)x, imply
M}B2 whenmB@kBT, andM}B whenmB!kBT.

Tunneling conductance. TheT50 tunneling conductance
of a superconductor-insulator-metal junction at varying b
G(V) is, in principle, the most direct measurement of t
single particle DOS of the superconductor.G goes to zero
linearly with V for a dx22y2 superconductor in zero field. Fo
mB@kBT, the finite DOS leads to a finite conductanc
G(V50)5GnmB/D00, whereGn is the tunneling conduc
tance when the superconductor is in its normal state.14

Phase diagram. We now turn to the effects of strong mag
netic fields. Ans-wave superconductor undergoes a first
der phase transition to the normal state whenmB5D/A2 (D
is the s-wave gap! at T50,1 ignoring the finite momentum
pairing instability~see below!. This follows upon noting that
the singlets-wave state is insensitive to the Zeeman fie
while the normal state lowers its energy in proportion to
Pauli susceptibility. The temperature-magnetic field ph
diagram2 exhibits a tricritical point where the first order lin
terminates, and the field tuned transition becomes cont
ous.

The dx22y2 superconductordoesrespond to the Zeema
field but far more weakly than the normal state. This leads
a phase diagram~Fig. 2! of the same topology as in th
s-wave case. We find that atT50 there is a first order tran
sition to the normal state atmB50.56D00 ~close to the value
0.5D00 obtained without accounting for the paramagneti
of the dx22y2 state!; at the transition the gap function ha
amplitude 0.92D00. For T,0.56Tc , the transition remains
first order, and the normal~superconducting! state becomes
local minimum of free energy at lower~higher! temperature,
as represented by the dotted lines in Fig. 2; aboveT50.56Tc
the transition becomes continuous.

Thus far we have only considered zero momentum p
ing. At high fields one may suspect that it might be mo
favorable to try to pair across the spin-split Fermi surface
the partially polarized normal state; indeed it is known in t
s-wave case3,4,10 that this happens at low temperatures. T
pairing is then at afinite center of mass momentum for th
Cooper pairs and the resulting transition from the high fi
normal state is continuous. At lower fields this Fulde-Ferre
s
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Larkin-Ovchinnikov~FFLO! state gives way to the zero mo
mentum pairing state by a first order transition.

In order to consider this possibility for thedx22y2 prob-
lem, we extend the pairing potential in Eq.~1! to allow pair-
ing between electrons with total momentumq, for
q!ec /vF , wherevF is the Fermi velocity:

V̂5 (
k,k8,q

Vk,k8ck,↑
† c2k1q,↓

† c2k81q,↓ck8,↑ . ~10!

As we will see later, the pairing momentumq is at most of
orderD00/vF , which is much less thanec /vF . Therefore it
is a reasonable approximation to neglect the dependenc
the pairing matrix elementVk,k8 on q. The gap still takes the
dx22y2 form and obeys

15
N~0!V0

2p
E

0

2p

duE
0

ec
dj

cos2~2u!

E~j,u!

3F tanhS E~j,u!1z~u!

2kBT
D 1tanhS E~j,u!2z~u!

2kBT
D G ,

~11!

where z(u)5mB1(vFq/2)cos(u2uq), and uq is the polar
angle of the pairing momentumq. In order to determine the
~second order! phase boundary between the normal a
FFLO states, one needs to find the solution of Eq.~11! with

FIG. 2. The temperature-magnetic field phase diagram fo
dx22y2 superconductor. The solid line is the second order ph
boundary separating the normal state and the superconducting
Above T/Tc50.56, the superconducting state is the zero mom
tum pairing state while below it is a finite momentum pairing sta
at high fields, which gives way to the zero momentum pairing st
by a first order transition along the dashed phase boundary
T/Tc'0.06, the direction of the pairing momentum at the pha
boundary changes discontinuously from that of the gap maxim
gap minima; the kink in the phase boundary reflects this chan
The lower~upper! dotted lines are metastability lines above~below!
which the normal~zero momentum pairing! states become loca
minima of the free energy.



s
n-
s
r
e

in

er
e
in
e
e

a
ro
ic
F
t-

s

ar
ou
e
te
ta

ly
a

el
il
-

e
ere
t

n
nse

he
he
at-
ee-
the

ean
ng

of
eat
ly-
use
the
.
our
ism

erv-
gni-

e
T,
e
hat
the
ys-

.
g,
ful
ant
,

57 8569RESPONSE OF Adx22y2 SUPERCONDUCTOR TOA . . .
D50 and the largest possibleB. At T50, we find the initial
pairing instability occurs atq52mB/vF , uq50,p or 6p/2
~i.e., for q along directions of maximum gap!, and
mB'1.06D00. At lower fields the system undergoes a fir
order transition to theq50 state. As the condensation e
ergy of the FFLO state is quite small~the state is gaples
over much of the Fermi surface!, an excellent estimate fo
this field is simply the value obtained earlier for the lev
crossing between the normal state and theq50 state, which
leads to the window 0.56D00&mB<1.06D00 for the stability
of the FFLO state, which is considerably larger than the w
dow D/A2&mB<D for the 2Ds-wave case.10 At finite tem-
peratures, we find forT/Tc,0.06, the direction of pairing
momentumq remains the same as that ofT50; however, at
T/Tc.0.06 this changesdiscontinuouslyto uq56p/4 or
63p/4, i.e.,q now points in the directions ofminimumgap.
At finite T we again use the crossing point of the free en
gies of the normal andq50 pairing states to estimate th
boundary between the zero and finite momentum pair
states~Fig. 2!, this window narrows and the magnitude of th
pairing wave vector for the high field instability decreas
and approaches zero atT50.56Tc , where the high field
phase boundary and the coexistence line between theq50
state and the normal state come together. In the FFLO ph
there is presumably a first order phase boundary ac
which the direction of the pairing momentum changes, wh
ends at the phase boundary separating the normal and F
states atT/Tc'0.06. In the present work we have not a
tempted to study this phase boundary. ForT.0.56Tc , there
is no region withqÞ0 pairing and there is a continuou
transition directly from the normal state to theq50 state.
This topology is also identical with that in thes-wave prob-
lem. We note that our results on the phase boundary sep
ing the normal state and FFLO state agree with a previ
study by Maki and Won,15 which are also confirmed in mor
recent work~Ref. 16!; however in these works no estima
was given for the phase boundary separating the FFLO s
and the usual zero momentum pairing BCS state.

Application to the cuprates. Our analysis has been pure
two dimensional, and for such systems a magnetic field p
allel to the plane would behave precisely as a Zeeman fi
For layered systems the situation, analyzed in some deta
Klemm et al.,17 is more complicated for orbital effects be
m
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come important nearTc where the interplanar coherenc
length is large. However, in the same approximation, th
exists a lower temperatureT* , where the vortex cores fi
between planes and the orbitalHc2 diverges. Below T* ~es-
timated as 0.84Tc and 0.99Tc for YBCO and BSCCO,
respectively18!, assuming two dimensionality should be a
excellent approximation and hence the Zeeman respo
should dominate. Another limitation of our analysis is t
neglect of scalar impurity scattering which destroys t
FFLO state in dirty superconductors, and of spin-orbit sc
tering which attenuates the pair-breaking effect of the Z
man field. On these fronts, the news seems to be good:
state of the art YBCO and BSCCO samples are in the cl
limit, and their residual resistivities translate into scatteri
times of order t;10212 s, which lead via the Elliott
estimate,19 to a spin-orbit scattering timetSO;t/(Dg)2

;10210 s (Dg5g22'0.1). Consequently,
tSO.\/(gmBB) for fields above a Tesla and the neglect
spin-orbit scattering should not be too serious. A final cav
is the conventional BCS weak-coupling nature of our ana
sis, which is evidently problematic in the cuprates; beca
of the absence of a solution of the larger problems in
field, we are unable to say very much more on the issue

Nevertheless, the qualitative physics uncovered by
model calculation, should be quite robust to any mechan
that yields adx22y2 state in a single layer.20 Experimentally,
the low field effects discussed here should be readily obs
able, e.g., we estimate an enhanced specific heat of ma
tude 0.1HT mJ/mol2K2 (kBT,mB) from the existing data
on YBCO,21 while the high field phase transitions and th
FFLO phase would appear only at fields of order 100
which are currently out of reach. Finally, while we hav
concentrated entirely on the parallel geometry, it is clear t
a full account of the response at arbitrary orientations of
magnetic field will need to take account of the Zeeman ph
ics discussed here.
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Nos. DMR-9400362~K.Y.!, DMR-9632690, PHY94-07194
and the A. P. Sloan Foundation~S.L.S.!.
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