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Response of a,2_,2 superconductor to a Zeeman magnetic field
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We study the response of a two-dimensiodal_,> superconductor to a magnetic field that couples only to
the spins of the electrons. In contrast to theave case, the,._,. state is modified even at small magnetic
fields, with the gap nodes widening into normal, spin polarized, pockets. We discuss the promising prospects
for observing this in the cuprate superconductors in fields parallel to the Cu-O planes. We also discuss the
phase diagram, inclusive of a finite momentum pairing state with a linkage between the momentum of the pairs
and the nodes of the relative wave functip80163-182608)04714-9

Following the original work of Clogston and observable effects in all quantities that are sensitive to the
Chandrasekhdrthe modification of superconductivity by the density of states for quasiparticles.
Zeeman coupling between the spins of the electrons and an In the following we will explicitly illustrate this by calcu-
applied magnetic field has attracted intermittent attertion.lations on a weak coupling BCS model and present estimates
Much of this has centered on the bound on the upper criticdihat indicate that it is readily observable in the cuprates. For
field H,, provided by consideration of the Zeeman interac-completeness, we also discuss the mean-field phase diagram
tion alone (“Pauli limit’ ) and on the nature of the phase of our.model in the_fleld—temperature. plane,. wher_e we note
boundary when this effect dominates. A more unusual aspedf€ €xistence of finite momentum pairing with a linkage of
of this physics was uncovered by Fulde and Fetrafid by the wave vector to the nodal structure of t_he gap function.
Larkin and Ovchinnikot in the possibility of a finite mo- Choice of Hamlltonl_anWe study atW(_)-dlmensmnaID)
mentum pairing state at large magnetic fields, where the rel@lectron system described by the Hamiltonian
erence Fermi surface is spin split. Experimentally, the classic

predictions on the nature of tleewave phase boundary have _ 2 T 2 vt
been borne out by work on thin Al filmfswhile recent work H T €kCikoCho T = VikrCk, 1€k, C—k’,1Ck7 1 »
on unconventional superconductors has exhibited Pauli lim- ’ (1)

ited critical field§ as well as the first evidence for a realiza- _ _ . . o
tion of the finite momentum pairing stata/ery recently, the ~Where g is the rotat_lonally invariant kinetic energy mea-
Zeeman suppression has also been discussed in experimeftged from the Fermi energst, and for| ey, | el <ec<er,

on mesoscopic samplés. the pairing potentiaV takes the form
In this paper, motivated by the recent experimental iden-
tification of the pairing state in several of the cuprate super- Vickr = —2VoC0S 26,) COK 26, ) + pu*, ©)

conductors, we discuss the Zeeman response of an ideal two-

dimensionald,:_ 2 superconductor. We believe that this is awhereV,>0, u* is the renormalized-wave repulsion and
useful exercise on three grounds. First, the cuprates ar@ is the azimuthal angle &; V=0 otherwise. At low tem-
strongly two-dimensional systems and hence admit a geonperatures the system is a superconductor with a gap function
etry for measurements in a magnetic field, with the fieldof thed,2_,2 form A(6)=Aq(T)cos(%), whereA, satisfies
parallel to the Cu-O planes, where the Zeeman response

should dominate the orbital response at low temperatures. 2

Second, we estimate that spin-orbit scattering, which attenu- 4 _ N(O)Vofzwdej%dgz co (ze)tam‘( E(f'a))

ates the Zeeman response, is small enough in the cleanest 27 Jo 0 E(¢,0) 2kgT |
samples to allow its neglect above fields as small as a few 3)
Tesla. Third and most interestingly, the existence of nodes in

the gap function imply thatin contrast to thes-wave casp ~ and E(£, 6) = \/£€°+Agcos(26), N(0) is the single particle
the superconducting state responds non-trivially at arbitrarilyensity of states for each spin species at the Fermi level. In
small values of the magnetic field. As is intuitively plausible, the weak coupling limitN(0)V,<1, assumed throughout
the response is paramagnetic with the destruction of supethis paper, this leads to a maximum gag,=Ay(T=0)
conductivity over parts of the Fermi surface where the Zee=2.43¢.e " *NOVo  and a  critcal temperature
man energyuB exceeds the local gap(k), and a spin po- T.=0.467Aqy. The quasiparticle spectrum is governed by
larization of the resulting normal electrons. This leads tothe mean-field Hamiltonian
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HMF=§ Ew(aga+ BLBY), 4)

where E, = \/e?(k) + A3cog(26,), and o). (B}) are creation
operators of ugdown) spin quasiparticles.

We should note that the,>_ 2 state that we are interested
in, arises in(nearly tetragonal lattice systems. Our choice of
model here is intended to mimic this lattice physics with
minimal and computationally favorable ingredients: we keep
a rotationally invariant Fermi surface but introduce a pairing
potential(2) that has the reduced symmetry of the lattice.

A uniform magnetic field B) appliedparallel to the 2D
plane does not couple to the orbital motion of the electrons in
the plane. It does, however, lift the spin degeneracy, and ) )
introduce the Zeeman teri ,= _MBEK(CETCKT_CILCKL) FIG. 1. Ferml. su_rface pocke(shadeq regionsproduced by a _
into the Hamiltonian, where.=gug/2 is the magnetic mo- Zeemap magqetlc field. The ellectrons in the' pockets are unpglred
ment of the electron, and and | refer to spin direction and spin polarized along the direction of the field. The dashed lines

indicate the extent of the smearing of the Fermi surface by the
along and opposite to the field direction, respectively. This

difies both th fi d th ticle H Isuperconductlng order at zero field, and show that the lateral ex-
[?)ﬁla:r:etz 0 € gap equation an e quasiparticle aMllgema of the “normal” pockets are bracketed by regions of paired

electrons.
keT |2 B
N(O)Vof% J gco§(20 }_(E(fﬁ)"'MB Ag(T,B)=Agg 1— i) Fol 2= | +0ash |, )
E(£0) | ke T Aoo KT
where
E(&,0)—uB
“a“"(T ? & t+x t—X
B FA(x)=f t? 1— tanh7+tanh7 2|dt.
0

Noting that F,(0)~3.61 recovers the zero field answer,
Hue= >, [(Ex—uB)afa+ (Ext+uB)BiB)]. (5  while for x>1 F,(x)~|x|%/3 whence,
k

3
1( n[B|

Qualitatively, the Zeeman field lowe(screasesthe energy Ag(T=0B)=Apd 1— =
3

of the spin up(down) quasiparticle states which in turn
changes their occupation and affects the self-consisten
condition for the gap functioriwhich is now distinct from
the true quasiparticle gap
Weak-field respons&Ve begin by considering weak mag-
netic fields and low temperaturesiB,kgT<<Agy. An
s-wave state is essentially unaffected in this limit. This is
because the occupation numbers for quasiparticle states
main exponentially small at loWw and B, due to the finite
gap, even though the field shifts the qua3|part|cle bands lin-
early (at T=0 the gap function and the ground state are
completely unaffected )
The situation, however, is qualitatively different in the c(T B)=2kBN(O)(kBT) =
case of thed,> 2 state studied here—in our case the gap ’
vanishes at four nodal points on the Fermi surface— h
sufficiently close to these points there are always some spiW ere
up quasiparticle states whose energies becoagativefor
arbitrarily small values oB. These states, which live in el- Fe(x)= 2 t(t+0X )%e! /(e ¥+ 1)2dt.
liptical pockets,E,<uB, near the Fermi surfacéig. 1),
develop a thermal occupation that@(1) atanytempera- For fields in excess of the temperaturex>1,
ture. Translating back into electron operators, one sees th&ic(x)~ (7%/3)x whence C= (2772/3)k TN(O)uB/Aqyg
these pockets are in fact regions of the spin polarized norma+ CyuB/Aqg, whereCy is the normal state specific heat;
state(fully polarized atT = 0)—their inner and outer arcs are the linearT dependence at low is a consequence of the
pieces of the spin split Fermi surface which come togethefinite DOS. ForuB<kgT, we recover the expecteff de-
when the angle dependent gap function exceeds the Zeemaendence upon using:(0)=9/(3)~10.8.
energy. The loss of pairing in them and the area wikym, Thermal conductivityAt low temperatures where impu-
leads to an overall reduction of the gap function: rity scattering may lead to a constant quasiparticle scattering

+0O(B%) |. 7

00

C()fonsequently, the reduction of the gap function at low fields
and temperatures is quite modest, and the most important
effect of the proliferation of quasiparticles in the ground state
is thefinite density of state$DOS) at the Fermi level, which
qualitatively alters the low-energy physics of the sysfém
rWe now turn to the consequences for some physical quanti-
fies in this regime, where we may neglect the reductioa pf
at leading order.

Specific heatThis takes the scaling form

uB
C kBT )

®

00
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ratel? the thermal conductivity, should be proportional to ' '
C. Therefore k. should increaselinearly with T, for
kgT<<uB, while it increases witil quadratically in the ab-
sence of the field, as observed experimentHi[Jhis is to be
contrasted with the recent experimental findfhiipat a mag-
netic field appliedperpendicularto the Cu-O plane of the
cuprate superconductasuppresseghe electronic thermal
conductivity, presumably due to orbital effects.
Magnetization M also takes a scaling form:

keT)? B
M(T,B)=2.N(0) B [ #B ) )
00 kBT
where
Py (R S
X)= — .
M o \e™*+1 e'"*+1

FIG. 2. The temperature-magnetic field phase diagram for a
The limitsFy (x>1)~x?/2, andF y;,(x<1)~ (2 In2)x, imply dy2_2 superconductor. The solid line is the second order phase
M o< B2 when uB>kgT, andM«B when uB<kgT. boundary separating the normal state and the superconducting state.
Tunneling conductancdhe T=0 tunneling conductance Above T/T.=0.56, the superconducting state is the zero momen-
of a superconductor-insulator-metal junction at varying biagum pairing state while below it is a finite momentum pairing state
G(V) |S, |n pr|nc|p|e, the most dlrect measurement Of theat h|gh fleldS, which glVeS way to the zero momentum pall‘lng State
single particle DOS of the superconduct@.goes to zero by a first order tr_an5|_t|on along th_e_ dashed phase boundary. At
linearly with V for ad,2_2 superconductor in zero field. For T/T;~0.06, the direction of the pairing momentum at the phase
#B>KsT, the finite DOS leads to a finite conductance: 2Ty BRI SR Tl Lot L B e e e
gg\ée_\(l)v)h;r?{‘r’i; Béﬁsgrcvc\)lgg[lig? ilg it:(iatstunrg;?r:gg ﬁgfiuc- The lower(uppe) dotted lines are metastability lines abdbelow)

. which the normal(zero momentum pairingstates become local
Phase diagramWe now turn to the effects of strong mag- . . ( pairing
L . minima of the free energy.
netic fields. Ans-wave superconductor undergoes a first or-

der phase transition to theln_ormql state wher=A/ V2 (a Larkin-Ovchinnikov(FFLO) state gives way to the zero mo-
is thes-wave gap at T=0," ignoring the finite momentum  yenwm pairing state by a first order transition.

pairing instability(see below. This follows upon noting that In order to consider this possibility for thisz > prob-
the singlets-wave state is insensitive to the Zeeman field,joy \ve extend the pairing potential in Ed) to aII(y)W pair-

while the normal state lowers its energy in proportion to itsing between electrons with total momenturg, for
Pauli susceptibility. The temperature-magnetic field phange Ive, wherevg is the Fermi velocity:
[ 1 .

diagranf exhibits a tricritical point where the first order line
terminates, and the field tuned transition becomes continu-
ous. Y + ot
V= Vi k/Cr +C_ C_yr Cpr 1. 10
The d,2_y2 superconductodoesrespond to the Zeeman k%q Kk —kerg, [ E =k e T (10
field but far more weakly than the normal state. This leads to il | h . ) ;
a phase diagraniFig. 2) of the same topology as in the As we will see later, the pairing momentugnis at most o

s-wave case. We find that @=0 there is a first order tran- ©'d€rAoo/ve, which is much less thae./vg . Therefore it
sition to the normal state atB=0.56A o, (close to the value is a reasonable approximation to neglect the dependence of

0.5A, obtained without accounting for the paramagnetismin€ Pailing matrix elementy » ong. The gap still takes the

of the d,2_,2 state; at the transition the gap function has dy2-y2 form and obeys
amplitude 0.94,,. For T<0.56T;, the transition remains

first order, and the normdbkuperconductingstate becomes N(0)V, (27 e coS(20)
local minimum of free energy at lowéhighen temperature, 1= f d9f dé

as represented by the dotted lines in Fig. 2; abbwe.56T 2m Jo 0
the transition becomes continuous.

Thus far we have only considered zero momentum pair- % tam-(w +tam-(w 1
ing. At high fields one may suspect that it might be more 2kgT 2kgT
favorable to try to pair across the spin-split Fermi surface of (11)
the partially polarized normal state; indeed it is known in the
s-wave casg&*'?that this happens at low temperatures. Thewhere z(6) = uB+ (v£q/2)cos@—6,), and 6, is the polar
pairing is then at dinite center of mass momentum for the angle of the pairing momentuin In order to determine the
Cooper pairs and the resulting transition from the high field(second order phase boundary between the normal and
normal state is continuous. At lower fields this Fulde-Ferrell-FFLO states, one needs to find the solution of @d) with

E(£.0)
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A =0 and the largest possibl At T=0, we find the initial come important neafl, where the interplanar coherence
pairing instability occurs atj=2uB/vg, 6,=0,7 or =«@/2  length is large. However, in the same approximation, there
(i.e., for g along directions of maximum gap, and exists a lower temperatur€, where the vortex cores fit
uB~1.08Aq. At lower fields the system undergoes a first between planes and the orbitd}, diverges Below T* (es-
order transition to thej=0 state. As the condensation en- timated as 0.8%, and 0.99. for YBCO and BSCCO,
ergy of the FFLO state is quite smathe state is gapless respectivelj?), assuming two dimensionality should be an
over much of the Fermi surfagean excellent estimate for eycellent approximation and hence the Zeeman response
this field is simply the value obtained earlier for the levelghoyig dominate. Another limitation of our analysis is the
crossing between the normal state anddhe0 state, which  hegiect of scalar impurity scattering which destroys the
leads to the window 0.5%,=uB<1.083 for the stability ~ rr| o state in dirty superconductors, and of spin-orbit scat-
of the FFLO state, which is considerably Iaorger_th_an the Winering which attenuates the pair-breaking effect of the Zee-
dowA/ﬁsMB§A for the 2Ds-wave case” At finite tem- 2 ielq On these fronts, the news seems to be good: the
peratures, we find fol/T.<0.06, the direction of paifing  giate of the art YBCO and BSCCO samples are in the clean
momentumg remains the same as thatD0; however, at it and their residual resistivities translate into scattering
T/T.>0.06 this changesliscontinuouslyto 6,==m/4 Or  {imes of order ~10 %2 s, which lead via the Elliott
+3x/4, i.e.,q now points in the directions aghinimumgap. estimateé?® to a spin-orbit scattering timersg~ /(Ag)2

At finite T we again use the crossing point of the free ener-_q5-10 ¢ (Ag=g—2~0.1). Consequently
gies of the normal andj=0 pairing states to estimate the rso>7h/(gusB) for fields above a Tesla and the neglect of

boundary between the zero and finite. momentum pairingin_orhit scattering should not be too serious. A final caveat
stateq(Fig. 2), this window narrows and the magnitude of the is the conventional BCS weak-coupling nature of our analy-

pairing wave vector for the high field instability decreasesgjg \hich is evidently problematic in the cuprates; because
and approaches zero t=0.56T., where the high field o the absence of a solution of the larger problems in the
phase boundary and the coexistence line betweemth@  fig|g we are unable to say very much more on the issue.

state a_nd the normal state come together. In the FFLO phase, Nevertheless, the qualitative physics uncovered by our
there is presumably a first order phase boundary acrossoge calculation, should be quite robust to any mechanism

which the direction of the pairing momentum changes, whichy, 4 yields ad,> - state in a single layeP Experimentally,

ends at the phase boundary separating the normal and FFLQe |6\ field effects discussed here should be readily observ-

states afl/T,~0.06. In the present work we have not at- gpje e.g., we estimate an enhanced specific heat of magni-
tempted to study this phase boundary. For0.56T, there  {,de 0.HT mJI/mok K2 (kgT< uB) from the existing data

is no region withq+#0 pairing and there is a continuous oy yBCO?2! while the high field phase transitions and the
transition directly from the normal state to tige=0 state. gl o phase would appear only at fields of order 100 T,
This topology is also identical with that in treewave prob-  \yhich are currently out of reach. Finally, while we have
lem. We note that our results on the phase boundary separaipncentrated entirely on the parallel geometry, it is clear that
ing the normal state and FFLO state agree with a previoug fy|| account of the response at arbitrary orientations of the

. 5 . . .
study by Maki and Wort; which are also confirmed in more magnetic field will need to take account of the Zeeman phys-
recent work(Ref. 16; however in these works no estimate -5 discussed here.

was given for the phase boundary separating the FFLO state
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