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Magnetic phase diagram of Ho/Er alloys
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The magnetic structures of a series of Ho/Er alloys have been determined by neutron-diffraction techniques.
The alloys were prepared as thin films~10 000 Å thick! by molecular beam epitaxy, and are single crystals
with a mosaic spread of about 0.2°. A variety of magnetic structures are found, arising from the competition
between the exchange and anisotropic crystal-field interactions, the latter of which are of opposite sign for Ho
and Er. The magnetic phase diagram has five distinct phases with long-range magnetic order: basal-plane
helical, tilted helical, cycloidal,c-axis longitudinally modulated, and conical. The cycloid and tilted helix have
both incommensurate and commensurateq5

1
4c* forms, and all of the thin films have a conical structure at low

temperatures, even though corresponding films of pure Ho and Er do not exhibit this phase. There is a
pentacritical point, and probably a disordered phase which is completely surrounded in the phase diagram by
magnetic phases with long-range order. A Landau theory is developed to describe these results.
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I. INTRODUCTION

The magnetic structures of the rare-earth metals are c
plex because of the competition between the exchange in
action, which usually favors structures that are incommen
rate with the underlying hexagonal lattice, and the crys
field interaction, which favors alignment of the magne
moments along specific crystallographic axes. In this pa
we report on the structures of alloys of Ho with Er. Ho a
Er have similar exchange interactions but very differe
crystal-field interactions, and so the study of these all
enables us to probe the behavior when, on average,
crystal-field interactions become very small and a variety
different magnetic structures are stable.

Both Ho and Er have magnetic structures in which
magnetic moments within each basal plane are aligned
romagnetically, but the direction and possibly the magnitu
of the ordered moments changes from one plane to the
along thec axis. The magnetic structures of bulk Er we
first determined by Cableet al.1 Between the temperatures o
85 and 52 K, the structure is ac-axis longitudinally modu-
lated structure with a wave vectorq of about 2

7c* , and both
the moment direction and wave vector are parallel to thc
axis. Between 52 and 20 K, both thec axis and basal-plane
components of the moments order to form a cycloi
structure,2 while the wave vector decreases on cooling fro
2
7c* to 1

4c* . At 20 K there is a first-order transition to
conical structure in which the ferromagnetic moment
along thec axis, the cone angle is about 26°, and the mo
lation wave vector of the basal-plane components is5

21c* .
The magnetic structures of bulk Ho were determined
Koehler et al.3 Between 132 and 20 K, the structure is
basal-plane helix described by a wave vector varying
tween2

7c* and 1
6c* . At 20 K there is a transition to a conica

structure in which the cone angle is about 83°, the rotation
the basal-plane components is described by a wave vect
570163-1829/98/57~14!/8394~14!/$15.00
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6c* , and there is a bunching of the moments towards tha
axes in the basal plane.

Since the initial measurements there have been m
more detailed studies of the structures of Ho and Er. H
resolution x-ray-scattering measurements have reve
long-period commensurate structures in both the cyclo
phase of Er~Ref. 4! and helical phase of Ho~Ref. 5! and
detailed studies of these commensurate structures have
made.2,6,7 These show a variety of distortions of the simp
phases described above caused both by the competition
tween the crystal-field and the exchange interactions,
also by the effect of trigonal interactions which distingui
between the two different sites of the hexagonal crys
structure.

The development of molecular beam epitaxy~MBE! tech-
niques has made possible the growth of high-quality t
films for many materials that are not readily available as b
single crystals. Although bulk single crystals have be
grown by strain annealing, we chose to use single crystal
films of Ho/Er alloys grown using MBE techniques, as d
scribed in the next section. Samples of thin films of Er a
Ho have been studied8,9 and their properties are similar t
those of the bulk materials, except that in both cases
conical phase is suppressed. In the case of Ho thin films,
helical phase persists to at least 4 K with a wave vector
which increases with decreasing film thickness, and fo
thickness of 10 000 Å the wave vector is about1

5c* at low
temperatures. The magnetic structure of a 10 000 Å film
Er at low temperatures is a cycloid with a wave vector
1
4c* . The suppression of the conical phase in the films
sults, presumably, from the clamping of the rare-earth fi
by the substrate and the cap, which reduces the gain in
magnetoelastic energy on entering the conical phase.
also note that superlattices of Ho/Er have been studied,
display an unusual coexistence of short and long-range m
netic correlations.10,11
8394 © 1998 The American Physical Society
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57 8395MAGNETIC PHASE DIAGRAM OF Ho/Er ALLOYS
Bulk alloys of Ho and Er have been studied by Bozo
et al.12 using magnetization measurements. Their res
showed that the onset of magnetic order varies continuo
with the concentration between Ho and Er, and that the tr
sition to a conical structure at low temperatures occurs
higher temperature in the alloys than in the pure materials
bulk alloy containing equal amounts of both Ho and Er h
been studied by neutron13–15 and x-ray-scattering
techniques16 to determine the magnetic structures, wh
neutron-scattering measurements have been made o
magnetic structures for a crystal containing 90% of Ho.13,15

The results show a variety of magnetic structures but did
establish the nature of the phase diagram. We shall dis
these results and compare them with ours for thin films
Sec. IV.

The next section of the paper describes the growth of
alloy samples, the neutron-scattering techniques used
study the magnetic scattering from the alloys, and the an
sis of this scattering to determine the magnetic structu
The experimental results are described in detail in Sec.
where the different magnetic structures are deduced a
function of temperature. There are at least nine differ
magnetic phases, and it is suggested that one of these p
is disordered and entirely surrounded in the phase diag
by phases with long-range order. A Landau theory is dev
oped in Sec. IV to describe the structures which occur at
onset of magnetic ordering, and the phase diagram is
tained with several multicritical points at one of which fiv
different magnetic phases are stable. At low temperatu
the structures are determined by the energy of the sys
and an expression for the energy is obtained and shown t
capable of describing the observed structures. Finally, a s
mary is given in Sec. V, and the questions raised by
work are further discussed.

II. SAMPLE GROWTH AND NEUTRON SCATTERING

A. Sample growth

The alloys of Ho/Er were grown at Oxford using the MB
techniques described previously.17 Sapphire substrates wit
an area of 12310 mm2 were UHV annealed and 1300 Å o
Nb deposited on them to provide a chemical buffer betw
the sapphire and the reactive rare earths. 1800 Å of nonm
netic Y was deposited on the Nb to provide a seed wit
growth plane having a similar structure and lattice param
to the basal plane of the rare earths. Ho and Er were sim
taneously deposited onto the seeds with the elemental d
sition rates chosen to produce the desired alloy composit
and to grow each alloy at a rate of 1 Å s21 to a thickness of
10 000 Å. During the growth of the alloy, the temperature
the substrate was held at 870 K: a temperature chosen t
high enough to facilitate the growth of high-quality films b
sufficiently low to prevent separation of the two rare eart
Finally, 150 Å of Y was deposited to inhibit oxidation of th
alloy. Five different samples of the HoxEr12x alloys with
nominal compositionsx50.8, 0.65, 0.5, 0.3, and 0.1 wer
grown and their properties investigated.

The samples were studied by x-ray-scattering techniq
which showed that the Ho/Er alloys were of single crys
form with thec axis perpendicular to the plane of the film
The Y seed and the alloy had differenta-lattice param-
ts
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eters and these were each within error the same as thos
the bulk materials. The Y and the alloys were, howev
aligned with their crystallographic axes in the same dir
tions. The mosaic spreads of the alloys varied between 0
and 0.2° which are typical of the best rare-earth thin film
grown in this way.9,10,17

One problem has been to find an accurate way of confi
ing the compositions of the alloys. This is difficult becau
Ho and Er differ by only one in atomic number and so t
x-ray-scattering form factors are very similar. In addition, t
neutron-scattering lengths differ by only 0.6%. The latti
parameters of the films, as determined at 15 K, are liste
Table I and compared with those of 10 000 Å films of H
~Ref. 9! and of Er~Ref. 8!. The difference in both thea- and
c lattice parameters for Ho and Er is only 0.5% and so th
neutron-scattering measurements do not provide an accu
determination of the concentration by using Vegard’s La
We shall return to a discussion of the concentrations in S
IV B, but meanwhile we shall refer to the concentrations
the different samples by the best estimate of the concen
tions obtained in Sec. IV B and listed together with t
nominal concentrations in Table II. Thin films grown by th
same method17 were uniform in concentration to60.5%,
and our results are consistent with the Ho/Er alloys havin
similar uniformity.

B. Neutron scattering

The neutron-scattering experiments were performed us
triple-axis spectrometers at the DR3 reactor of the Risø
tional Laboratory. Neutrons from a cold source were Bra
reflected from the~002! planes of a pyrolytic graphite mono
chromator to produce a neutron beam with a wavelength
4.05 Å. The neutrons with wavelengths ofl/2, l/3, etc. were
suppressed by a cooled Be filter. An analyser also of py
lytic graphite was set to detect elastically scattered neutr
and was used to improve the instrumental resolution and
reduce the background. For three of the samples,x50.31,
0.57, and 0.93, the spectrometer TAS 6 was used with c
mation from the reactor to detector of 308, 298, 528, and
1048 giving a resolution in the scattering plane of typical
0.011 Å both parallel and perpendicular to the wave-vec
transfer. The remaining two samples and thex50.93 sample
were studied using the TAS 1 spectrometer with collimatio
of 1408, 308, 608, and 1408, giving a resolution of 0.021
Å 21 parallel and 0.016 Å21 perpendicular to the wave
vector transfer.

The samples were mounted in a variable temperature
ostat with the a* - and c* -crystallographic axes in the
horizontal-scattering plane. The temperature was contro
to 60.5 K between 8 and 150 K. Most of the measureme
were performed by scanning the wave-vector transfer al
the @0 0 l # and@1 0 l # directions in reciprocal space, whil

TABLE I. Lattice parametersa andc in Å of Ho/Er thin films
at 10 K as a function of concentrationx.

Conc.x 116 0.93 0.65 0.57 0.31 0.13 017

a 3.580 3.5707 3.5790 3.5659 3.5609 3.5678 3.5
c 5.621 5.6270 5.618 5.6070 5.5958 5.5950 5.5
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TABLE II. Transition temperatures in K and magnetic structures of HoxEr12x alloys. Note: The data for
x50 and 1 are from Refs. 8,9,17. The phase transition temperaturesTAB are for transitions between phaseA
high temperature andB low temperature whereP5paramagnetic,L5c-axis longitudinally modulated,
C5cycloidal,H5basal-plane helix,T5tilted helical,D5isotropic disordered, andCo5lowest temperatures
conical phase. The wave vectors are in units ofc* , andqC andu are for the conical phase at low temper
tures.

x 0 0.13~2! 0.31 ~2! 0.57 ~3! 0.65 ~2! 0.93 ~2! 1.0
Nominal x 0 0.1 0.3 0.5 0.65 0.8 1.0

TPL 85.6 ~4! 88.0 ~5!

TPH 95.0 ~5! 109.6~5! 113.5~5! 128.9~4! 133.3~5!

q0 0.283 0.284 0.282 0.282 0.281 0.279 0.278
TLC 50 ~5! 73.6 ~9!

THT 81 ~1! 45 ~2!

TTC 65 ~5!

Lock-In 20 ~4! 27 ~1! 35 ~1! 45 ~2!

TTD 38 ~2!

TCCo 16.5 ~10! 22 ~2!

TDCoTHCo 30 ~1! 35 ~1! 20 ~1!

u 39.5 ~3! 45 ~1! 57 ~1! 62 ~2! 75 ~2!

qC 0.25 0.241 0.238 0.230 0.224 0.200 0.200
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keeping the energy transfer fixed at zero. Particular emph
was put on the structural Bragg reflections~0 0 2! and~1 0 0!
and the magnetic scattering at the~0 0 22q) and ~1 0 q)
positions in reciprocal space, whereq is the modulation
wave vector of the magnetic ordering which is always pa
lel to the @0 0 l # direction and will be given in units of the
reciprocal lattice vectorc* .

C. Data analysis

A typical result for the neutron scattering measured
these experiments is shown in Fig. 1 for thex50.65 alloy at
a temperature of 9 K. The scattering is dominated by sh
peaks that are mostly resolution limited and from the int

FIG. 1. The scattering observed from Ho0.65Er0.35 at 20K. The
inset in the upper diagram shows the scattering from the hig
harmonics and the label Y shows the scattering from the~0 0 2!
reflection of the Y seed.
sis

l-

rp
-

sities of these peaks the magnetic structure can be d
mined. There are a few less intense peaks also illustrate
Fig. 1 which arise from higher order distortions of the idea
harmonic structure. These were only observed at the low
temperatures.

The principal peaks corresponding to the structural Bra
reflections~0 0 2! and~1 0 0! and to the magnetic scatterin
occurring at wave vectors~0 0 22q) and~1 0 q) were fitted
to Gaussians to obtain their position, width, and integra
intensity. The difference in the position of the nuclear a
magnetic scattering gives the modulation wave vectorq and
these are shown in Fig. 2 for all of the samples. The mo
lation wave vectorq was determined from the~0 0 22q)
and ~1 0 q) peaks to an accuracy of60.002. The results
were within error the same for both peaks except for thx
50.13 sample as described in Sec. III F.

Magnetic Bragg scattering provides a measure of
square of the ordered magnetic moment perpendicular to

er
FIG. 2. The wave vectors of the modulated ordering for Ho

alloys. The solid line shows the wave vectors for a Ho film~Ref.
17! and the dashed line for bulk Er1, and the concentrations of Ho
are listed.
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57 8397MAGNETIC PHASE DIAGRAM OF Ho/Er ALLOYS
wave-vector transferQ of the neutrons.18 The integrated in-
tensity of the Bragg scattering at~0 0 2! was found to be
independent of temperature showing that this scatterin
nuclear scattering. The absence of any magnetic scatterin
this region indicates that none of the samples have a fe
magnetic structure in which the magnetic moments are
dered in the basal plane perpendicular toQ. In contrast, the
intensity at the~1 0 0! Bragg position increases for all of th
samples below about 25 K, showing that they have orde
magnetic moments along thec axis at low temperatures.

The intensity of the magnetic scattering measured wit
wave-vector transferQ5(0 0 22q) is proportional to the
ordered moment perpendicular toQ,18 namely, in the basa
plane, so that

I ~0 0 22q!5F1@^Sx~q!&21^Sy~q!&2#, ~1!

whereF1 is a constant depending on the form factor, fund
mental constants and the instrumental parameters. The in
sity of the Bragg scattering whenQ5(1 0 q) is given by

I ~1 0 q!5F2@0.01̂ Sx~q!&21^Sy~q!&210.99̂ Sz~q!&2#,
~2!

whereF2 is a constant similar toF1 and the numerical con
stants are deduced from the component of the ordered
ments perpendicular toQ. The temperature-dependent part
the scattering at the~1 0 0! Bragg reflection is given by

FIG. 3. The square of the ordered components of the magn
moments for the alloy Ho0.93Er0.07.

FIG. 4. The square of the ordered components of the magn
moments for the alloy Ho0.65Er0.35.
is
in

o-
r-

d

a

-
n-

o-
f

I M~1 0 0!5F3^Sz~0!&2, ~3!

whereF3 is another constant. Since the wave-vector tra
fers ~1 0 0! and ~1 0 q) are very similar, the changes in th
magnetic form factors and instrumental conditions betwe
these two wave-vector transfers are small and if they
neglected F352F2. A detailed calculation givesF3
52.05F2.

The experimental results were then analyzed by assum
that ^Sx(q)&25^Sy(q)&25 1

2 ^S'(q)&2. This is the case for
the magnetic structures such as the basal-plane helix or
which are isotropic about thec axis, and for all other struc-
tures if it is assumed that there are randomly populated
mains throughout the films. The ratio ofF1 to F2 was deter-
mined experimentally from the intensities measured forQ
5(0 0 22q) and ~1 0 q) for phases in whicĥ Sz(q)& is
known to be zero. TypicallyF150.28F2 which is also con-
sistent with calculations. As is conventional, the square
the ordered components^S'(q)&2, ^Sz(q)&2, and ^Sz(0)&2,
were then normalized to the square of the total ordered
ment ^ST&2 at low temperatures wherêST&25^S'(q)&21
^Sz(0)&21^Sz(q)&2 and the results for the five samples a
shown in Figs. 3–7. The different magnetic structures t
are to be identified from the measurements are as follow

~a! Basal-plane helix: ^S'(q)&Þ0, ^Sz(q)&50,
^Sz(0)&50.

tic

tic

FIG. 5. The square of the ordered components of the magn
moments for the alloy Ho0.57Er0.43.

FIG. 6. The square of the ordered components of the magn
moments for the alloy Ho0.31Er0.69.
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8398 57R. A. COWLEY et al.
~b! Tilted helix: ^S'(q)&Þ0, ^Sz(q)&Þ0,
^Sz(0)&50, R5u^Sz(q)&u/u^S'(q)&u,1.

~c! Cycloid. ^S'(q)&Þ0, ^Sz(q)&Þ0, ^Sz(0)&50, R
5u^Sz(q)&u/u^S'(q)&u.1.

~d! Cone: ^S'(q)&Þ0, ^Sz(q)&50, ^Sz(0)&Þ0, tanu
5^Sz(0)&/^S'(q)&.

~e! c-axis longitudinally modulated: ^S'(q)&50,
^Sz(q)&Þ0, ^Sz(0)&50.

The identification of the tilted helix and the cycloid re
quires further discussion. These two phases are differen
cause the titled helix has components of the ordered
ments along the three perpendicular directions^Sx&, ^Sy&,
and ^Sz&. In contrast the cycloid has ordered moments
only one direction in the basal plane. Despite this differen
if there is a random set of cycloid domains the scatter
from these two phases is indistinguishable because both
^S'(q)& and ^Sz(q)& nonzero. These phases do have diff
ent higher harmonics but the scattering from these was
observable in the experiments.

The identification of the tilted helix and the cycloid wa
therefore performed by using symmetry arguments and
results of the Landau theory described in Sec. IV. The
periments show that the temperature dependence of th
tensities is continuous except for some of the transitions
the conical phase. Since the symmetry group of the til
helix is a subgroup of the symmetry group of the basal-pl
helix, whereas that of the cycloid is not a subgroup, the tr
sition from a basal-plane helix to a tilted helix can be co
tinuous while that from a basal-plane helix to a cycloid m
be of first order. We can therefore identify the phase
which ^Sz(q)& is small compared tôS'(q)& as a tilted helix.
The Landau theory predicts that the continuous transi
between a tilted helix and a cycloid occurs whenR
5u^Sz(q)&u/u^Sx(q)&u51. We have used this result to iden
tify the transition from the experimental data. A more refin
theory might give a different critical value ofR, but it is
unlikely to alter the phase diagram qualitatively.

Similarly, symmetry considerations indicate that t
c-axis longitudinally modulated phase can have a continu
transition to a cycloid but not to a tilted helix. The sequen
of continuous transitions is then basal-plane helix↔ tilted
helix↔cycloid↔c-axis longitudinally modulated.

FIG. 7. The square of the ordered components of the magn
moments for the alloy Ho0.13Er0.87.
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III. MAGNETIC STRUCTURES

A. Experimental results

The experimental results were analyzed as describe
the previous section. Except for a few limited temperatu
ranges, the widths of the peaks were independent of the t
perature and determined by the experimental resolu
showing that the magnetic order is of long range and has
extent of at least 2000 Å in the growth direction of the allo
For each sample the integrated intensities of the obse
peaks were used to determine the square of the total ord
moment, the square of the modulated component in the b
plane and along thec axis, and the square of the ferroma
netic component along thec axis, Figs. 3–7, in units such
that the square of the total ordered moment is one at
temperatures. The statistical errors are smaller than the
of the points. Close to the Ne´el temperature for the onset o
magnetic ordering the square of the ordered moments
creases approximately linearly with the temperature diff
ence fromTN . The Néel temperature was therefore obtain
from a linear extrapolation of the measured intensities. T
magnetic structures for each sample are described in the
sections and summarized in Table II. The transition tempe
tures from, for example, a helix to a cycloid are written
THC , where the first symbol refers to the high-temperatu
phase and the second to the stable phase at lower tem
tures. The symbolsP, H, T, C, D, L, andCo refer to the
paramagnetic, helical, tilted helical, cycloidal, disordere
c-axis longitudinally modulated, and conical phases, resp
tively.

B. Results for x50.93

Magnetic ordering is observed belowTPH5128.960.4 K
and the absence of ac-axis longitudinally modulated com
ponent, Fig. 3, shows that the structure is a basal-plane h
The wave vector on orderingq0 is 0.279, which is very simi-
lar to that found for pure Ho. On cooling the sample, t
wave vector decreases steadily as shown in Fig. 2 and
behavior resembles that of a pure Ho film. BelowTHCo520
61 K the wave vector has the commensurate value of 0.
and the alloy has a conical structure. The cone opening a
is 90° at THCo and decreases smoothly on cooling to
62° at 12 K. This suggests that the transition from the h
lical to the conical structure is continuous. In the temperat
range between 45 and 20 K there is perhaps a trace
nonzerô Sz(q)& component but this is, at most, 3.5% of th
basal-plane component, and so it is probably not signific
If the structure was a tilted helix the tilt would be at mo
2°.

Higher-order harmonics are observed at low temperatu
for the conical structure corresponding to the fifth and s
enth harmonics of the first order wave vector with intensit
of 0.9 and 0.3 % of the main magnetic peak, respective
The presence of these higher harmonics confirms the loc
to a commensurate value with a~122! structure, where each
1 or 2 denotes the number of planes with their mome
aligned approximately along successive easy axes in
basal plane.

The decrease in the Ne´el temperature from that of pur
Ho and the existence of a helical structure are to be expec

tic
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57 8399MAGNETIC PHASE DIAGRAM OF Ho/Er ALLOYS
More surprising is the occurrence belowTHCo of a conical
phase. The conical phase is suppressed for similar pure
films grown on Y~Ref. 9! and the modulation wave vectorq
50.20 is different from that of the conical structure of pu
bulk Ho for whichq50.167.

C. Results for x50.65

The experimental results for thex50.65 sample are
shown in Figs. 2 and 4. The Ne´el temperature isTPH5113.5
60.5 K, with an ordering wave vector of 0.281, and t
ordered structure is a basal-plane helix. The wave ve
decreases steadily on cooling and belowTHCo53561 K the
structure becomes a cone with a cone angle that decre
smoothly with temperature. The wave vector atTHCo is
0.233 and decreases on cooling until it locks in to 0.2
60.002 below 2461 K. This wave vector is, within error
2
9 which corresponds to a~121212! commensurate structure
Both fifth and seventh harmonics are observed in the sca
ing at 9 K with intensities of 1.8 and 0.6 % of the prima
scattering. These results are very similar to those of thx
50.93 sample, but withTPH decreased andTHCo increased.
The only qualitative change is that the wave vector locks
to a commensurate value at a lower temperature than
onset of the conical structure atTHCo , whereas for thex
50.93 sample the wave vector was temperature indepen
throughout the conical phase.

D. Results for x50.57

For thex50.57 sample the onset of magnetic order is
TPH510960.5 K with the moments ordering in the bas
plane~Fig. 5!. The modulation wave vector isq050.282 at
TPH and decreases steadily on cooling as shown in Fig
BetweenTPH and approximately 50 K the total moment in
creases smoothly, before reaching a plateau region betw
50 and 40 K. We note that the plateau region appear
coincide with the wave vector passing through the comm
surate value ofq5 1

4, and that in this temperature interval th
basal-plane moments decrease and thec-axis moments orde
in a continuous fashion. We identify this as the phase tr
sition from the basal-plane to tilted helix.

On cooling below 40 K the surprising result is found th
the total integrated intensity appears to decrease down t
K. At the same time the square of thec-axis longitudinally
modulated component is roughly one half of that of t
square of the basal-plane moment. This indicates that
moments are ordered isotropically in all three crystal
graphic directions. Moreover, in this temperature regime,
widths @full width at half maximum~FWHM!# of the mag-
netic peak at~0 0 22q) is 0.0154 Å21, compared with
0.0126 Å21 outside this interval. This shows that the ma
netic order in this temperature region is not long range,
has a domain size of about 700 Å. We have therefore d
ignated this phase as the disordered phase. This identifica
is supported by a comparison of our results with those
tained for bulk crystals as discussed in Sec. IV. This ph
has not been found in bulk rare earths, is incommensu
with a wave vector less than 0.25, and is isotropic.

Below TDCo530.061.0 K, the structure changes to
long-range ordered cone and there is a rapid increase in
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square of both the total moment and the basal-plane mom
The results, shown in Fig. 5, suggest that most of the m
ment is ordered in the conical phase. The angle of the c
decreases steadily on cooling and is 57.161.0° at 20 K,
while the modulation wave vector of the conical phase
0.230, and decreases with decreasing temperature. Hig
order satellites were not observed.

E. Results for x50.31

Magnetic ordering for thex50.31 sample is observed fo
temperatures belowTPH59560.5 K, as shown in Fig. 6.
The wave vector at the onset of helical basal-plane orde
is q050.282, Fig. 2. Thec-axis components of the magnet
moments order belowTHT58161 K and increase steadily in
magnitude, while the basal-plane components remain
proximately constant. The structure is probably a tilted he
aboveTTC56563 K, at which temperature the basal-plan
component of the moment^S'(q)& is 0.97 that of thec-axis
^Sz(q)& moment. On further cooling, the total ordered m
ment steadily increases while the ratio of thec-axis to basal-
plane momentR increases to 1.27 at 40 K and then decrea
to 1.10 at 25 K. Since thec-axis moment is larger than th
basal-plane moment, the structure of this phase for the
sons discussed in Secs. II C and IV A is probably a cyclo
The ratioR decreases towards one on cooling so as to m
mize the total ordered moment on every atomic plane. T
wave vector is constant, within error, at a value ofq50.250
below 35 K. BelowTCCo52262 K the magnetic structure
changes to a conical structure with a an opening angle c
stant at 4561°, and a wave vector for the basal-plane co
ponent of 0.237 which is the same as that of the con
phase of bulk Er. The opening angle of the cone is alm
independent of temperature, and a substantial fraction
both the cycloidal and conical phases are present betwee
and 20 K. We have therefore concluded thatTCCo52262 K.
The results are consistent with a sharp jump in the w
vector between these two phases, and so this and the
perature independence of the cone angle suggest tha
transition is of first order. Higher harmonics were not o
served in the scattering from the conical phase for t
sample.

F. Results for x50.13

The sample withx50.13 is magnetically ordered below
TPL58860.5 K and the wave vector at the onset of order
q050.284. The structure isc-axis longitudinally modulated
and similar to that observed for bulk Er at high temperatur
Below TLC573.661.0 K when the wave vector has in
creased to 0.285, the basal-plane components order an
modulation wave vector decreases. The ratio of thec-axis
longitudinally modulated component to the basal-plane m
ment reduces with decreasing temperature and is consta
1.24 below 48 K. This cycloid locks in with a wave vector
0.25 below 2761 K. Below TCCo516.561.0 K, the scatter-
ing gives evidence of both a conical structure and a sm
c-axis longitudinally modulated component of the order
moment, as shown in Fig. 7. A consistent explanation of
results is that the sample has regions of both cycloid
conical structures . If we assume that the fraction of the fi
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with the cycloidal structure is determined by thec-axis lon-
gitudinally modulated component, and that the ratio ofc-axis
to basal-plane moments for the cycloid is fixed at 1.24
found between 48 and 20 K, then the data suggest tha
cone opening angle is independent of temperature at
60.3°. The proportion of the film with the cycloidal struc
ture is 0.93 at 18 K, 0.15 at 15 K, and 0.10 belo
12 K. Although there is no increase in the width of th
~0 0 22q) magnetic peak below 20 K, there is an increase
the width of the~1 0 q) peak to 0.024 Å21 at 15 K from
0.016 Å21 at 25 K. This is consistent with thec-axis longi-
tudinally modulated component of the scattering arising fr
a thin region of the sample of about 500 Å thick. Above
K the wave vectors of the~0 0 22q) and ~1 0 q) peaks are
the same. Below 15 K they differ and the wave vector of
~1 0 q) scattering is consistent with it arising solely from
cycloid with q5 1

4. The wave vector of the~0 0 22q) peak is
smaller indicating that the basal-plane ordering of the c
has a wave vectorq50.241. We conclude, therefore, that th
sample has two distinct magnetic structures below 16
with about 90% of the sample exhibiting a conical structu
similar to that of bulk Er but with a cone angle of 39.5
instead of 30°, and the remainder of the sample adoptin
cycloidal structure with a ratio of thec-axis longitudinally
modulated to basal-plane moment of 1.24. Since Er fi
grown on Y substrates do not have a conical phase,8 it is
likely that this sample is very close to the boundary for t
onset of the conical phase. Possibly the cycloid occurs
thin layer next to the Y seed where the film is most high
strained, while the cone occurs in the less highly strain
part of the sample away from the seed.

IV. PHASE DIAGRAM

A. Landau theory

In this section, the extent to which the experimental
sults and particularly the phase diagram can be describe
a Landau theory will be discussed. This approach is expe
to be appropriate at temperatures close to the magnetic
dering temperature. The experimental results suggest tha
cept at the lowest temperatures, the magnetic ordering o
i th plane is well described by a simple sinusoidal order
rameter of the form

^Sia&5Ssacos~q•Ri1fa!, ~4!

wheresa is a variable which varies between 0 and 1 depe
ing on the structure and the temperature andS is the aver-
aged magnetic moment. The Landau expansion of the
energy averaged over each atomic site is then given
Jensen and Mackintosh19 as

F2F05(
a

a~T2TN!sa
21(

ab
u@21cos2~fa2fb!#sa

2sb
2

1dsz
21vsz

4 , ~5!

where the first two terms are isotropic and arise largely fr
the exchange interactions. They are given approxima
by19
s
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a5S 3

4D S2

S~S11!
kB , ~6!

and

u5S 9

160DS~S21S11/2!

~S11!3
kBT. ~7!

The parameterTN is given by

TN5
1

3FS~S11!K~q!1
d

aG , ~8!

whereK(q) is the Fourier transform of the exchange co
stant andq is the wave vector at which the transform is
maximum. The anisotropic termsd andv, which arise from
the crystal field and from any anisotropy in the exchan
interactions, are the lowest order terms in a power se
expansion of these effects. The coefficientd is negative for
Er and positive for Ho and so the average value ofd is
expected to pass through zero for Ho/Er alloys. This expr
sion for the free energy describes the interactions betw
the basal planes and the parameters should be calculate
averaging over the different interactions: Ho-Ho, Ho-Er, a
Er-Er. This approximation is appropriate because the in
planar exchange constants are strong and for the heavy
earths they align the magnetic moments parallel so that e
plane can be treated as having a constant average mag
moment. This approach differs from that develop
earlier15,16 in which the Ho and Er magnetic moments ord
independently with their own moment directions and int
acting with an average environment which was obtained s
consistently. We have assumed that the strong intra-pla
interactions result in the whole of each basal plane behav
as a unit.

The Landau expansion of the free energy, Eq.~5!, is given
by Jensen and Mackintosh.19 However, it has not been dis
cussed in detail as the parameterd passes through zero, an
so we shall first describe this behavior. Ifd.0, while v
.0, there is a transition atTPH5TN from a paramagnetic
phase to a helix withsx5sy5sH and fx5fy6p/2. The
phase relationship results from the minimization of the s
ond term of Eq.~5! whenu . 0. The order parameter in th
helix is given by

sH
2 5S a

8uD ~TN2T! ~9!

and

F2F052S a2

8uD ~TN2T!2. ~10!

If d,0 andv.2u/3, a transition occurs at a higher temper
ture

TPL5TN2
d

a
, ~11!

with sx5sy50 while s5sz and the phase isc-axis longi-
tudinally modulated with
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s25S a

6u12v D ~TPL2T!. ~12!

The free energy is given by

F2F052S a2

12u14v D ~TPL2T!2. ~13!

On cooling, this phase becomes unstable against the fo
tion of a cycloid in whichsx5s1, sz5s3, and fx5fz
6p/2, where since this approximation to the free energy
isotropic in the basal plane, the choice of a component in
x direction is arbitrary. The transition between thec-axis
longitudinally modulated phase and the cycloid is continuo
and occurs at a temperature of

TLC5TN1
du

a~2u1v !
. ~14!

Detailed expressions can be obtained for the temperature
pendence ofs1 ands3.

The transition between the cycloid and the helix occ
through an intermediate structure with three componentssx
5 s1, sy5s2, andsz5s3 with fx5fz or fz1p. Special
cases of this phase are the cycloid withs250, the basal-
plane helix withs350, and the tilted helix. The stability o
the helix againsts3 shows that ifv.0, the transition be-
tween the helix and tilted helix is continuous and occ
when d50 at THT , while if v,0 the transition is of first
order and occurs ford,2. The boundary between the tilte
helix and the cycloid occurs when the cycloid is unsta
againsts2, which occurs forv.0 when

TTC5TN14S ud

vaD , ~15!

ands1 ands3 of the cycloidal phase are equal orR51 as
described in Sec. II C.

Detailed expressions can be obtained for the tempera
dependence of the free energy and of thes ’s for all of the
phases.

The phase diagram is illustrated schematically in Fig

FIG. 8. Schematic phase diagram deduced from Landau th
by assuming that onlyd/a varies with concentration and that th
other parameters in the theory are temperature and concentr
independent. The structure of the different magnetic phases is
cated in the figure.
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for v.0 as a function of temperature andd/a. We have
assumed thatK(q) is a constant and thatu/v51. The phase
diagram is unusual in that it shows a pentacritical point
T5TN andd50 with five different phases coexisting: par
magnetic, helical, tilted helical, cycloidal, and ac-axis lon-
gitudinally modulated. This is distinct from the tetracritic
points which occur in nearly isotropic three-dimensional s
tems with commensurate order parameters and for syst
with competing anisotropies for which the structures a
simple ferromagnets or antiferromagnets. Ifv,0, the tilted
helix is unstable and there is a first-order transition betw
the cycloid and the helix; while ifv,23u, higher-order
terms are needed to stabilize thec-axis longitudinally modu-
lated structures and the properties depend on the detai
these higher-order terms.

We have not considered the effect of critical fluctuatio
on this pentacritical point for two reasons. First, the critic
phenomena of bulk Ho is not yet understood20 and secondly,
the mean-field-like behavior of the order parameter in o
results suggests that critical fluctuations may play only
small role in describing the global properties of the pha
diagram of Ho/Er alloys. In order to apply these results
Ho/Er alloys, the simplest possible average crystal assu
tion is that the parameters vary linearly with the concent
tion from Ho to Er.

B. Concentrations

Most of the physical properties of Ho and Er are ve
similar. As discussed in Sec. II A, the lattice paramet
differ by less than 0.5%, the atomic numbers and hence x
form factors by 1.5% and the nuclear coherent-scatter
lengths for neutron scattering by 0.6%. The magnetic pr
erties do, however, change considerably with the concen
tion as discussed above, and so it is preferable to use t
properties as a measure of the concentration.

One of the most direct measures of the concentratio
the magnetic ordering temperature, and the results of Sec
together with the Landau theory were used to deduce
concentrations of the different samples. The theory and
magnetization measurements of Bozorthet al.12 suggest that
TPH is linearly dependent on the concentration between p
Ho and the pentacritical point as predicted by the Land
theory. Their results12 suggest that the transition temperatu
~in K! is given by

TPH577156x. ~16!

The measurements of the transition temperature then en
the concentrations for four of the samples to be obtained
the results are listed in Table II, where they are compa
with the nominal values. The phase boundary between
helix and tilted helix is predicted by Landau theory to
linear in the concentration and the experimental results s
gest thatTHT52138.5x1125.33. The intersection betwee
these two boundaries gives the pentacritical point atT591
62 K andx50.2560.02. The phase boundaries for the o
set of thec-axis longitudinally modulated phaseTPL and of
the transition to the cycloidTLC are assumed from Landa
theory to be linear in the concentration between this criti
point and the phase transitions of pure Er, and hence

ry

ion
di-
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TLC5531152x, ~17!

TPL585124x. ~18!

The corresponding transition temperatures of the most
rich sample can then be used to deduce its concentratio
0.1360.02 and the agreement obtained from the two bou
aries provides some support for the methodology.

Two of the samples,x50.57 andx50.93, have concen
trations which are substantially different from the nomin
concentrations, Table II. A comparison can, however,
made with measurements12–15 for bulk crystals.TPH was
measured to be 125 K for a bulk crystal with a nomin
concentration of 0.9,15 and a value of 121 K was obtained fo
a powder sample of nominal concentration 0.8.12 It is there-
fore reasonable that the sample withTPH5128.5 K has a
concentration of 0.93. Similarly,TPH5104 and 106 K have
been obtained for bulk crystals withx nominally 0.5,12,16and
so our sample withTPH5109.6 K probably hasx50.57,
somewhat higher than the nominal concentration of 0.5.
samples with concentrations of 0.57 and 0.93 were gro
using the same calibration, and the results are consistent
this calibration being slightly in error, resulting in an Er co
centration which was low.

C. Phase diagram at high temperatures

The results discussed in Sec. III and listed in Table II
combined with the Landau theory described in Sec. IV A
obtain the phase diagram for the Ho/Er alloys as shown
Fig. 9. The points show the phase transition temperatu
deduced from the measurements, and the lines betwee
different phases are given by the equations forTPH , THT ,
TLC , andTPL . The phase boundary between the cycloid a
the tilted helix is determined approximately by the pent
ritical point and the one experimental point as

TTC52330x1173.5. ~19!

FIG. 9. The magnetic phase diagram for Ho/Er alloys. The so
lines show the phase boundaries between different magnetic s
tures, and the cross atT591 K andx50.25 shows the position o
the pentacritical point. The region enclosed by the lines between
open triangles is the region over which the disordered phase
occur as described in the text.
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There are five different magnetic phases which meet at
pentacritical point and for all of the four ordered phases
wave vector varies continuously.

Although the phase diagram deduced from the exp
ments and shown in Fig. 9 is topologically the same as
one obtained schematically from Landau theory, Fig. 8, th
are notable differences. First, the transition temperature
the onset of magnetic order steadily decreases with decr
ing x. This is because the exchange interactionK(q) varies
with x as well as the anisotropy parameter. The concen
tion dependence ofTPH @Eq. ~16!# andTPL @Eq. ~18!# can be
described by the model if in units of temperature

d

a
528132x, ~20!

while Eq.~8! suggests that the exchange constant, in units
temperature, varies as

K~q!52.5711.06x. ~21!

The exchange constants depend19 on the de Gennes factor
(g21)2J(J11) multiplied by the conduction electron su
ceptibility x(q) and the interaction between the conducti
electrons and the 4f electronsI . Equation~21! suggests that
the peak ofI 2x(q) is 1.2660.05 times larger for Er than fo
Ho, and occurs at a wave vector of 0.284 instead of 0.28

Mean field analysis of the continuous transition betwe
the helix and tilted helix shows that it occurs whend50. The
phase diagram shown in Fig. 8 was calculated by assum
that d is independent of temperature and depends solely
the concentration. The experimental points for the ph
boundaryTHT , Fig. 9, depend on concentration showing th
the anisotropy constantd varies both with concentration an
temperature. This is to be expected because the crystal
generates contributions tod from the termsB2

0, B4
0, andB6

0,
which do not have the same temperature dependenci19

Furthermore, the temperature dependence of the lattice
rameters tends to make the ratio of the lattice parame
(c/a) larger as the temperature decreases, thereby redu
the anisotropy constant.

If the temperature variation ofd is assumed to be linea
with TPH2T in the helical phase, then the equation for t
phase boundary between the helix and the tilted helix s
gests that Eq.~20! should be modified to include the tem
perature dependence ofd as

d

a
528132x20.165~TPH2T!. ~22!

A comparison with the equation for the phase boundary
tween the tilted helix and the cycloid, Eq.~19!, then suggests
that

u/v53.0560.3. ~23!

When this Landau theory is extended to calculate
boundary between thec-axis longitudinally modulated phas
and the cycloidal phaseTLC the value ofTLC for x50 is 73
K which is much larger than the value for pure Er of 53
This failure of the model may result from the temperatu
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TABLE III. Temperature dependence of the order parameter near the Ne´el temperature.

x 0.13 0.31 0.57 0.65 0.93

s2/(TN2T) 0.0113~20! 0.0125~10! 0.0125~10! 0.0129~10! 0.0116~10!
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dependencies of the parameters of the free energy of
c-axis longitudinally modulated phase being different fro
those of the helical phase.

The Landau theory can also be compared with the va
of the order parameter close to the Ne´el temperature. In
Table III, the values ofs2/(TPH2T) are listed and are ap
proximately constant throughout the helical phase at 0.0
60.0008, which for the model suggests thatu/a5 10.160.7
K. In the c-axis longitudinally modulated phase,s2/(TPL
2T) is smaller than for the helix which is inconsistent wi
Eqs.~10! and ~13! andv,u. It is, however, consistent with
the behavior ofTLC described above, because the transit
to the cycloid occurs when the order parameter of thec-axis
longitudinally modulated phase reaches a critical value
the order parameter increases more slowly than that ca
lated by the model, the phase transition will occur at a low
temperature. Figure 10 shows a calculation of the temp
ture dependence of the different components of the mag
tization for thex5 0.31 sample using the model describ
above. The parameters werea50.68 from Eq.~6!, u56.87 K
deduced from the average increase of the order paramet
the helix,d/a as given by Eq.~22!, andv52.25 K from Eq.
~23!. The results are qualitatively similar to the experimen
results in Fig. 6.

The values of the parameters for the Landau theory ca
compared with other estimates. At the pentacritical point
expansion of the Brillouin function givesu54.07 K. At
TPH , the anisotropy parameterd arises from the crystal-field
term B2

0, and from the anisotropic dipolar interactions.B2
0

has recently been estimated as 0.024 meV~Ref. 21! for Ho
and20.027 meV2 for Er, while the anisotropy of the dipola
interactions is 0.035 meV~Ref. 19! for both Ho and Er.
These results gived/a5 34 K for Ho and215 K for Er.
These latter values are somewhat different from our e
mates of 24 and28 K, respectively, and they suggest th

FIG. 10. The temperature dependence of the square of the o
parameters for Ho0.31Er0.69 as calculated by the Landau theory f
the basal-plane helical, tilted helical, and cycloidal phases. In
cycloidal phase both basal-plane andc-axis components are equa
he
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the multicritical point occurs whenx50.31 which is in rea-
sonable agreement with our experiments.

In conclusion, Landau theory gives a semiquantitative
scription of the behavior of Ho/Er alloys close to the onset
magnetic ordering. The parameters are within factors of 2
the values expected from theory and other measureme
The model successfully describes the helix and tilted he
but is less satisfactory for thec-axis longitudinally modu-
lated phase.

D. Phase diagram at low temperatures

At low temperatures all of the alloys have a conical pha
in which the wave vector varies with concentration and
often locked in to a commensurate value at low tempe
tures. Figure 11 shows the wave vector and cone angl
sufficiently low temperature and both vary smoothly wi
concentration and can be extrapolated tox50 andx51 to
give the properties of the conical phases in the bulk. T
phase boundaries are probably continuous between the
cal and the conical phases, and of first order between
tilted helix or cycloid and the cone.

The concentration dependence of the maximum total
dered moment and the calculated atomic momentgJ is
shown in Fig. 12. The former were obtained by compar
the integrated intensity of the~0 0 22q) scattering with that
of the ~0 0 2! nuclear Bragg peak and correcting for the for
factor and the Lorentz factor. The very reasonable agreem
between the theory and experiment, given the uncertain
of this type of measurement arising from interference fro
the seed and capping layers, suggests that the magnetic
ments are mostly ordered at low temperatures.

At low temperature the theory differs from that in Se
IV A because the term in the free energy due to the entr
@the u term in Eq.~5!# is small and the free energy becom

er

e

FIG. 11. The modulation wave vector at low temperatures
the basal-plane components in the conical phase (c* ) and the
square of the cosine of the cone angle. The solid line is a stra
line fit to the latter to deduce the parameters of the Landau the
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the same as the energy of the system. For a system w
sinusoidal variation of the ordered moment with position,
energy is given by

E52
1

2(a K~q!sa
2~q!1

1

2
dsz

2~q!1
3

8
vsz

4~q!, ~24!

where we have neglected the anisotropic terms of sixth
higher order in the ordered moment. If the ordered mom
is uniform in space the energy is

E52(
a

K~0!sa
2~0!1dsz

2~0!1vsz
4~0!. ~25!

The order parameters at low temperature are determined
the classical theory with the condition that the total mom
sT51, and the quantum fluctuations are neglected. The
commensurate phases have the properties

~a! Helix:

sx~q!5sy~q!51, EH52K~q!.

~b! Tilted Helix:

sx~q!51, sy~q!5cosu, sz~q!5sinu,

ET52K~q!2
d2

6v
, while sin2u5

22d

3v
.

~c! Cycloid:

sx~q!5sz~q!51, EC52K~q!1
d

2
1

3v
8

.

The stable phase is a helix ifd.0, a tilted helix if
23v/2 ,d,0, and a cycloid ifd,23v/2.

The experimental results described in Sec. III show t
the most stable phase for all of the alloys at low tempera
is a conical phase for which the model gives

sx~q!5sy~q!5sinu, sz~0!5cosu,

and

FIG. 12. The total ordered magnetic moment as determined
perimentally~points! and the average momentgJ ~solid line! of the
alloys. Note that the zero of the scale is suppressed.
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ECo52K~q!2
~d1d!2

4v
,

where d5K(q)2K(0) and cos2u52(d1d)/2v. The phase
boundary between the cone and the helix is continuous
occurs when

d52d, ~26!

while that between the tilted helix and cone is of first ord
and occurs when

d5SA2

3
21D d. ~27!

The jump in the cone angle at the tilted helix-to-cone tran
tion is given by

cos2u05
2d

A6v
. ~28!

The phase boundary between the cone and cycloid is of
order and occurs when

d52d2vS 2
2d

v
2

3

2D 1/2

, ~29!

while the jump in the cone angle is

cos2u05
1

2 S 2
2d

v
2

3

2D 1/2

. ~30!

These results can be used to construct a schematic p
diagram by varying the parametersd, d, andv. The param-
eter d describes the difference between the exchange c
stantK(q) for a modulated structure and that for a ferroma
netic structureK(0). As thetemperature is lowered the wav
vector decreases, Fig. 2, and the difference betweenK(0)
andK(q) becomes smaller. Furthermore there are magn
elastic and dipolar contributions19 to K(0) which further de-
crease the difference so that in bulk Ho, for example,K(0) is
larger thanK(q) even though the exchange part of the inte
action is still a minimum for an incommensurate value ofq.
Sinceq increases with the concentration of Er, Fig. 2,d can
be expected to increase with increasingx. The cone angle
varies smoothly with the concentration, Fig. 11, suggest
that bothd andd vary linearly withx. The multicritical point
at which the cone, helix and tilted helix meet occurs wh
d5d50. If it is assumed thatd/v varies with both tempera
ture and concentration whiled/v varies only with the con-
centration, the experimental results for the cone angle
the multicritical point suggest that

d

v
51.88~x20.9!1t ~31!

and

d

v
520.48~x20.63!, ~32!

where t is a scaled temperature. The schematic phase
gram resulting from these assumptions is shown in Fig.
and it has a region of stability for all of the phases observ

x-
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in the experiments. The calculated phase boundary of
tilted helix has a much larger region of stability than is o
served while the cycloid has a smaller region. Better agr
ment between the theory and the experimental results in
9 can be obtained by including the higher order crystal-fi
terms, and allowing all of the parameters to vary with bo
temperature and concentration. We shall not describe the
sults here as the theories involve more parameters which
difficult to calculate.

A commensurate phase is observed withq51
4 over an

appreciable part of the phase diagram, Fig. 9, in both
cycloidal and tilted helical phases and at temperatures
above the transition to the conical phase. In contrast, if
wave vector occurs in either the helical or conical phas
this commensurate phase is stable over only a very nar
temperature interval if at all. This lock-in arises because
the crystal-field anisotropy through thevsz

4(q) term and the
additional terms of this form which can arise if 4q is a re-
ciprocal lattice vector. Since this term only contributes to
energy if there is ac-axis longitudinally modulated contribu
tion to the order parameter, it does not produce any effec
the conical or helical phases. At low temperatures the con
phase has a commensurate modulation of the basal-p
moments with the commensurate wave vector varying w
the concentration. These commensurate phases arise fro
crystal-field anisotropy within the basal planes and the str
tures are similar to those observed in other studies of
heavy rare earths.

E. Temperature dependence of the ordering wave vector

The mean field theories described in the previous sect
do not account for the change in the modulation wave ve
with temperature. At the onset of ordering the wave vecto
nearly the same, Fig. 2, for all the alloys as for bulk Ho a
Er, showing that the conduction electron susceptibilities h
maxima at very similar wave vectors. At lower temperatu
the wave vectors differ, and the theory for these changes
developed by Elliott and Wedgwood23 who showed that the
magnetic ordering splits the conduction electron ene
bands at the Fermi level, and that for a helix the energy
minimum if the wave vector decreases as the ordered
ment increases. For bulk Ho, Ho/Y, and Ho/Lu alloys, t
change in the wave vector belowTN , Dq, is approximately

FIG. 13. The phase diagram at low temperatures deduced
an approximate expression for the energy of the alloys.
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proportional to the cube of the ordered moment24 but this
behavior is not understood in detail.

The Ho/Er alloys have a variety of different magne
phases and so it is of interest to study the change in the w
vector for the different phases. First, as found in bulk
~Ref. 1!, the wave vector increases slightly on cooling belo
the ordering temperature in thec-axis longitudinally modu-
lated phase. Since the band splitting arises in both
spin-up and spin-down conduction bands, no large chang
to be expected in the wave vector of the maximum of
susceptibility. Second, there is a marked temperature de
dence of Dq with temperature for the helical phases
shown in Fig. 14. The results for the samples withx50.57,
0.65, and 0.93 are described at least approximately by

Dq50.091x3sn, ~33!

wheren52.860.2. This behavior is similar to that found fo
the helical phases of Ho, Ho/Y, and Ho/Lu alloys and it
surprising only in that it is proportional tox, the concentra-
tion of the Ho atoms.

Third, Fig. 14 also shows that the change in the wa
vector in the cycloidal phase of thex50.13 sample is a
simple function of the ordered moment in the basal plane
fit to the results givesDq50.15sx

n with the exponentn
52.660.2. This exponent is similar to that observed in t
helical phase but the amplitude is very different. The the
of the band splitting for the cycloid is similar to that for th
helix if the band structure is isotropic in spin space. T
observed difference in the amplitudes suggests that the in
actions are not isotropic and that it is necessary to take
count of the spin-orbit effects on the band structure. Fina
the behavior ofq for the sample withx50.31 is complex,
and we have been unable to find a simple connection w
either the basal-plane moment or the total moment. Gi
that the sample has four different magnetic structures
failure is unsurprising. Likewise the simple power law f
the helix fails for thex50.57 sample when it enters the tilte

m FIG. 14. The change of the ordering wave vector from that
the onset of ordering, as a function of the square of the orde
basal-plane moment for four of the alloys. The fifth alloy withx
50.31 gives a more complicated temperature dependence.
solid lines are fits to a power law and describe the results satis
torily.
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helical and disordered phases. We conclude that further w
is needed to understand the temperature dependence o
wave vector.

F. Comparison with other experiments

Bozorth et al.12 made magnetization measurements
five different Ho/Er bulk alloys and the magnetization wh
a magnetic field was applied along the different crysta
graphic axes. The results can be compared with our meas
ments of the temperature for the onset of magnetic orderTPH
and the temperature of the transition to a conical phaseTHCo
as a function of the concentration. In Sec. IV B, we ha
used these measurements to obtain our concentrations a
the results are consistent with the concentrations listed
Table II. The measurements12 of THCo and TCCo gave
slightly higher temperatures than those listed in Table II
pecially when the concentrations were small or close to
For example, Bozorthet al. obtained 26 K whenx50.2,
whereas forx50.31 we obtain 22 K. This difference prob
ably arises because basal-planes of the thin films are clam
as described for thin films of Ho and Er in Sec. I.

A single crystal with a nominal concentration of 0.9 w
also studied by Ro”nnow.15 The scattering was consiste
with the magnetic structure being a basal-plane helix
tween 125 and 24 K and a conical structure at lower te
peratures. At 10 K the cone angle was 76.4° and the mo
lation wave vector 7

36. One advantage of performin
experiments on bulk samples is that weak higher harmo
can be observed when the intensity is only 1024 of the stron-
gest reflections, whereas with the thin films the higher h
monics must be 231023 of the strong reflections to b
readily observable. Consequently the higher harmonics in
x50.9 bulk sample were studied in detail and careful fits
the data showed that theq5 7

36 conical structure had a disor
dered arrangement of the spin slips. The wave vector of
phase 0.1944 is smaller than for the conical phase of the
film with x50.93, Table II.

Powder samples withx50.7 and 0.4 were studied b
Shirane and Pickart.13 They suggested that the magne
structure was a basal-plane helix just below the onse
long-range order and then transformed to a cone at low t
peratures. The modulation wave vector and the cone a
were in good agreement with those found for the coni
phase of our thin films. A phase diagram of Ho/Er alloys w
first proposed by Millhouse and Koehler.25 It differs from
that shown in Fig. 8 because the nature of the cycloid ph
was not then understood or distinguished from the tilted
lical phase, while the isotropic disordered phase was not
served, and the multicritical point between these phases
the paramagnetic phase occurred at somewhat smaller
centration. We consider that these differences arise lar
because of the better data and samples now available.
phase diagrams reported for Tb/Er alloys26 and Dy/Er
alloys25 are similar in that the nature of the cycloid was n
then known and so the identification of a mixed phase an
a tilted helical phase needs to be treated with caution.
suspect that the Er-rich parts of these phase diagrams
very similar to those found for Ho/Er, shown in Fig. 9.

A crystal with x50.5 has been studied with neutro
scattering techniques by Shirane and Pickart,13 Howard and
rk
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Bohr,14 and by Ro”nnow15 and with magnetic resonant x-ray
scattering techniques by Pengraet al.16 Shirane and Pickar
observed the transitions to the helical phase atTPH and to the
conical phase for which they obtained values for the mo
lation wave vector and cone angle that are in agreement
those reported above. The later experiments also obse
intermediate phases in agreement with the results show
Fig. 5 and described in Sec. III D. Qualitatively the resu
for the high- and low-temperature ordered phases are
same as those described above for the film withx50.57. The
neutron scattering in the intermediate disordered phase
tween 47 and 33 K is, however, different. On cooling t
intensity of the~0 0 22q) peak increased, while for the thi
film it decreases, and simultaneously for the bulk the int
sity of the~1 0 q) peak increased. These results suggest
there was a considerable increase in the total ordered
ment in this phase with substantially less ordered momen
both the helical and conical phases.

We consider that this direct conclusion is not physica
reasonable but that the results can be understood if the
crystal has a disordered phase similar to that proposed fo
x50.57 film in Sec. III D. In this case the disordered pha
causes a relief of the extinction in the bulk crystal so th
although the ordered moment does not increase the scatt
does increase. It is well known2,6 that extinction strongly
reduces the neutron-magnetic scattering in bulk single c
tals of Ho and Er and this is another illustration of the dif
culty of obtaining reliable intensities of strong magnetic r
flections from bulk rare-earth crystals. Although the structu
initially proposed14,16 for the intermediate phase of bulkx
50.5 samples are different from our disordered phase, m
recently Ro”nnow15 has also proposed that extinction mig
play an important role. If our model of this intermedia
phase as a disordered phase is correct, it deserves mo
tention. It is completely surrounded in the phase diagram
phases which have long-range order, and occurs in both
crystals and films.

We have been unable, so far, to measure the phase bo
aries between this phase and the neighboring helix, ti
helix, and cone; and so the phase diagram is still uncertai
this area. The phase is not described by a mean field th
of the structures. The short-range order has an incomme
rate wave vector. The short-range ordered moments
nearly isotropic. It is therefore an example of ad53, n
56 system with random anisotropy. At the critical point b
tween the helix, cone, and tilted helix the average values
both the anisotropyd and exchange parameterd are zero,
and so there are local and random fluctuations about zer
the values of both of these parameters due to the statis
fluctuations in the concentration. It is therefore a rand
anisotropy system with the further complication of fluctu
tions to the conical phase. In systems with compet
anisotropies and simple antiferromagnetic orderingn5d
53 the fluctuations22 do not destroy the long-range orde
Randomness does, however, have a much larger effec
systems with continuous symmetry such as incommensu
systems. These have low-energy phase fluctuations w
can couple to the random fluctuations leading to a dest
tion of long-range order. Clearly further theoretical work
needed to understand this aspect of the phase diagram.
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V. SUMMARY AND CONCLUSIONS

We have measured the magnetic structures of thin sin
crystal films of Ho/Er alloys. The samples were grown
MBE techniques and are of high crystallographic quali
Neutron-scattering measurements were made to deter
the different magnetic structures and seven different st
tures were identified. Besides the paramagnetic structure
have observed a helical structure similar to that found in b
Ho, a c-axis longitudinally modulated structure, and a cy
loid similar to those found for bulk Er, and at low temper
tures we identified a conical structure similar to those fou
in bulk Ho and Er even though the same conical structur
suppressed in similar thin films of the pure materials.

In addition, we have observed two phases which do
occur in the pure materials. Between the helical and cyc
dal phases there is a tilted helical phase in which all th
components of the magnetization are ordered and nonze
is also suggested that there is a disordered phase with
short-range magnetic order completely surrounded in
phase diagram, Fig. 9, by phases which, within our reso
tion, have long-range order. Similar phases have not b
observed in other commensurate systems with compe
anisotropies.

The results have been used to construct a phase dia
which is shown in Fig. 9. The phase diagram is complex
that even when neglecting the transitions between sim
commensurate and incommensurate phases there are
different multicritical points. A pentacritical point occurs
the intersection of five phases, the properties of which h
not been explored before, and two bicritical points, one
which is at the intersection of two continuous phase tran
n,
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tion lines and a first-order line, and another of which is at
intersection of two first-order lines with a continuous pha
transition line. In Sec. IV C we have shown that a Land
description of the behavior close to the onset of long-ran
order describes the properties semiquantitatively at le
above 40 K. In Sec. IV D we have used an approximation
the energy to discuss the low-temperature properties
have shown that such a theory has the necessary ingred
to account for the observed phases. Progress is depende
the development of further theory. First, it is necessary
develop the statistical mechanics of the pentacritical po
and of the isotropic disordered phase withn56,d53, and
random anisotropy. Second, there is the need to calculate
concentration and temperature dependence of the param
in the Landau theory so that it provides an accurate rep
sentation of the phase diagram. Third, although the aver
model used in this paper appears to be adequate for des
ing most of the properties of the alloys, further work
needed to justify this type of model. Fourth, there is not
adequate understanding of the temperature dependence o
modulation wave vector in the alloys or for the pure mate
als.
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