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Evaluation of isomorphous models of alloys
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Order-N methods for calculating the electronic structure of clusters containing hundreds of atoms using
realistic self-consistent density-functional theory local-density approximation potentials make it possible to test
alloy theories more definitively. Tests are carried out on isomorphous models of alloys in which the atoms of
each species are treated as identical. In contrast, the order-N calculations lead to a polymorphous model in
which all of the atoms are unique. Isomorphous models are seen to reproduce average densities of states and
cohesive energies surprisingly well, in spite of their deficiencies in other areas.@S0163-1829~98!06913-6#
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I. INTRODUCTION

Efforts have been made for many years to understand
electronic structure of substitutional solid-solution alloy
which are called terminal solid solutions in the metallurgic
literature. This is a difficult problem because the lack
long-range order means that Bloch’s theorem does not h
and band-theory methods for calculating the electronic st
ture are not applicable. When digital computers came i
more general use in physics research, simple o
dimensional models1 and three-dimensional models2 of al-
loys were used to elucidate the general features of the e
tronic structure. It was learned that highly reproducib
characterizations of the electronic states can be obta
from a single calculation if the number of atoms in the mo
is large enough so that the properties being calculated
self-averaging.3 Today, order-N methods for density-
functional theory local-density approximation~DFT-LDA!
~Ref. 4! calculations of the electronic structure for clusters
hundreds or thousands of atoms make it possible to test a
theories more definitively on realistic three-dimensional s
tems that can also be studied experimentally. They also m
it possible to study the additional theoretical questions t
arise in the process of iterating the DFT-LDA potentials
self-consistency. They require supercomputers, prefer
with parallel architecture, and would have been impractica
short time ago.

For the sake of being definite, a disordered alloy will
pictured as an infinite collection of two kinds of atoms,A
andB, placed on the sites of a Bravais lattice with probab
ties equal to their concentrations,c and 12c. Experimen-
tally, materials can be fabricated that approximate this id
picture by quenching certain binary metallic alloys from hi
temperatures. If the Warren-Cowley short-range order co
ficientsa lmn obtained from diffuse scattering intensities of
rays or neutrons are small, the sample may be treate
disordered for most purposes. It might be thought that
placement of the atoms precisely on the sites of the ave
570163-1829/98/57~13!/7653~8!/$15.00
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lattice is a significant approximation. One of the striking r
sults from x-ray and neutron-diffraction experiments on so
solutions is the sharpness of their Bragg peaks. Analysi
the experimental Debye-Waller factor shows5 that the rms
displacement of atoms from their average position caused
the size effect is less than one-third the thermal displacem
at room temperature, even for alloys with large si
differences.6 This conclusion is borne out by the more s
phisticated experimental studies of atomic size effects w
the 3l method7,8 that make use of x rays generated by
synchrotron.

The alloy models used in the earlier computation
studies1,2 were chosen to be isomorphous, which means t
the potential functions used on all of theA sites are the same
as are those on theB sites. The calculations show that th
theories that had been proposed, the rigid-band model9 and
virtual-crystal approximation,10 could only be used for alloys
in which neither of the constituent atoms is a strong scatte
of conduction electrons. This eliminates many metallic
loys of technological importance because they contain tr
sition metals. Efforts to treat strong scattering led first to
averaget-matrix approximation,11 and later to the coheren
potential approximation~CPA!.12 All of the theories that
have been mentioned have the effect of replacing the dif
ent scatterers in the alloy with a single effective scatterer
that, for the purposes of a calculation, the disordered sys
is replaced by an ordered one. The most generally succe
theory is the CPA. It has been used to explain a wide ra
of experiments on metallic alloys,13 and it contains the rigid-
band model, the virtual-crystal approximation, and the av
aget-matrix approximation as limits when the parameters
the alloy are such that those theories should be applicab

In Sec. II, various versions of the CPA are discussed
Sec. III, the locally self-consistent multiple scatterin
method used for order-N calculations is described briefly
and the results of calculations on realistic models of allo
are compared with the predictions of some isomorph
7653 © 1998 The American Physical Society
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7654 57FAULKNER, MOGHADAM, WANG, AND STOCKS
CPA’s. The results of this comparison are discussed in S
IV.

II. COHERENT POTENTIAL APPROXIMATIONS

The remarkable insight that led to the first CPA theo
evolved over a period of time with contributions from ma
scientists, but it was first clearly formulated in Ref. 12
terms of the isomorphous models that were in use in
computational studies. The electron interactions with all
A atoms in the alloy were assumed to be described by
same one-electron potentialnA(r ), and interactions with the
B atoms are represented bynB(r ). The procedure for finding
the effective CPA potentialn̂(r ) starts with the calculation o
the scattering matrix that describes scattering fromnA(r )
embedded in a lattice, withn̂(r ) on all the other lattice sites
tA(E). The scattering matrixtB(E) is obtained similarly.
The CPA relation that defines then̂(r ) is

ctA~E!1~12c!tB~E!50, ~1!

which means that, on the average, the effective medium
such that there is no scattering from anA or B atom embed-
ded in it. It follows thatn̂(r ) depends on the energyE and
the concentrationc, and it turns out to be complex. As th
approximation was studied by others, it came to be und
stood that it could be described in terms of an infinite sum
certain classes of terms in perturbation theory which co
be represented by diagrams.14 The result that the effective
potentialn̂(r ) is complex is a significant achievement of th
theory, because it represents correctly the fact that prop
tors in random alloys are damped. Later additions to
theory included a more clear prescription for calculating
properties of the alloy from the CPA Green’s function for t
general case of muffin-tin potentials in three dimensions15

As the CPA began to be used to calculate the electro
structure of real alloys to explain experimental measu
ments, it became desirable to have a method for calcula
nA(r ) and nB(r ) self-consistently using the DFT-LDA. A
scheme was proposed to do this that seemed to work we
applications,16 and was later generalized to calculate to
energies.17 This self-consistent-field method is called th
Korringa-Kohn-Rostoker~KKR!-CPA.18

The KKR-CPA was criticized for not treating the Cou
lomb energy correctly, and a simple model was proposed
predicting the charge on an atom in an alloy.19,20 A method
for including a more explicit contribution from the Coulom
energy in the CPA, while retaining the isomorphous mo
of the alloy, was developed.21 It is based on the assumptio
that the charge on an atom in the alloy would be screene
its nearest neighbors, just as it is for impurities in otherw
perfect metals. This screening assumption is also used a
basis for a more complicated theory for improving the tre
ment of the Coulomb energy called the charge-correla
CPA ~cc-CPA!.22 By making further simplifications, the cc
CPA was transformed into an isomorphous CPA that diff
from the one suggested in Ref. 21 by the choice o
prefactor.23 We will refer to these two isomorphous CPA
as the screened CPA~SCPA!.

Self-consistent DFT-LDA calculations on supercells co
taining hundreds of atoms have been carried out with
order-N method that will be described in Sec. III, and the
c.
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are the basis for extensive investigations of the Coulo
energy in alloys.24–26 Calculations on a Cu-Zn alloy with a
1024-atom supercell show26 that it is necessary to sum th
contributions from a very large number of nearest-neigh
shells in order to obtain the correct value for the Coulom
potential at any specific site, but the average of the Coulo
potentials at the Cu sites or at the Zn sites alloy is sh
range. This result can be used as a justification for
screening assumption in the SCPA of Refs. 21 and 22,
though the original belief that the origin of the Coulom
potential in alloys is qualitatively similar to that in the im
purity problem is clearly not true.

The order-N calculations lead to a polymorphous mod
of the alloy, in which every atom is seen to be unique. Ev
if two atoms are of the same species, their charge dens
are different because their environments are different, as
be demonstrated numerically in Sec. III. It follows that theA
or B atomic potentials,nA,i(r ) and nB,i(r ), depend on the
site indexi . This conclusion was discussed at great length
Ref. 26.

For a model of an alloy with a specified distribution
atoms on the sites of the Bravais lattice, it is possible
define a polymorphous CPA in which the scattering mat
tA,i(E) describes the scattering fromnA,i(r ) embedded in a
lattice with n̂(r ) on all the other lattice sites. The CPA con
dition becomes

(
i ,A

NA

tA,i~E!1(
i ,B

NB

tB,i~E!50, ~2!

whereNA andNB are the number ofA andB atoms in the
crystal. This is still a CPA approximation because the dis
dered alloy will be replaced by an ordered system with
effective potentialn̂(r ) on every site. The potentialn̂(r ) is a
complex function ofE andc, and it can be used to define
Green’s function and a Bloch spectral density function as
isomorphous CPA’s. Of course, further approximations ha
to be made in the implementation of the theory because th
are an infinite number of terms in the sums. In particul
calculations are carried out with supercells containing a fin
number of atoms. Such a polymorphous CPA has been
posed and investigated.27 The comparison of the prediction
in Sec. III of two isomorphous CPA’s with order-N calcula-
tions leads to the conclusion that there is some room
improvement in such theories.

III. ORDER- N CALCULATIONS

The order-N method used in the following calculations
called the locally self-consistent multiple scattering~LSMS!
method, and a complete description of it is in th
literature.28,29 It is based on the multiple-scattering equatio
of Rayleigh30 that are also the basis for the Korringa-Koh
Rostoker method.31 It has been demonstrated that the meth
is well adapted to treat transition metals. When solving
multiple-scattering problem, the interaction of an atom w
all neighbors in a local interaction zone that includes four
more nearest-neighbor shells is treated exactly. The C
lomb interactions with the remaining infinity of atoms a
also treated exactly, but the multiple-scattering part is
proximated. This process is repeated for each of theN atoms
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57 7655EVALUATION OF ISOMORPHOUS MODELS OF ALLOYS
in the cell, and the entire process is iterated until se
consistency is attained. The calculations are speeded u
exploiting the analytic properties of the single-partic
Green’s function and the variational properties of the DF
LDA, but they would be rather time consuming without
massively parallel supercomputer.

The LSMS method is used here to carry out DFT-LD
self-consistent calculations on models of fcc and bcc cop
zinc alloys. This alloy system was chosen because it is
classic example of a Hume-Rothery alloy,32 and has been
discussed extensively in the materials science literat
Since the constituents are both transition metals, experie
from ordinary band-theory calculations leads us to exp
that the muffin-tin approximation that we use will not intr
duce significant errors. Finally, there is no experimental r
son to believe that the size difference between copper
zinc would cause the rms deviation of the atomic positio
from the sites of the ideal lattice to be significant.5

The atoms in a given supercell are distributed random
on the lattice sites with probabilitiesc and 12c. The super-
cells are then periodically reproduced to fill all space. Allo
containing 10%, 25%, 50%, 75%, and 90% of copper
considered, and calculations are also done for the pure
als. All of these calculations are done for both the fcc a
bcc phases. For the fcc alloys, 500 atoms are randomly
tributed on the ideal lattice positions in the supercell, and
lattice constant of 6.90-bohr radii is used for all concent
tions. For the bcc case, 432 atoms are used, and the la
constant for all concentrations is chosen to be 5.50-bohr
dii. Warren-Cowley short-range order parameters are ca
lated for the first 12 nearest-neighbor shells, and they ar
the order of 0.01. Experimentally, alloys with sro paramet
ten times as large are observed to behave like random al
Tests are made to demonstrate that the samples are
enough so that the calculations on these alloy models gi
realistic picture of the properties of the infinite alloys. The
tests, and the other assertions that have been made a
these alloy models, were discussed at great length in Ref
A careful definition of the concept of the charge to be as
ciated with a site is also given in that reference, where
relation between these charges and the Coulomb potentia
each site is demonstrated.

In all of the LSMS calculations, the number of differe
charges found on the copper or zinc atoms is equal to
number of such atoms in the sample. The statistical distr
tion of these charges is shown in Fig. 1 for 50% fcc and b
alloys. The standard deviation is approximately 25% of
average charge for each atom in the fcc and bcc allo
Clearly, the assumption in isomorphous models that ev
copper or zinc atom has the same charge is not realistic

The LSMS calculations produce a set of self-consist
potentialsnA,i(r ) and nB,i(r ) for each atom in the sample
They contain all of the Coulomb effects that can be obtain
from a DFT-LDA calculation. The average of these pote
tials over all the atoms of each species will lead to potent
n̄A(r ) and n̄B(r ) that can be used in an isomorphous CP
which is called the LSMS-CPA. Since the self-consisten
steps involved in generating the average potentials, includ
the Madelung potentials, are in the LSMS calculation,
would not be proper to iterate then̄A(r ) andn̄B(r ) further in
the LSMS-CPA.
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The average charge on a site^q&A or ^q&B , calculated by
any of the available methods, is an approximately line
function of concentration, so the charge transfer depe
only weakly onc. In Fig. 2, LSMS-CPA calculations ofD
5^q&Cu2^q&Zn for the fcc and bcc Cu-Zn alloys describe
above are compared with the average charge transfers t
directly from the LSMS data. The fact that the charge tra
fers are very nearly the same is not a great surprise, altho
it is not required and seems to imply that the underlying C
idea is a powerful one. Charge transfers calculated with
tentials obtained with the self-consistent KKR-CP
method16 are also shown in Fig. 2. This charge transfer
about 70% of the one predicted by the LSMS, for both t
fcc and bcc alloys. From Fig. 2 one can obtain the impr
sion that LSMS-CPA calculations are almost as good
LSMS calculations, and that KKR-CPA calculations are on
70% as good, but the story is not so simple.

Since the average potentialsn̄A(r ) and n̄B(r ) contain all
of the Coulomb effects, the LSMS-CPA will achieve th

FIG. 1. A histogram distribution showing the charges on t
sites of two 50% copper-zinc disordered alloys. The charges w
positive sign correspond to copper atoms, which gain electro
charge in the alloy. The negative charges are associated with
zinc atoms. The upper panel is for models of fcc alloys witha
56.90 a.u. calculated with supercells that contain 500 atoms,
the lower panel is for bcc alloys witha55.50 a.u. and 432 atoms
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7656 57FAULKNER, MOGHADAM, WANG, AND STOCKS
same ends as the SCPA, except that no assumption is m
about the screening length for the Coulomb potential in
alloy. We do not claim that LSMS-CPA calculations are t
same as SCPA calculations, but we do claim that they p
vide a test of the improvement on KKR-CPA calculatio
that can be expected by including Coulomb effects in
isomorphous model of the alloy. In particular, the char
transferD obtained from the SCPA should be compara
with the one from the LSMS-CPA. A comparison with ava
able SCPA energy of mixing calculations will be shown
Sec. IV.

Cohesive energy calculations were carried out for all
Cu-Zn alloys and for the pure materials in the fcc and b
phases. The free energy of mixing is defined as

DEmix5Ealloy2cECu2~12c!EZn . ~3!

FIG. 2. The difference in the average charge of the copper
oms and zinc atoms on the sites of copper-zinc disordered alloy
a function of concentration. The charge transfers calculated with
LSMS method are shown by the dots connected with a solid l
The circles connected with a dashed line show the charge tran
calculated with the LSMS-CPA, and the KKR-CPA results a
shown by the boxes connected with a short-dashed line. The u
panel is for models of fcc alloys witha56.90 a.u. calculated with
supercells that contain 500 atoms, and the lower panel is for
alloys with a55.50 a.u. and 432 atoms.
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It can be seen from Fig. 3 that, for the fcc alloys, theDEmix
for both of the isomorphous CPA’s are remarkably close
the LSMS results. The values for the KKR-CPA agree be
than those for the LSMS-CPA, but the latter can be i
proved. The contribution to the LSMS cohesive energy fro
the interatomic Coulomb interactionsUC was calculated for
these same alloy models in Ref. 26.DEmix , obtained by
addingUC to the DEmix calculated with the LSMS, is also
shown in Fig. 3. In a similar fashion, an approximation toUC

is added to the mixing energies from the CPA step in
SCPA calculations of Refs. 21 and 22. For the 50% alloy,
LSMS-CPA1UC binding differs from the LSMS value by
about the same amount as the LSMS-CPA binding, but
LSMS-CPA1UC overbinds while the LSMS-CPA un
derbinds.

The results are qualitatively the same for bcc alloys,
can be seen from Fig. 4. The overbinding of t
LSMS-CPA1UC is greater for this case than the underbin
ing for the LSMS-CPA. Also, there is an asymmetry in t
energy of mixing calculated with the isomorphous CPA
that does not appear in the LSMS energy. When this re
was observed, the LSMS calculations were rerun with diff
ent samples and the local interaction zones were made la
but no significant change was observed.

Another quantity of considerable interest in the theory
alloys is the electronic density of states~DOS!, defined so
that n(E)dE is the number of eigenvalues betweenE and
E1dE. The average DOS on the copper and zinc sites
called nCu(E) and nZn(E), and the DOS for the alloy is
n(E)5cnCu(E)1(12c)nZn(E). In the LSMS calculations,
every copper and zinc site in an alloy has a different DO
and these must be averaged in order to find thenCu(E) and
nZn(E) from that calculation. The isomorphous CPA’s giv
only onenCu(E) andnZn(E) for each alloy. ThenCu(E) and
nZn(E) calculated with the LSMS-CPA are compared in F
5 with the average DOS from the LSMS calculations for t
50% fcc and bcc alloys. The LSMS-CPAnCu(E) andnZn(E)

t-
as
e
.

ers

er

cc

FIG. 3. The free energies of mixing of five fcc copper-zin
disordered alloys witha56.90 a.u. as a function of concentratio
The results of the LSMS calculations with supercells that cont
500 atoms are shown by the solid line. The KKR-CPA and LSM
CPA give to the values shown by the dashed line and the line m
up of short dashes. Adding the bare interatomic Coulomb ener
to these values leads to the results shown by the line made u
long and short dashes.
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57 7657EVALUATION OF ISOMORPHOUS MODELS OF ALLOYS
for the bcc alloy show a pronounced two-peak structure
the d-band region that is well known from band-theory ca
culations. The averagenCu(E) from the LSMS calculations
is quite similar to the LSMS-CPAnCu(E). nZn(E) does not
show the two-peaked structure, however.

nCu(E) and nZn(E) calculated with the LSMS-CPA an
the KKR-CPA are compared in Fig. 6 for the 50% fcc a
bcc alloys. At first sight, the difference between these cur
seems quite small, given the fact that the charge tran
predicted by the KKR-CPA is only 70% of the correct valu
However, the slight upward shift of the copperd bands and
the slight downward shift of the zincd bands in the KKR-
CPA calculations is quite enough to account for that err
because there are ten electrons in thed bands. A conclusion
that can be drawn from the data in Figs. 5 and 6 is that
isomorphous CPA’s lead to remarkably good predictions
the densities of states of alloys.

All of the calculations on fcc alloys described above we
carried out for a lattice constanta56.90 bohr radii, while the
bcc alloys havea55.50 bohr radii. This makes it easier
compare the parameters calculated for different concen
tions, but it leads to an error in the lattice constant of64%
at the ends of the concentration range that will have a
nificant effect on the free energies of mixing. It is of intere
to apply the same analysis to a model that should be com
rable with experiment, so additional LSMS calculations
which the lattice constants are adjusted to minimize the
hesive energies were carried out for a series of fcc allo
Cohesive energy calculations were performed for pure c
per and zinc and for alloys containing 10%, 25%, 50%, 75
and 90% of copper using supercells that contain 256 ato
It was found that doubling the size of the supercells chan
the cohesive energy by a few micro-Rydbergs. The equi
rium lattice constants that result from these calculations
compared with experiment and with the results of oth
DFT-LDA calculations33 in Fig. 7. As usual, the DFT-LDA
lattice constants are slightly smaller than experiment, pa

FIG. 4. The free energies of mixing of five bcc copper-zi
disordered alloys witha55.50 a.u. as a function of concentratio
The results of the LSMS calculations with supercells that con
432 atoms are shown by the solid line. The KKR-CPA and LSM
CPA give the values shown by the dashed line and the line mad
of short dashes. Adding the bare interatomic Coulomb energie
these values leads to the results shown by the line made up of
and short dashes.
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because of zero point motion and thermal expansion.
shape of the curve agrees with experiment,34 however. Of
course, the fcc phase only exists in nature for alloys t
contain more than 60% copper.

The cohesive energy calculations described above w
used to obtain the free energies of mixing for the fcc allo
with the lattice constants shown in Fig. 7. They are co
pared in Fig. 8 with LSMS-CPA and KKR-CPA energie
also carried out on alloys with the proper lattice constan
The experimental energies of mixing for thea-phase fcc al-
loys are also shown.35 The predictions of the isomorphou
CPA’s agree very well with those of the LSMS calculation
but the free energies of mixing obtained from experiment
larger than the LSMS predictions. A possible explanation
this was touched on in Ref. 29. The alloy models that ha
been discussed on this point were constructed with a ran
number generator, and were checked for randomness.
quite easy to build any degree of short-range order int
sample, and the LSMS calculations are no more difficult
that case. Calculations were carried out29,36 on a random

n
-
up
to
ng

FIG. 5. The densities of statesnCu(E) and nZn(E) for 50%
copper-zinc disordered alloys. The solid curves show the DOS
culated with the LSMS, and the dotted curves are that obtained
the LSMS-CPA. The upper panel is for a model of a fcc alloy w
a56.90 a.u. calculated with a supercell that contains 500 ato
and the lower panel is for a bcc alloy witha55.50 a.u. and 432
atoms. The energy is relative to the Fermi energy.
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7658 57FAULKNER, MOGHADAM, WANG, AND STOCKS
sample of a 30% fcc alloy made up of 256 atoms, and o
model that has the experimentally observed Warren-Cow
short-range order coefficients.37 The energy of the alloy with
short-range order is found to be lower by 1.17-mRy/ato
Assuming that short-range order~SRO! would lower the free
energies of mixing of all the alloys by a comparable amou
we change the LSMS free energies of mixing byDESRO5
25.77c(12c)mRy/atom, wherec is the atomic fraction of
copper in the alloy. This estimated curve is shown in Fig
and is seen to agree with the experimental free energie
mixing within the concentration range of copper-rich p
mary solid solutions.

It might seem at first glance that the agreement of
predictions of the LSMS-CPA1UC with experiment is very
good. In fact, that agreement must be considered fortuito
because the best values forDEmix that can be obtained fo
this model from the DFT-LDA are the ones from the LSM
calculations. The overbinding predicted by the
LSMS-CPA1UC calculations was also seen in Figs. 3 and

FIG. 6. The densities of statesnCu(E) andnZn(E) for a model of
a 50% fcc copper-zinc disordered alloy witha56.90 a.u. The solid
curves show the DOS calculated with the LSMS-CPA, and the d
ted curves are those obtained with the KKR-CPA. The energ
relative to the Fermi energy.
a
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t,

,
of

e

s,

.

IV. DISCUSSION

It is possible that theorists would have been reluctan
invest the effort that it took to develop the isomorphous C
theory for alloys if they had seen the width of the distributi
of charges shown in Fig. 1. That would be unfortunate,

t-
is

FIG. 7. The dots connected with the line indicate the latt
constants calculated for fcc copper and zinc and for models of 1
25%, 50%, 75%, and 90% fcc copper-zinc alloys. The calculati
are done with supercells that contain 256 atoms. The open cir
are the experimental data~Ref. 34!. The triangles are the calculate
values of Ref. 33.

FIG. 8. The energy of mixing calculated with the order-N
LSMS method for no short-range order~solid line! and an estimate
of the experimental short-range order~the line with long dashes!.
The calculations were carried out for fcc copper and zinc and
models of 10%, 25%, 50%, 75%, and 90% fcc copper-zinc all
with supercells that contain 256 atoms. The lattice constants u
are shown in Fig. 7. The LSMS-CPA and KKR-CPA energies
mixing are shown with the long dashed line and the long-and-sh
dashed line. The LSMS-CPA plus the interatomic Coulomb ene
UC is shown with the dashed line. The experimental energies
mixing from Ref. 35 are shown by the diamond-shaped marks.
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cause the comparisons in Figs. 3–6 and also Fig. 8 show
the predictions of densities of states and energies of mix
obtained from isomorphous CPA are remarkably good. T
is not unexpected because many experiments on alloys
been successfully explained using this theory. The phys
pictures that have come from the theory, such as the e
tence of a Fermi surface with varying degrees of smear
are useful and correct.

The KKR-CPA gives a value for the charge transfer
Cu-Zn alloys that is only 70% of the LSMS result, while th
LSMS-CPA gives a value that is almost the same as
LSMS. In spite of this, the magnitude of the difference b
tween the energy of mixing given by these CPA’s and
LSMS calculation is almost the same, and is quite small
the calculations on Cu-Zn alloys with realistic lattice co
stants in Fig. 8, the KKR-CPA underbinds by about 1 mR
while the LSMS-CPA1UC overbinds by approximately th
same amount.

DEmix for fcc Cu-Zn alloys has been used as a test c
for other calculations using the KKR-CPA,17 as well as more
recent versions of the CPA.22,27 Comparing all of those cal
culations with the results shown in Fig. 8, it is seen that th
is general agreement that maximum energy of mixing giv
by the KKR-CPA is smaller than experiment by about
mRy for these alloys. The polymorphous CPA calculatio
of Abrikosovet al.27 give an energy of mixing that is about
mRy smaller than experiment, which is in agreement w
the LSMS calculations in this paper. Like the present
thors, they ascribed the missing 1 mRy to short-range or
The energies of mixing given by the cc-CPA and SCP
calculations of Johnson and Pinski22 are essentially the same
and that result agrees with experiment without invoki
short-range order.

It should be borne in mind that approximations we
made in all of these calculations that have nothing to do w
the DFT-LDA or with alloy theory. The calculations in thi
paper employed the muffin-tin approximation, while those
Ref. 22 use the atomic sphere approximation~ASA!, and the
authors of Ref. 27 employed a tight-binding linear muffin-
orbital basis in conjunction with an ASA. The LSMS cod
can be run in a muffin-tin mode or an ASA mode with t
flip of a switch. Our experience is that an ASA calculati
will give a value for the cohesive energy of a given transiti
metal system that is 20–30 mRy lower than the muffin-
value in a multiple-scattering formalism that is otherwise
same. For example, the cohesive energies calculated with
muffin-tin and ASA approximations are23275.766 09 and
23275.786 27 Ry for fcc Cu witha56.7677 bohr radii,
23553.144 45 and23553.165 22 Ry for fcc Zn witha
57.2744 bohr radii, and 23275.764 64 and
. B
at
g

is
ve
al
is-
g,

e
-
e
n

,

e

e
n

s

h
-
r.

h

e
he

23275.7843 47 Ry for bcc Cu witha55.5 bohr radii.
Larger differences have been observed in calculations on
nickel aluminides. To illustrate the extent of these diffe
ences, these data show that the difference between the c
sive energies for fcc and bcc Cu is only 1–2 mRy when
atomic volumes are approximately the same. The differe
in the cohesive energies predicted by muffin-tin and fu
potential calculations is still not known exactly, but all th
evidence is that it will be an order of magnitude smaller th
the difference between the muffin-tin and ASA energies38

particularly for Cu and Zn.
This is not to say that the error in the energy of mixin

has the magnitude of the differences discussed above s
as shown in Eq.~3! that energy is a difference between th
cohesive energies and a straight line extrapolation betw
the energies of the pure metals. The fcc Cu and Zn cohe
energies quoted above are the ones used in obtaining
energies of mixing in Fig. 8, and it can be seen that the sh
for the pure metals are almost the same. At the same t
comparisons are not very meaningful in the mRy range u
all of the calculations are carried out with the same fu
potential methods. The full-potential version of the multipl
scattering method is understood in principle, but it has
yet been fully implemented in the LSMS codes.

It is easy to say that the successes of the isomorph
CPA’s are due to a cancellation of errors. There is proba
more to it than that, and it would be worth the effort to try
understand the reason theoretically. Although it is now p
sible to calculate many properties of alloys more or less
rectly using order-N methods of the type discussed in th
paper, there are many good reasons for developing less c
putationally demanding theories that contain the essen
physics. Such theories promote the understanding of the
nomenon, and they can be used to treat a multitude of
tems rather than just a few examples. The order-N approach
is a useful tool for evaluating approximations used to exte
the CPA, as has been demonstrated by the results in
paper.
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