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Theory of spin waves in a ferromagnetic Kondo lattice model

Xindong Wang
Metals and Ceramics Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 37831-6114

~Received 22 September 1997!

A random-phase approximation theory for spin waves in a ferromagnetic Kondo lattice model is presented.
In the strong-coupling limit, this theory agrees with the existing theoretical results, in which the magnetic
coupling is taken to be infinitea priori. It is shown explicitly that, in the strong-coupling limit, the spin-wave
spectrum of the system is identical to that of a short-range Heisenberg model for the case of a single conduc-
tion band with short-range hopping integrals. In the intermediate coupling regime, on the other hand, more
complicated effects, such as softening or disappearance of spin waves, are likely to be observed.
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This paper presents a random-phase approximation~RPA!
theory of spin waves for the following ferromagnetic Kond
lattice model~FKLM ! with the Hamiltonian,

H52 (
^ i , j &,m

~ t i , jCi ,m
† Cj ,m1H.c.!2J(

i
ci ,m

† ~ 1
2 t!mnci ,n•Si ,

~1!

wherec†/c’s are the fermion creation/annihilation operato
i , j are site indices,m, n are spin indices,t is the pauli ma-
trix, andSi ’s are the local quantum spins. The magnetic co
pling constantJ is positive. Thet i , j ’s are the hopping inte-
grals. Both the infiniteJ limit and the intermediateJ regime
are considered here.

It is generally believed that the FKLM model can accou
for the low-temperature magnetic properties
La12xMxMnO3 whereM stands for a divalent ion andx is
around 0.3. In this model the localS5 3

2 quantum spins are
formed by the localizedt2g electrons due to the stron
Hund’s rule coupling. The remaining 12x ~per Mn! eg elec-
trons have a finite hopping integral between Mn sites a
couple ferromagnetically to the local spins. Because of
large Hund’s rule coupling between thed electrons of Mn,J
is estimated of the order of 1 eV. Most theoretical treatme
of spin waves in FKLM so far have concentrated on t
infinite J limit,1,2 in which an effective single spin Hamil
tonian ~or action! is the starting point. In real systems th
hopping integralsutu may be as large as 0.5 eV, which pu
the infinite J approximation in question. Recent neutro
scattering experiments3,4 have measured the spin-wave spe
tra in various manganites. While for high Curie temperat
samples, Heisenberg ferromagnet behavior was observed3 in
some lower Curie temperature samples, softening or dis
pearance of higher-energy spin waves were observed.4 These
considerations call for a more careful investigation
FKLM, particularly in the intermediate coupling regim
which is the purpose of this paper.

The rest of the paper is organized as follows. First,
RPA theory of spin waves for the FKLM is presented. T
long-wavelength limit is then taken and an analytical expr
sion for the spin-wave stiffness is obtained. In the stro
coupling limit, it is shown that the present theory agrees w
the existing results. It is also explicitly shown that in th
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limit, for a single conduction band with short-range hoppi
integrals, the spin-wave spectrum is exactly that of a Heis
berg ferromagnet with short-range couplings. Then the in
mediate coupling regime is discussed. A condition for t
stability of ferromagnetic ground state assumed in the R
treatment is presented. It is shown by numerical examp
that in the intermediate coupling regime, both spin-wa
softening and disappearance may happen. Finally, the e
of direct antiferromagnetic couplings between local sp
due to superexchange is discussed.

The spin-wave spectrum is given by the poles of the f
lowing correlation function~for a reference on double tim
Green functions, see Ref. 5!:

x12~q,v!5^S1~2q!uS2~q!&v

[E dt~2 i !u~ t !^@S1~2q,t !,S2~q,0!#2&

3exp@ i ~v1 i01!t#, ~2!

where\51, u(t) is the step function,

^Ô~ t !&[
Tr@exp~2H/T!Ô~ t !&]

Tr@exp~2H/T!#
, ~3!

and

S~q![
1

AN
(

i
Si exp~2 iq•Ri !. ~4!

Applying the following equation of motion,

v^S1~2q!uS2~q!&v5^@S1~2q!,S2~q!#2&

2^@H,S1~2q!#2uS2~q!&v , ~5!

we have

v^S1~2q!uS2~q!&v

52^Sz&2
J

AN
(
q8

^ ŝ1~2q8!Sz~q82q!uS2~q!&v
7427 © 1998 The American Physical Society
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1
J

AN
(
q8

^ŝz~2q8!S1~q82q!uS2~q!&v , ~6!

where

ŝ~q![
1

AN
(

i
ŝiexp~2 iq•Ri !

5
1

AN
(

k
ck2q,m

† ~ 1
2 t!m,nck,n . ~7!

We then use the following RPA decoupling scheme

^ŝ1~q8!Sz~q9!uS2~q!&v5^Sz~q9!&^ŝ1~q8!uS2~q!&v ,

^ŝz~q8!S1~q9!uS2~q!&v5^ŝz~q8!&^S1~q9!uS2~q!&v ,
~8!

to get

v^S1~2q!uS2~q!&v52^Sz&2J^Sz&^ŝ1~2q!uS2~q!&v

1J^ŝz&^S1~2q!uS2~q!&v . ~9!

Similarly, we have

v^ck1q,↑
† ck,↓uS2~q!&v5~ek2ek1q!^ck1q,↑

† ck,↓uS2~q!&v

1
J~^n̂k,↓&2^n̂k1q,↑&!

2AN

3^S1~2q!uS2~q!&v1J^Sz&

3^ck1q,↑
† ck,↓uS2~q!&v , ~10!

from which we get

^ŝ1~2q!uS2~q!&v5
J

2N (
k

^n̂k,↓&2^n̂k1q,↑&
v2J^Sz&2~ek2ek1q!

3^S1~2q!uS2~q!&v . ~11!

Solving Eqs.~9! and~11!, we obtain the main equation o
this paper,

S v2J^ŝz&1
J2^Sz&

2
x0

12~q,v! D ^S1~2q!uS2~q!&v

52^Sz&, ~12!

where

x0
12~q,v![

1

N (
k

^n̂k,↓&2^n̂k1q,↑&
v2J^Sz&2~ek2ek1q!

. ~13!

Thus the spin-wave dispersion is given by the solutions
the following equation:

2~v2J^ŝz&!5
J2^Sz&

2
x0

12~q,v!. ~14!

In the long-wavelength limit,uqu→0, expandx0 to the
order ofq2, we have
f

x0
12~q→0!'

2^ŝz&
J^Sz& S 11

v

J^Sz& D2
1

2J2^Sz&2

3S 1

N (
k

~^n̂k↑&1^n̂k↓&!~q•¹!2ekD
1

1

2J3^Sz&3 S 1

N (
k

~^n̂k↑&

2^n̂k↓&!~q•¹ek!2D . ~15!

Thus the spin-wave stiffness is

D~ q̂!5Stot
21S 1

4N (
k

~^n̂k↑&1^n̂k↓&!~ q̂•¹!2ek

2
1

4NJ^Sz& (
k

~^n̂k↑&2^n̂k↓&!~ q̂•¹ek!2D ,

~16!

whereStot5^Sz&1^ŝz&.
In the strong-coupling limit, the majority-spin an

minority-spin bands do not overlap with each other, and w
the filling ratio no larger than 1, we have a half-metal
system, i.e.,̂ n̂k↓&50. In the strong-coupling limit, we also
have ek /J^Sz&→0, and ^ŝz&51/2NSk^n̂k↑&5(12x)/2,
therefore from Eq.~16! we get

D~ q̂!J→`5S ^Sz&1
12x

2 D 21S 1

4N (
k

^n̂k↑&~ q̂•¹!2ekD ,

~17!

where x is the doping concentration. Equation~16! is in
agreement with the results of Refs. 1 and 2

On the other hand, we can also take the infiniteJ limit to
get an expression for the spin-wave spectrum over the wh
Brillouin zone from Eq.~14!. Note that in this limit, Eq.~13!
gives

x0
12~J→`!'

1

J^Sz&

1

N (
k

^n̂k,↑&S 11
v1ek2ek2q

J^Sz& D ,

~18!

thus we have for the spin-wave spectrum,

v~q!J→`5Stot
21 1

2N (
k

~ek2q2ek!^n̂k↑&, ~19!

which agrees with Ref. 1 that used a different approach. T
ing the limit q→0, we again obtain Eq.~17!.

For a single band tight-binding model with short-ran
hopping integrals, we have

ek522(
D

tD cos~k•D!, ~20!

whereD’s are the neighboring site indices andtD’s are the
corresponding hopping integrals. Hence,

v~q!J→`5Stot
21 1

N (
k

^n̂k↑&(
D

tD cos~k•D!

3@12cos~q•D!#, ~21!
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where the sum of an odd function,(k^n̂k↑&sin(k•D)50, has
been used. This is exactly the spin-wave spectrum o
Heisenberg ferromagnet with

JD,05
1

2NStot
(

k
^n̂k↑&tD cos~k•D! .

This result is consistent with the observation that in hig
Curie temperature samples, the spin-wave spectrum is th
a nearest-neighbor Heisenberg model.3 The same conclusion
was also reached by Furukawa6 recently. We note in passin
that at half filling~^n̂k,↑&51, ^n̂k,↓&50!, even in the limit of
J→`, the ferromagnetic ground state is not stable, which
evident from Eq.~16! since the first term in Eq.~16! van-
ishes.

We now turn our attention to the intermediate coupli
regime. First we present a necessary condition for the sta
ity of the assumed ferromagnetic ground state that is
basis for our RPA treatment. The stability of the ferroma
netic ground state requires that

x12~qÞ0,v50!.0. ~22!

This in turn implies@cf. Eq. ~11!#

x0
12~qÞ0,v50!,x0

12~0,0!5
2^ŝz&
J^Sz&

. ~23!

In all our numerical results below, the stability condition h
been checked and was found to hold.

We have shown that if the conduction electrons can
described by a single band tight-binding model, the cor
sponding FKLM in the strong-coupling limit has the sam
spin-wave spectrum as that of a Heisenberg model w
short-range couplings. It is interesting to see if, in the int
mediate coupling regime for the same single band mode
more complicated spin-wave spectrum than that of
simple Heisenberg model type may occur. We have fou
that, indeed, both spin-wave softening and the dispearanc
spin waves into the Stonner continuum may occur in
intermediate coupling regime.

Figure 1 shows the spin-wave dispersion solved from
~14! along @001# for a simple cubic model with neares
neighbor hopping,Ef523.5t (n'0.5), andJ54.8t. The
softening at the zone boundary is evident. We found that

FIG. 1. Spin-wave dispersion~solid line! and bare susceptibility
~dashed line! for a simple cubic FKLM with nearest-neighbor hop
ping, Ef523.5t, andJ54.8t.
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softening is closely related to the peak around the@001# of
x0

12 ~also shown in Fig. 1!. This is to be expected by in
specting Eq.~14!. Sincex0

12 is very much band-structure
dependent, we have not tried to fit the neutron-scatter
results of Hwanget al.4

For a different set of parameters~Ef524.005t and J
54t!, Fig. 2 shows how the spin waves merge into the St
ner continuum, which is a common feature in many meta
ferromagnets. In this case, a characteristic threshold en
vs is defined beyond which the imaginary part ofx0

12 be-
comes finite.

Finally, we would like to comment on the role of possib
superexchange~direct! antiferromagnetic coupling betwee
the local spins. The Hamiltonian, in this case, is

H52 (
^ i , j &,m

~ t i , j ci ,m
† cj ,m1H.c.!2J(

i
ci ,m

† ~ 1
2 t!mnci ,n•Si

1J8(
^ i , j &

Si•Sj , ~24!

whereJ8.0. It is straightforward to generalize Eq.~12! to

S v12J8l~q!2J^ŝz&1
J2^Sz&

2
x0

12~q,v! D
3^S1~2q!uS2~q!&v52^Sz&, ~25!

where

l~q!5(
D

@12cos~q•D!#. ~26!

It is clear that in the strong coupling limit,

v~q!J→`5Stot
21 1

2N (
k

~ek2q2ek!^n̂k↑&22J8l~q!,

~27!

which can be viewed as the superposition of a ferromagn
Heisenberg model spectrum and an antiferromagn
Heisenberg model spectrum. That is to say that, as long
the ground state remains ferromagnetic, the spin-wave s

FIG. 2. Spin-wave dispersion~solid line! and Stoner threshold
~dotted line! for a simple cubic FKLM with nearest-neighbor hop
ping, Ef524.005t, andJ54.0t.
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trum should still be that of a Heisenberg ferromagnet in
infinite J limit.

In conclusion, we have presented an RPA theory for s
waves in FKLM for both the strong-coupling limit and th
intermediate coupling regime. In the strong-coupling lim
we show that if the conduction electrons can be described
a single band tight-binding model, a Heisenberg-like sp
wave spectrum is to be expectedthroughoutthe whole zone.
Our results for the strong-coupling limit agree with existi
results with J→` taken a priori.1,2 We show that in the
intermediate coupling regime, more complicated spin-wa
spectra, such as softening or disappearance of spin wave
be observed. Both are closely related to the detailed st
tures of the bare susceptibilityx0

12 . In our simple numerical
v.

e

e

in

,
y
-

e
can
c-

model calculation, the softening is due to the addition
peaks ofx0(q,0) other than that at theG point. We also show
that as long as the infiniteJ limit is taken, the inclusion of
superexchange antiferromagnetic coupling between lo
spins does not change the nature of the spin-wave spect
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