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Ab initio phonon dynamics of rhodium from a generalized supercell approach
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We present a generalization of the supercell approach to theab initio determination of the complete lattice
dynamics. Combining force calculations for supercells of arbitrary shapes greatly increases the number of
accessible interatomic force constants without the necessity to resort to large supercell sizes. The method
allows a systematica priori search for optimal supercell geometries as well asa posteriori improvements of
calculations already performed. Its ability to efficiently handle systems with longer-range lattice interactions is
demonstrated for the transition metal rhodium. The present approach has the potential to extend the applica-
bility of the conceptually simple direct approach to the calculation of the complete phonon spectra for lattices
with larger unit cells.@S0163-1829~98!03614-5#
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Recent advances in numerical methods and comp
technology have reinforced attempts to obtain the comp
phonon dispersions of crystalline solids from first principle
An accurate knowledge of the phonon spectrum, or equ
lently of the interatomic force constants~IFC!, is a prerequi-
site for the calculation of various dynamical and thermod
namical properties, as, e.g., thermal expansion, heat capa
or electron-phonon coupling. Basically, two approaches h
been considered for anab initio calculation of lattice dynam-
ics, the linear response or dielectric theory and the dir
supercell approach. In the linear response method, cha
in the electron density arising from atomic displacements
treated perturbationally. Originally, this has been done
inverting the dielectric matrix.1 This method had only limited
success, because it required the inversion of large matr
and numerically expensive summations over many unoc
pied states. Recently, alternative approaches have bee
veloped, based on the solid-state version of the Sternhe
equation, that overcome some of the main disadvantage
the dielectric matrix method.2,3 By Fourier transformation of
the dynamical matrix obtained on a regular mesh in recip
cal space, real-space force constants have been calculate
several semiconductors and, more recently, for meta
systems.2,4

The direct approach makes no conceptional distinction
the treatment of the unperturbed and the perturbed lat
Supercell geometries are employed to handle atom displ
ments, and phonon frequencies are either extracted form
ferences in the total energy for the undistorted and disto
lattice ~frozen phonon! or from forces acting on atoms in th
distorted geometry~using the Hellmann-Feynman theorem!.
This method principally allows the study of anharmon
force constants to any order, but is restricted to phonons w
momenta commensurate to the supercell. Because the
merical effort increases drastically with the size of the sup
cell, the direct approach has been applied mainly to phon
at high-symmetry points or along high-symmetry directio
570163-1829/98/57~13!/7407~4!/$15.00
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~via interplanar force constants! of the Brillouin zone~BZ!.
For the same reason, a determination of all relevant IF
using a single large supercell is only feasible for syste
with interactions of very short range.5,6

A possible way to circumvent this problem explores t
linear relationship~in harmonic approximation! between the
forces obtained in a supercell calculation and the IFC’s.
combining results for several supercells, the IFC’s can
obtained from a least-square fit. Until now, the only imp
mentation of this idea has been presented by Wei and Ch7

for the insulators silicon and germanium using a combinat
of planar force constants.

In this work, we generalize this approach to supercells
arbitrary shapes. Taking the fcc transition metal rhodium
an example, we demonstrate that this method allows u
extract all relevant force constants even for systems w
lattice interaction of long range in real space, thereby reta
ing the conceptual simplicity of the direct approach. We fi
that the proper choice of supercell geometries is crucial
the efficiency of the method, and that supercells with lo
symmetry are generally favored over those with high sy
metry.

In harmonic approximation, the complete informatio
about the lattice dynamics is contained in the real-sp
force constants, which are given as second derivatives of
total energy of the system with respect to displacementsu~l !
of atoms at lattice sitesR~l ! ~for simplicity, we restrict the
discussion to monoatomic lattices only!,

Fab~ l ,l 8!5 ]2Etot/]ua~ l !]ub~ l 8! , ~1!

where a and b denote cartesian coordinates.F enters the
linear relationship between the force acting on atoml and
the displacements for a given lattice deformation,

Fa~ l !52(
l 8b

Fab~ l ,l 8!ub~ l 8!. ~2!
7407 © 1998 The American Physical Society
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In a supercell calculation, atoms are labeled by two in
ces,l →(m,L), wherem denotes the atoms inside a supe
cell, andL denotes the translation vectors of the superc
lattice. When displacing the atom at the origin byv, the force
experienced by atomm is given by the linear relationship

Fa~m!52(
b

F̃ab~m!vb , ~3!

where the supercell force constantsF̃ are related to the lat
tice IFC’s by

F̃ab~m!5(
L

Fab~m,L !. ~4!

For example, in the case of a supercell stretched alon

high-symmetry direction,F̃ can be expressed in terms of th
interplanar force constants.

From the knowledge ofF̃ for a single supercell, Eq.~4!
can be inverted to extract the IFC’s only if the interaction
sufficiently short range such that contributions from neig
boring cells (LÞ0) can be neglected. This usually requir
large supercells even for systems with short-range inte
tions.

The basic idea of the present approach is to obtainF̃ for
several supercells, and to replace Eq.~4! by a set of equa-
tions, which may eventually be inverted to obtain all releva
F’s even for longer-range interactions without the neces
of involving large supercells. In practice, the inversion p
cedure is done by introducing a cutoffRc for the lattice
interaction, i.e., to set Fab(l ,l 8)50 for uR(l )2
R(l 8)u.Rc . By making use of their transformation prope
ties with respect to the space-group symmetries,8 one can
identify the independent components of the lattice and su
cell IFC’s.9 For a given combination of supercells, Eq.~4! is
then transformed into a set of linear equations,

h i5(
j 51

NL

Mi j ~Rc!j j , i 51 , . . . ,NS , ~5!

which relates theNL independent componentsj j of the lat-
tice IFC’s to theNS independent componentsh i of the set of
supercells. Generally, the inversion of Eq.~5! is replaced by
a least-square fit of the IFC’s to the calculated supercell c
ponentsh i . Each combination of supercells can be char
terized by a cutoffRc

max defined as the largest cutoff fo
which a unique least-square solution of Eq.~5! still exists. It
can be used as a measure for the amount of informa
extractable from the given supercell set.

The matrixM possesses the important property that it
solely determined by the chosen cutoffRc and by the geom-
etries of the supercells, but is independent of the force c
stants. As a consequence, alsoRc

max is a plain geometric
quantity. This opens the way for~i! a priori searches for
optimal combinations of supercells before performing a
first-principles calculation, and~ii ! a posteriori improve-
ments of existing calculations by adding a suitable super
geometry, which optimally increasesRc

max.
To demonstrate the usefulness of the present appro

we have applied it to the phonon spectrum of the fcc tran
tion metal rhodium. In a recent theoretical and experimen
work,10 it has been shown that the phonon dispersions of
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exhibit very pronounced anomalies along high-symmetry
rections @especially along the~110! direction# indicating a
rather long range of the lattice interaction. This is corrob
rated by the finding that a satisfactory fit of the phonon sp
tra with a phenomenological force constant model could o
be achieved by taking into account interactions up to at le
the ninth neighbor. Thus Rh constitutes a stringent test c
for the present method.

All calculations reported below were performed with
the local-density-functional approximation using a pseu
potential approach. The electronic wave functions are rep
sented in terms of a mixed basis set consisting of a lin
combination of plane waves up to a kinetic energy of 10
Ry and five localizedd orbitals, which are atomic 4d pseu-
doorbitals smoothly cut off at a radius 2.55 a.u.11 Norm-
conserving pseudopotentials of the Hamann-Schlue
Chiang type ~for details see Ref. 10! and the Hedin-
Lundqvist parametrization for the exchange and correlat
potential have been used. Thek-point sampling was per-
formed using a Gaussian broadening with a width of 0
eV.12 The theoretical lattice constant of 3.806 Å has be
used throughout. Supercell force constants were deri
from force calculations for geometries with a single ato
displaced by 0.02 Å. To eliminate spurious contributio
arising from the low symmetry of the supercell, forces o
tained for the undistorted geometry have been subtrac
and corrections for anharmonic contributions have be
taken into account.13

As the starting point, we took theab initio supercell cal-
culations along the high-symmetry directions~100!, ~110!,
and~111! ~18 atomic layers each, 30–200 specialk points in
the irreducible BZ! already reported in Ref. 10. Despite the
large number of independent supercell force constants
NS570, the combination of these three supercells allo
only to deduce IFC’s up to the fourth-neighbor shell. To fi
an optimal supplement to this set of high-symmetry sup
cells ~HS!, we have carried out searches in the space of
percells with a fixed volume, choosing those which resul
in the largestRc

max when combined with HS. Generally, thi
procedure leads to supercells with very low symmetry. F
the actual calculation, we have chosen a supercell contai
26 atoms~called cell 26 in the following!, which is defined
by basis vectors (1 05),(25 0 1),(122 1) ~in units ofa/2!,
and which increasesRc

max to the 22nd-neighbor shell. Som
properties of the used cells are summarized in Table I. A
ing instead a supercell suitable for obtaining interplan
force constants along lower-symmetry directions, as p
posed by Wei and Chou,7 proved to be less efficient, becaus
they only gradually increaseRc

max.
Cell 26 possesses a very low symmetry~only inversion

remains! and therefore requires an increased numerical ef
for a single force calculation~we used 160k points in the
irreducible BZ!. Furthermore, a larger number of atom di
placements is needed to obtain the complete set of supe
force constants. Nevertheless, it is by far superior to hi
symmetry cells. For example, combining HS with
53535 fcc supercell with 125 atoms, which possesses
full cubic symmetry, increasesRc

max only to the ninth-
neighbor shell~see Table I!. Clearly, the disadvantage of
large number of atoms outweighs the reduction in numer
labor due to high symmetry.
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Table II shows the IFC’s as obtained from fits to the s
percell force constants of HS and cell 26. We present res
for Rc of 9.5 Å ~12th NN! and 11.2 Å~16th NN! ~where NN
is nearest neighbor!, respectively, to demonstrate the sen
tivity of the IFC’s on the cutoff. Although the number o
variables increases from 45 to 72, the standard devia
only drops from 2.5% to 1.7% of the average supercell fo
constants for the larger cutoff. The most prominent featu
are the large values found for the~330! IFC’s. They are in

TABLE I. Properties of supercells and combinations of sup
cells used in the calculation of the lattice force constants. HS
notes the combination of the three supercells stretched along h
symmetry directions~100!, ~110!, and ~111!; fcc5 denotes the 5
3535 fcc supercell, and cell 26 the low-symmetry cell with 2
atoms as described in the text.Nat denotes the number of atoms
the supercell, andndis is the number of distinct atomic displace
ments, which have to be considered to obtain the complete s
supercell force constants.NS andNL are the number of independen
components for the supercells and lattice, respectively. The latt
given for the maximum cutoffRc

max.

Cell Nat ndis NS NN(Rc
max) NL(Rc

max)

~100! 18 2 20
~110! 18 3 30
~111! 18 2 20
fcc5 125 1 27 6 18
cell 26 26 3 84 12 45

Cell
combinations

HS 70 4 12
HS1fcc5 97 9 33
HS1cell 26 154 22 110
-
lts

-

n
e
s

contrast to the small values of the~411! IFC’s, which belong
to the same ninth-neighbor shell. Both findings are in f
agreement with the analysis of the experimental phon
dispersion.10

The importance of the~330! interaction is also born out in
a study of the effective interaction range. When performin
series of fits with increasing cutoffRc , the standard devia
tion showed a drastic drop when the~330! bond was in-
cluded. Further increases inRc resulted in steady but mino
improvements only. We also found that it is important
have a sufficient overdeterminancy of the system of lin
equations, i.e., to perform fits forRc!Rc

max in order to get a
numerically stable and physically plausible fit. F
Rc'Rc

max, the fit procedure overestimates the IFC’s for lar
distances, giving rise to unphysical oscillating behavior
the phonon dispersions. For this reason, the knowledge o
supercell force constants for cell 26 alone is not sufficient
obtaining reliable IFC’s although its relatedRc

max is beyond
the ~330! shell.

In Fig. 1, the phonon dispersions obtained from the fit
values of the force constants are compared with results f
neutron scattering experiments.10 Very good agreement with
the experimental data is found not only for the hig
symmetry directions, where the positions of the anoma
are reproduced correctly, but also along lines near the
boundary. The latter represents a more direct test of
method, because none of these phonon frequencies ca
extracted from calculations based on only one of the sup
cells considered above.

As discussed in detail in Ref. 10, the phonon anomalie
the dispersion relations of Rh can be understood as w
Kohn anomalies, and their positions in reciprocal space
linked to the geometrical shape of the Fermi surface. T
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TABLE II. Interatomic force constants~in 103 dyn/cm! up to the 12th nearest-neighbor shell for two fi
taking into account all force constants up to the 12th and 16th nearest-neighbor shells, respectively.

NN Index Comp 12th NN 16th NN

0 000 xx 2193.66 2192.78
1 110 xx zz xy 18.89 21.28 21.18 18.73 21.16 21.21
2 200 xx yy 8.01 23.29 8.38 23.43
3 211 xx yy xz 3.04 1.44 1.56 3.11 1.43 1.43

yz 20.16 20.28
4 220 xx zz xy 20.03 20.21 20.28 20.24 20.47 20.04
5 310 xx yy zz 0.06 0.02 0.21 0.11 20.05 0.17

xy 20.16 0.01
6 222 xx xy 0.40 0.25 20.01 0.08
7 321 xx yy zz 20.87 20.01 20.37 0.80 0.20 20.23

xy xz yz 20.22 20.78 20.31 20.20 20.69 20.20
8 400 xx yy 20.71 20.58 20.50 20.52
9 411 xx yy xy 20.08 0.13 0.02 20.08 0.25 20.08

yz 0.07 0.17
98 330 xx zz xy 2.27 0.07 2.12 2.32 20.06 2.65

10 420 xx yy zz 20.66 0.31 20.06 20.42 0.40 0.04
xy 0.04 20.09

11 332 xx zz xy 20.16 20.27 20.13 20.02 20.12 20.17
xz 20.03 0.08

12 422 xx yy xy 0.47 0.08 0.16 0.46 0.07 20.03
yz 0.02 0.05
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large values of the~330! IFC’s are necessary for an adequa
description of the strong anomalies along@110#.

The phonon density of states is shown in Fig. 2 for t
two cutoffs. The positions of the two main peaks agree w
with maxima found in point contact spectra.14 As in the case
of the phonon dispersion, only marginal differences for
two cutoffs are observed, indicating a weak dependence
the chosen interaction range beyond the ninth NN shell.

The present scheme differs from the perturbational
proach in several respects. First, a perturbative calculatio
the dynamical matrix on a regulark mesh is a numerically
very efficient equivalent~in harmonic approximations! of a
force constant calculation using a single large supercel
high symmetry. Our approach instead involves a combi
tion of smaller supercells with low symmetry. Second, a
k-space method, the perturbative approach is better suite
treating strongly localized anomalies in the phonon sp
trum. However, as demonstrated above for rhodium, m
shallow anomalies are well within reach of the dire
method. Third, the direct approach has the practical adv
tage that it can be performed with any standard total-ene
software package. On the other hand, a perturbative calc
tion requires the development of additional computer co

FIG. 1. Phonon dispersion of rhodium. Solid and dashed li
represent the theoretical results for the 12th NN and 16th NN
respectively. Experimental data from Ref. 10 are shown as o
circles.
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which, depending on the underlying band-structure meth
can be a highly nontrivial task.

In summary, we have presented a generalization of
direct supercell approach to the calculation of interatom
force constants. For a given lattice, it allows a systema
search for appropriate supercell geometries before perfo
ing anyab initio calculation. As demonstrated for the trans
tion metal rhodium, taking into account low-symmetry s
percells leads to a drastic reduction of the numerical ef
necessary to obtain all significant interatomic force consta
even for systems with rather long-range interaction. An
plication of this method to the phonon spectrum of iridium
in progress.

The present approach can be straightforwardly exten
to lattices with a general atomic basis. Furthermore, it is
restricted to metallic systems, but can be applied to po
insulators as well, if the long-range dipole-dipole interacti
present in the latter case is treated properly. This could
achieved by calculating the Born-effective charges and
static dielectric permittivity, which allows us to separate e
plicitly the long-range part of the interaction from the sho
range part,2,15 the latter being tractable by the present dire
method. Thus our scheme opens the way for the direct
proach to access the complete phonon dynamics of com
compounds or surfaces.

FIG. 2. Calculated phonon density of states of rhodium for
two cutoffs.
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