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Shell effects on fission barriers of metallic clusters: A systematic description

Armando Vieira and Carlos Fiolhais
Departamento de Fı´sica, Universidade de Coimbra, 3000 Coimbra, Portugal

~Received 20 May 1997; revised manuscript received 30 October 1997!

We use the liquid drop model, with the stabilized jellium model, and the Strutinsky shell correction method
@Nucl. Phys. A95, 420 ~1967!; 122, 1 ~1968!#, with the two-center asymmetric deformed harmonic-oscillator
potential, to evaluate fission barriers for three representative simple metal clusters~sodium, aluminum, and
potassium!. We obtain fission barrier heights as a function of size, charge, and mass asymmetry for all possible
decay channels of doubly charged clusters with up to 30 atoms. We show how fragment deformations change
the barrier height. For small sodium and potassium clusters we find good agreement of the fission barriers with
molecular-dynamics calculations. The critical number~cluster size for which fission competes with evapora-
tion! is correctly reproduced for doubly charged clusters of the three metals considered.
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I. INTRODUCTION

The liquid drop model~LDM ! is useful to understand th
main trends of metal cluster fission. If we consider a char
simple metal cluster as a spherical liquid drop consisting
valence electrons in the field created by a positive ba
ground ~jellium1 or stabilized jellium,2 which is essentially
jellium corrected by introducing a constant potential ins
the metal!, there are two main competing terms: the surfa
energy, which tries to keep the system spherical, and
Coulomb energy, which tends to deform it. Fission is co
trolled by the fissibilityx, which is half of the ratio between
those two quantities. Assuming that the fission channe
determined by minimizing the heat of reaction, very asy
metric reactions are favored for smallx and asx approaches
unity, the Coulomb term becomes dominant and symme
splitting prevails.

However, the decay channel is determined by the fiss
barrier rather than the heat of reaction. We studied in Re
fission barriers of metallic clusters using the LDM within th
jellium model. In particular, we calculated the barrier heig
as a function of mass and charge asymmetry for differ
fissibilities. A good account of the experimental critical num
bers~cluster sizes for which the evaporation energy is eq
to the fission barrier! was made.

Quantal shell effects change the LDM heats of reacti
The channels with the more stable fragments become cle
the most favorable.4,5 These corrections to the liquid dro
energy are essential for obtaining not only realistic heats
reaction but also good barrier heights. The shell correc
method~SCM! is adequate to study complex quantal syste
when more rigorous methods are useless, such as larg
deformed nuclei or clusters, and has been systematically
plied to nuclear fission with great success. In the SCM, s
corrections are evaluated replacing the effective poten
‘‘felt’’ by the valence electrons by a simpler, non-sel
consistent potential.6 The total energy is obtained by addin
these shell fluctuations to the smooth LDM energy. One
vantage of the SCM is that it may be used, with little i
570163-1829/98/57~12!/7352~8!/$15.00
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crease of computational cost, for systems with arbitrary s
and charge.

In a previous work,7 we used the SCM to study symmetr
fragmentations of sodium clusters, concluding that shell c
rections play a crucial role in shaping fission barriers a
that the two-center harmonic oscillator is able to reprodu
the major quantal oscillations. Yannouleas and Landm8

used recently the two-center asymmetric harmonic oscilla9

to study the influence of shell effects on a couple of sodi
cluster decays. These authors have pointed out the im
tance of allowing for fragment deformations to obtain corre
fission barriers. The present work is an extension of th
studies aiming at systematically evaluating fission barri
for several charged metal clusters. We study fission barr
of double charged clusters of sodium, aluminum, and po
sium containing up to 30 atoms. The barriers are calcula
for all possible decay channels including independent el
soidal deformations of both fragments. We analyze the r
of mass asymmetry and fragment deformations in the fiss
barriers.

The experimental information on the fission of charg
clusters is scarce. Na¨her et al.10 determined critical numbers
for a set of alkali-metal clusters ionized up to seven times
addition to the critical numbers, we know the barrier heig
of systems with a size close toNc and the main decay chan
nel. Bréchignac et al.11 measured barriers heights
Recently,12 her group was able to determine the internal a
the external fission barriers for charged metal clusters
measuring the decay rates and the kinetic energy of the e
gent fragments. For systems withN'Nc the fissibilities are
moderate (x'0.5),3 corresponding to very asymmetric rea
tions. The most favored decay channel, within the LDM, h
then one small singly charged fragment. Shell corrections
not change this result. Therefore, symmetric fission, comm
in nuclei, is not expected and has not been observed
alkali-metal clusters. Notwithstanding, we will point out
small number of examples for which symmetric fission m
be found due to the special stability of the fragments.

This work is organized as follows. In Sec. II we discu
briefly the liquid drop formula for charged spherical and d
7352 © 1998 The American Physical Society
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57 7353SHELL EFFECTS ON FISSION BARRIERS OF . . .
formed clusters and present the potential to be used in
SCM. In Sec. III we present results for barrier heights
doubly charged sodium, aluminium, and potassium clust
with up to 30 atoms. The results of our calculations,
spherical as well as deformed fragments, are compared
molecular dynamics and experiment. The critical numb
are determined and compared with experiment. Section
contains the conclusions, after further comparison with ot
theoretical results. A short report on some of these res
appears in Ref. 13.

II. SHELL CORRECTION METHOD

A. Liquid drop model

For a spherical cluster with N valence electrons andz
missing electrons, the LDM energy is~we usel 5c5\51)

ELDM~N,z!5avV1sS1gC1zS W1
c

R0
D1~z!2aCoul,

~1!

where V5 4
3 pR0

3 is the volume (R05r sN
1/3 is the cluster

radius,r s being the density parameter!, S54pR0
2 is the sur-

face, andC52pR0 is half the mean curvature. The param
etersav , s, and g are the volume, surface, and curvatu
coefficients for a neutral cluster~see Table I!. The fourth
term of Eq.~1! includes the work functionW and its first-
order size correction, so that the chemical potential ism
52(W1c/R0). The last term is the classical electrosta
energy, obtained under the assumption that the cluster
perfect conductor:aCoul51/2(R01ds). The parameterds ac-
counts for the charge spill-out effect: The position of t
excess charge lies on a radial centroid displacedds from the
jellium surface.

For a deformedcluster, Eq.~1! holds with the following
modifications:~i! S5*dA; ~ii ! C5 1

4 *(1/Rmin11/Rmax) dA,
with Rmin andRmax the principal radii of curvature at a poin
of the surface;~iii ! since the correction to the work functio
is unknown for deformed systems, we have used an inte
lation formula between the limitsc/R0 and c(1/R111/R2),
where R1 and R2 are the radii of the final spherical frag
ments;~iv! aCoul is calculated numerically assuming alwa
that the excess charge is distributed on the surface~we fol-
low Ref. 17 to obtain the distribution of charge!. Volume is
conserved during deformation and fragmentation.

TABLE I. Liquid drop coefficients for the stabilized jellium
model. The values foras54pr s

2s andac52pr sg are taken from
Fiolhais and Perdew~Ref. 14!. The values ofc are from Vieira,
Brajczewska, and Fiolhais~Ref. 4! ~Al ! and from Seidl and Brack
~Ref. 16! ~Na; these authors used jellium instead of stabilized
lium!. The values ofds are from Kiejna~Ref. 15!.

Metal (r s) as ~eV! ac ~eV! c ds ~a.u.!

Na ~3.93! 0.58 0.26 20.082 1.27
Al ~2.07! 0.87 0.65 20.1 1.01
he
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The LDM gives a good average of the Kohn-Sham en
gies of spherical jellium clusters, even for very small clu
ters, neutral18 as well as charged.4 If the spherical symmetry
is broken, the agreement of the LDM with quantal results
even better since the shell fluctuations becomes
pronounced.19

For very asymmetric reactions, the usually neglected c
vature term, the work function size correction, and the sp
out effect may be relevant to the LDM fission barriers. Let
estimate the contribution of these terms to the heat of
reaction@N#21→@N2p#11@p#1 for large N and smallp.
The curvature term contribution isac p1/3. Additionally, we
get terms like

c

r s
p21/3 ~2!

and

2
ds

2r s
2

p22/3. ~3!

For Na200
21 with p53, we obtain 0.741(20.39)

1(20.03)50.32 eV, with the successive terms associa
with ac , c, andds , respectively. We remark that in the LDM
we always refer to electronic density shapes, which do
need to agree with positive background shapes, when u
jellium type models for the ions.

B. Potential

The two-center asymmetric harmonic-oscillator poten
~Fig. 1!, with centers atz1,0 andz2.0, is

-

FIG. 1. Top: a cluster shape described by Eq.~7! with d
525, d152.0, d250.5, andl51.52. Bottom: thez dependent po-
tential given by Eq.~4!.
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V~r,z!55
1

2
vr1

2 ~z!r1
21

1

2
vz1

2 ~z2z1!21Vneck~z!1U~ l2!, z,0

1

2
vr2

2 ~z!r21
1

2
vz2

2 ~z2z2!21Vneck~z!1U~ l2!, z.0.
~4!
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The frequency associated with the coordinater, vr(z), in-
terpolates smoothly between the frequencies in ther direc-
tion on the left-hand sidevr1

and the right-hand sidevr2
:

vr~z!5Avr i

2 1a i@~z2zi !
21j i~z2zi !

4u~ uzu2uzi u!#,
~5!

wherea i andj i are parameters to be determined andu is the
step function. The termVneck, which is included to smooth
the cusp in the origin, has the form

Vneck5
1

2
j i vzi

2 ~z2zi !
4u~ uzu2uzi u!. ~6!

The cluster shape corresponding to the single-particle po
tial is obtained by assuming that the surface is an equipo
tial with valueV05 1

2 v0
2R0

2 ~see Fig. 1!:

r~z!5
Av0

2R0
22vzi

2 ~z2zi !
22j ivzi

2 ~z2zi !
4u~ uzu2uzi u!

vr~z!
.

~7!

The quantity

v05eF /~3N!1/3, ~8!

with eF the Fermi energy, is the corresponding harmon
oscillator frequency. The shapes obtained are ellipsoids~pro-
late or oblate! connected by a smooth neck~see Fig. 1!.

The values ofj i and a i are obtained by imposing th
continuity condition onr(z50) andV(r,z50) and on their
first derivativesdr(z)/dzuz50 and dV(r,z)/dzuz50. The re-
sults are

j i52
1

2zi
2

, ~9!

vz1
z15vz2

z2 , ~10!

vr1

2 1
1

2
a1z1

25vr2

2 1
1

2
a2z2

2 . ~11!

Whend5z22z1→`, we should get two independent Nils
son potentials, i.e.,a i→0 for large zi ( i 51,2). Using
vr

2(z50)5 1
2 (vr1

2 1vr2

2 ), we obtain

a i5
1

zi
2 ~vr1

2 2vr2

2 !. ~12!
n-
n-

-

These continuity conditions together with the volume cons
vation condition lead to four independent shape paramet
the distance between the two semiellipsoidesd5z22z1, the
deformation of each fragmentd i5vr i

/vzi
( i 51,2), andl

5vr1
/vr2

, which is related to the mass asymmetry para

etera5p/N by

l5Fd1~12a!

d2
G1/3

. ~13!

The Schro¨dinger equation for the potential of Eq.~4! is
separable in the coordinatesr andz by expressing the wave
function asunz Nr&5unz&uNr&, with nz and Nr52nr1umu
the quantum numbers in thez andr directions, andunz& and
uNr& the respective wave functions. For the symmetry ax
the wave functions and respective eigenvaluesez are ob-
tained by numerical integration. The energy spectrum
given by @neglecting theU( l2) term#

Enz ,nr ,m5ez1vr~Nr11!, ~14!

wherevr5(vr11vr2)/2.
To this energy we add a contribution due to the term

U~ l2!52U0 v0~ l 22^ l2&n!. ~15!

This decreases the degeneracy of the harmonic oscillato
favoring the electrons with higher angular momentum. T
effect of this term is calculated following Ref. 20, with th
parameterU050.04 adjusted to mimic the energy-lev
structure of the self-consistent spectrum obtained from
spherical jellium model.

C. Shell corrections

Shell corrections arise because of fluctuations in the
tual distribution of single-particle levels with respect to
smooth distribution. Strutinsky has proposed a technique
extract an average total energy from a given single-part
energy spectrume i ( i 51,2, . . . ).6 The shell correction is
given by

ESC5(
i 51

N

e i2Ẽ, ~16!

whereẼ is a conveniently defined average energy. The
tential energy is the sum of the LDM term and the sh
correction
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57 7355SHELL EFFECTS ON FISSION BARRIERS OF . . .
E5ELDM1ESC. ~17!

Let us estimate the shell corrections effect on the fiss
barrier. Using the simple harmonic-oscillator potential, t
largest shell correction for a spherical cluster withN valence
electrons isESC5eFN1/3. Shell corrections are more impo
tant for high-density metals, such as aluminum (eF;1/r s

2).
On the other hand, for the spherical potential with infin
walls, we haveESC5eFN21/3. Since the effective potentia
‘‘felt’’ by the valence electrons in the cluster is intermedia
between these two potentials, we expect that, for a gi
metal, shell corrections do not depend very much on clu
size.

For z5g50, the LDM barrier height is

Eb5as@a2/31~12a!2/321#N2/3. ~18!

We compare now the shell correction with this quantity

DESC5
ESC

Eb
;

eF

as

N22/3

@a2/31~12a!2/321#
. ~19!

We conclude that~i! shell corrections are essential for sm
clusters,~ii ! DESC decreases withN22/3 for symmetric fis-
sion, and~iii ! for a given fragmentation channelp, DESC
goes withp22/3 when N→`, so that shell corrections ma
be important even for the fission of big clusters.

We may use Eq.~19! to compare shell corrections of clus
ters and nuclei. For typical valuesas'1 eV andeF'3 eV
for clusters andas'18 MeV andeF'8 MeV for nuclei, we
find that, for a given number of particles,DESC may be
about 6 times higher for clusters than for nuclei.

III. RESULTS

To test the SCM, we compare in Fig. 2 the barrier for t
reaction Na10

21→Na7
11Na3

1 calculated with the SCM
with that obtained by Barnettet al.21 using quantal molecula
dynamics~MD! in the local-spin-density approximation. Th
agreement is rather good. In the same figure, we also c
pare our results with those obtained by Rigoet al.22 for the
reaction Na24

21→Na21
11Na3

1 by solving the Kohn-Sham
equations for two intersecting jellium spheres. The two
formation energies agree, having their minimum and ma
mum at similar positions.

Encouraged by these agreements, we proceed to s
systematically the barrier heights of several small clus
decaying in all possible channels. We consider the poten
energy of Na18

21 as a function of the distanced between
fragments and the fission channelp ~Fig. 3!. This system is
interesting since emission of the magic piece Na3

1 competes
with symmetric fission in two magic pieces.

We present the result of two calculations. In the first
keep the mother and the daughter clusters with a sphe
shape, fixing the deformation parameters to bed15d251
~SCM-sph!. In the second case~SCM-def! we consider the
four degrees of freedom (d, l, d1, andd2). The determina-
tion of the fission path when the energy depends on m
n

n
er

-

-
i-

dy
rs
al

al

re

than three parameters is a difficult task. Instead, we fix
distanced and the asymmetryl and choosed1 andd2 mini-
mizing the total energy. Doing this, we are assuming that
a given separation between unequal fragments the sys
adjusts instantaneously its shape to the lowest-energy
figuration ~adiabatic approximation!. However, this proce-
dure does not guarantee that we are following the path w
the lowest-energy barrier among all possibilities in the m
tidimensional landscape.

In the first case, the channelp52 has a minimal energy
just before reaching the scission point (d'23 bohrs!. How-
ever, as the system crosses this point, a sudden energ
crease occurs due to the Coulomb self-energy of the sm
fragment. The channel with the lowest barrier correspond
the splitting in two magic fragments (p59). In the second
case, the channelp56 has the lowest barrier~0.12 eV!.

Table II shows the barrier heights corresponding to
decays NaN

21→NaN2p
11Nap

1, with 6<N<30, for the

FIG. 2. ~a! Comparison of SCM results with molecular dynam
ics for the reaction Na10

21→Na7
11Na3

1 ~Ref. 21!. In the SCM
both the mother and the daughter clusters are kept spherical for
reactions.~b! Comparison of the fission barrier obtained in the SC
with Kohn-Sham~KS! results for deformed jellium~Ref. 22!.
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7356 57ARMANDO VIEIRA AND CARLOS FIOLHAIS
most favorable channelp, for several cluster sizes~see Fig. 1
of Ref. 13!. We conclude that shell effects are quite stro
and that spherical and deformed approaches give rather
tinct results. ForN<10, the LDM barrier vanishes and th
barrier is exclusively due to electronic shell effects. T
LDM predicts that symmetric fission is favored forx.0.57,3

corresponding toN,21. This prediction is partially corrobo
rated by our SCM-def results since we find fission to
symmetric forN56, 8, 12, 14, 16, and 18.

The most favorable channel has, in general, a magic
near-magic piece (p53, 9, or 21!, in agreement with the
heat of reaction analysis.5 However, the channelp53 is the
most favored only for a small number of systems. The v
asymmetric channelp52, not predicted on the basis of th
heats of reaction, is the most favored for small clusters in
SCM-sph. For 6<N<12, the favored decay channel in o
calculations is not alwaysp53, as indicated by Barnettet
al.,21 and, forN56 and 7, the SCM-sph predicts spontan
ous fission. The most favored channel for the decay

FIG. 3. ~a! Potential energy for the system Na18
21 as a function

of the distanced between the fragments and the fission channep,
keeping the fragments spherical~SCM-sph!. ~b! Same as~a! but
minimizing the energy with respect to the parametersd1 and d2

~SCM-def!. The energy is in eV.
is-

e

or

y

e

-
f

Na27
21 is p54 ~SCM-def! or p52 ~SCM-sph!, close to the

resultp53 of Ref. 23.
For both spherical and deformed versions of the SC

initial clusters with a magic number of electrons, such asN
510 and 22, are particularly stable with respect to fissi
For these clusters, we find that the SCM-def barrier is hig
than the SCM-sph one. This is due to the fact that, in the p
to fission, the system goes through a configuration w
lower potential energy. By virtue of their special stabilit
these clusters are good candidates for the experimental s
of the so-called rapid fission~characterized by charging col
clusters by photoionization!.

The SCM-def gives rise, in general, to higher fission b
riers than the SCM-sph, especially forN<16 and 20<N
<23. This may be due to the deformation of nonmagic cl
ters, whose ground-state energies can be much lower
those of spherical ones. ForN528, 29, and 30 the barrier i
only slightly higher than the evaporation energy for spheri
fragments. This fact agrees with experimental data fr
Bréchignacet al.,23 who detected a strong competition b
tween fission and evaporation in that size range. The crit
number for these clusters isNc527 ~SCM-def! or 28 ~SCM-

TABLE II. Barrier heightsEb ~in eV! for the most favorable
decay channelp of NaN

21 and AlN
21 clusters obtained with the

SCM with spherical and deformed fragments.

NaN
21 Al N

21

Spherical Deformed Spherical Deformed
N Eb p Eb p Eb p Eb p

2 0.00 1 0.00 1
3 1.78 1 1.00 1
4 1.76 1 1.82 2
5 1.76 1 1.82 2
6 0.00 3 0.49 3 0.23 3 1.02 2
7 0.00 3 0.45 3 1.05 1 2.56 1
8 0.11 2 0.56 4 1.30 1 1.23 1
9 0.32 2 0.73 4 1.31 1 0.94 4
10 0.54 2 0.91 5 1.40 1 1.54 3
11 0.29 2 0.70 5 1.17 1 1.66 3
12 0.42 2 0.57 6 2.55 1 1.89 2
13 0.46 2 0.59 6 1.75 5 1.98 6
14 0.46 2 0.64 7 0.88 5 0.76 6
15 0.59 2 0.38 7 1.22 2 0.67 6
16 0.64 5 0.34 8 1.09 2 1.00 5
17 0.34 5 0.12 8 1.22 2 1.90 7
18 0.25 9 0.13 8 1.48 2 3.02 2
19 0.26 6 0.46 5 1.78 1 1.90 5
20 0.27 5 0.80 5 1.66 1 2.50 10
21 0.37 3 0.96 4 2.67 8 2.45 2
22 0.53 4 1.13 4
23 0.38 3 0.84 4
24 0.34 2 0.57 3
25 0.25 2 0.61 4
26 0.26 2 0.68 4
27 0.46 2 0.88 4
28 0.74 2 1.06 4
29 0.76 4 0.87 5
30 0.77 3 0.97 5
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sph!, in excellent agreement with the experimental va
Nc52761.10

Table II presents, in parallel with the results for sodiu
the barrier heights for the decay of doubly charged alumin
clusters~see Fig. 2 of Ref. 13!. To simplify the notation, for
aluminum~valence 3!, N denotes the number of atoms an
not the number of valence electrons~we take 2<N<21).
Systems with 7, 13, and 18 atoms are particularly sta
while clusters with 6, 9, 14, 15, and 16 atoms have sma
barriers. In contrast to sodium clusters, and with the exc
tions of N57, 17, and 18, the SCM-def and SCM-sph ba
riers are very similar.

Shell effects are more pronounced than in the case
sodium @about two times higher, as predicted by Eq.~19!#.

FIG. 4. ~a! Fission barrier height of KN
21 for the magic channe

p53 in the SCM with spherical fragments~SCM-sph!, in compari-
son to the molecular-dynamics~MD! results of Bre´chignacet al.
~Ref. 26!. ~b! Fission barrier heights for KN

21 for the magic chan-
nel p53 in the SCM with deformed fragments~SCM-def!, in com-
parison to the experimental results~Expt.! ~Ref. 27!. Eeva denotes
the LDM evaporation energy.
e

,
m

e,
r

p-
-

of

These strong shell effects are responsible for the follow
features. First, the SCM critical numbers (Nc521 and 20 for
SCM-sph and SCM-def, respectively! are much lower than
the LDM value, due to the high stability of Al18

21. Second,
the favorable decay channels predicted by the heat of r
tion analysis4 are not those with the lowest barrier, except f
N55, 7, 8, 10, and 11. Finally, smaller clusters (N,14)
have significant barriers, with heights between 1 and 2
while for N,5 the LDM shows no barrier. The cluste
Al 2

21 breaks spontaneously in two magic fragments.
Performing an all-electronab initio calculation, Martı´nez

and Vela25 concluded thatp51 is the favored decay channe
of small doubly charged aluminum clusters, with 2,N,6,
in good agreement with our SCM-sph results.

Let us consider the fission of doubly charged potassi
clusters. Figure 4 presents our results in comparison w
MD calculations done by Bre´chignacet al.26 For potassium
we use the jellium values of the LDM coefficients:as
50.54 eV, ac50.17 eV, c520.082, and ds51.17
bohr. The SCM-sph fission barriers are in good agreem
with MD results for 7<N<10, but for N511 and 12 the
barriers are overestimated. The system K7

21 has no fission
barrier in our calculations, while MD gives a 0.08-eV barrie
The magic cluster K10

21 has the highest barrier in bot
cases.

Figure 4 also compares our barriers heights for the de
of doubly charged potassium clusters with an experime
estimate by Bre´chignacet al.27 Although our barriers are, in
general, lower than the experimental ones, the trend of
data is reasonably reproduced. There is a maximum at
magic cluster withN522 and a minimum atN524 due to
the decay in two magic pieces: K24

21→K21
11K3

1. Using
the experimental surface energy, our results would be shi

TABLE III. Channel p with the lowest~first number! and the
second lowest energy barrier~second number! in comparison to the
observed potassium decay channels~Ref. 23!.

N SCM-sph SCM-def Expt.

20 3,4 3,4 3,7
21 4,3 3,6 3,7
22 3,2 3,6 3
23 3,4 3,4 3
24 2,3 3,4 3
25 3,4 3,4 3,5
26 2,3 4,3 3,9
27 2,3 4,3 3

TABLE IV. Critical numbers obtained by the LDM (Nc
LDM) and

the SCM considering spherical (Nc
sph) and deformed (Nc

def) frag-
ments. We use the LDM for the evaporation energy. Experime
values (Nc

expt) are taken from Ref. 10, for sodium and potassiu
and from Ref. 24 for aluminum.

Metal Nc
LDM Nc

sph Nc
def Nc

expt

Na21 28 28 27 2761
Al 21 34 21 20 1761
K 21 23 28 22 2061
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TABLE V. Barrier height for several doubly charged sodium clusters given by several methods.
refers to the cylindrical averaged pseudopotential and MD to molecular dynamics.

This work Other work Expt.c

Cluster p LDM SCM-sph SCM-def CAPa MD b

Na8
21 3 0 0.18 0.58 0.16 0.16

Na10
21 3 0 0.76 0.92 0.67 0.71

Na12
21 3 0.07 0.55 0.68 0.30 0.29

Na18
21 3 0.37 0.34 0.53 0.50

9 0.57 0.22 0.23 0.52
Na27

21 3 0.55 0.57 0.88 0.80

aReference 30.
bReference 21.
cReference 11.
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upward, approaching the experimental values~the surface
energy is underestimated in both jellium and stabilized
lium models!.

Table III presents the potassium decay channels obse
experimentally by Bre´chignacet al.,23 and the two channels
with the lowest barrier obtained in the SCM. Our results
consistent with the data.

Table IV shows the critical numbersNc , obtained with
the SCM for the most favorable fission channel. For sodi
and potassium, the LDM gives a very good prediction ofNc ,
but for aluminum this quantity is considerably overes
mated. This is due to the importance of shell corrections
high-density metals. The SCM-def results are in very go
agreement with experiment for all the analyzed syste
while SCM-sph exaggerates the critical numbers.

IV. COMPARISON WITH OTHER METHODS
AND CONCLUSIONS

Let us comment on some of the other authors resu
Garciaset al.28 used the so-called Blocki shapes to descr
the jellium background and solved the Kohn-Sham equati
for the fusion processes Na21

11Na21
1 and Na21

11Na3
1.

Koizumi and Sugano29 studied the asymmetric decay o
some doubly charged silver clusters, solving the Kohn-Sh
equations for a deformed jellium background described
the so-called funny-hills parametrization. This family
shapes was proposed to study symmetric, or slightly as
metric, fission of heavy nuclei, but is not adequate to
scribe the very asymmetric reactions that are typical of c
ters~it exhibits a very deformed surface, thus overestimat
the barrier height!. Garciaset al. and Koizumi and Sugano
called attention to the importance of shell effects on the
sion barrier on the one hand and of the shape of the jell
background on the other.

Models that consider localized ions represent an impro
ment on the continuous background models. Montag
Reinhard30 used the cylindrical averaged pseudopoten
scheme~CAPS! model, where the ionic structure is include
in a simplified way, to study the fission of doubly charg
sodium clusters, with 10, 12, and 18 atoms. They conclu
that the preferred channel is always Na3

1, although the sys-
tem Na18

21 has a good chance of breaking symmetrica
l-

ed

e

r
d
s,

s.
e
s

m
y

-
-
-

g

-
m

-
d
l

d

.

Molecular dynamics, as considered in Ref. 21, goes bey
pseudopotential averaging methods since the ions have
freedom to move.

Table V presents a compilation of theoretical and expe
mental results for barrier heights. We consider some ma
channels reported in the literature. There is an overall ag
ment between our SCM results and the CAPS and MD
sults ~exceptions are Na8

21, p53, for SCM-def only; Na

12
21, p53; and Na18

21, p59).
The case Na12

21 is particularly interesting since the en
ergetically favorable fission channel consists of two ma
daughters~Na9

1 and Na3
1). Our barrier height is almos

twice that obtained by other authors. For Na18
21, the sym-

metric (p59) is clearly favored in comparison with th
asymmetric channel (p53), in contrast to CAPS results
where the two decay channels have a very similar barrie

In summary, the SCM is able to reproduce, with reas
able accuracy, more exact Kohn-Sham calculations for
formed jellium and even some MD results. These agreem
made us confident of the method and lead us to apply i
clusters fission in a systematic way. We reproduced well
critical number not only for doubly charged sodium and p
tassium clusters but also for doubly charged aluminum c
ters. It is therefore interesting to apply the SCM to oth
nonalkali metals and to compare the results w
experiment.31

We have seen that shell effects modify considerably
LDM barriers, especially for metals with high valenc
electron density, and have confirmed the importance of fr
ment deformations in shaping the fission barriers, a fea
that was already pointed out by Yannouleas and Landma19

Finally, we remark that while most of experimental da
are from hot clusters~with a typical temperature of abou
500 K!, all our calculations were made at zero temperatu
Since the shell structure is reduced at finite temperature32

further studies including thermal effects are needed.
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