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Lattice dynamics study of zigzag and armchair carbon nanotubes
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We propose a very simple model of lattice dynamics of carbon nanotubes. Using a De Launay model, the
atomic force constants and phonon density of states are given as functions of the nanotube radius. Elastic
constants, a Young modulus, and Poisson ratio are derived from phonon dispersion curves for a homogeneous
deformation[S0163-182608)00911-4

I. INTRODUCTION The present work aims to improve agreement between
theory and experiment. To do so, we will use first the defor-
Immediately following the discovery of carbon nanotubesmation potential introduced in Refs. 26,27 which is associ-
by lijimal in 1991, intense activity was undertaken in bothated with the conformal mapping of a graphene plane to
experimental and theoretical fielés The electronic proper- form a cylindrical tube and secondly, the De Launay
ties of such one-dimensionélD) carbon nanotubes are seen Modef®*to study the dynamical properties of zigzag and
to arise predominantly from intralayer interactions ratherdmchair carbon nanotubes. Indeed, the experimentally ob-
than from interlayer interactions between multilayers withinserved multiple splitting of the Raman pe&k€ may be
coaxially nested carbon nanotubes or between two differeriinderstood in terms of the phonon dispersion relation of
nanotubes. The symmetry of a single nanotube plays an egraphgne. The discrete allowed wave vectors around the tu-
sential role in understanding the basic underlying physics. IRule circumference mean that the optical phonons of these
this work, we will focus on the properties of single layer Wave vectors can be excited with their energies given by the
(single wal) nanotubes, designated SWT’s. Such a SWT isdispersion relation of graphene at the same wave vector pro-
an ideal substance to study because its simple structure ¥ded that the dispersion remains unchanged by rolling into a
defined unambiguously by its diameter, length, and chiralityclosed tube?

and its size-specific properties are analyzed on the basis of a In what follows, we will first briefly review the notation
single sheet of graphite called “grapheng&®  used in defining the nanotube structures. In Sec. Ill we then

Theoreticall$ 3911133 nanotube is predicted to be a semi- successively present the model used in our evaluations, the

conductor or a metal depending on its diameter and chirality'esulting dispersion relations, and finally the specific heat,
This arises from the fact that the translational symmetry inP€bye temperatures, and elastic constants. Calculational de-
graphene, persists along the tube axis but no longer existgils have been put into the appendixes.
around its circumference. Thus the wave vectors of both
electrons and phonons possess continuous values along the Il. NANOTUBE STRUCTURES
direction corresponding to the tube axis in the Brillouin zone . . . .
but can take onFI)y setsgof discrete values around the circum- We use the notation of Re_fs. 6 anq 11 in which a tubule is
ference. This size-dependent zone folding effect is the salierﬂefmed in terms of the two d|recF Iattlpe vectagsanda, of
feature of nanotubes that governs their basic properties. a 2D graphene sheet and a pair of 'r_“eg‘”m- For the
Since 1993, several publicatids'® have dealt with the 219229 tubulen=0 and for the armchain=m (Fig. 1. The
vibrational(Raman spectra of multiwalled carbon nanotubes ywc_ie_ly used model of a SWT COI']S.IStS_Of rolling up a semi-
(MWT'’s). More recent workS—22 have treated SWT's and infinite graphene sheet into a cylindrical tube of constant
the data have been reviewed in Refs. 10,23. Along with the
experimental investigations, a number of authors have also
treated the theoretical aspects of SWT’'s relating to the
symmetry-dependent number of modes and the diameter-
dependent frequencié%!®?1-2° Experimental first-order
Raman-active vibrational mode frequencies have been
proposed’ for a series of armchairN,,N,) nanotubes for
x=8,9,10,11 and satisfactory agreement between the theoret-
ical model and the experimental values is found only for the FIG. 1. Representation of armchair and zigzag tubules. Atoms
highest frequencies. B., B,, andB; are the first nearest neighbors of atém

Zigzag tubule axis Armchair tubule axis
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. ) . FIG. 3. Example of &6,6) armchair nanotube. Filled and un-
FI_G‘ 2_‘ Central a_nd "’_‘”99'6“ force:snsnrsr_ Is the unl_t_ve_ctor N filled circles represent atoms in two different planes perpendicular
the direction of the line joining the atoms in the equilibrium posi- ;1 tha tube axis. Plane®, to P, and P; are parallel to tube axis.

tions defingd byR,,s and R”’S’;_dns andd, s represent the _instan- Interactions between plané%, and P; are “further” interactions,
taneous displacements, which can be decomposed into rad'WherePf symbolizes all planes beyor®, and P,.

(AnsP’) and angular P'P) components.

radius. To this conformal mapping corresponds a simple deaccount the interactions between atoms in the same sublat-
formation potentiéf"ntaking into account the effects of cur- tice as well as those between different sublattices. We will
vature on the one-dimensional electronic propetties car-  utilize the following notationw, i(a, ;) is the atomic force
bon nanotubes. constant corresponding to the central forGasgular force

In a graphene sheet the carbon atoms are placed in thae indexv specifies whether the atoms are first, second,
vertices of open hexagons, the edges of which have a lengthird, . . . , nearest neighbors arncorresponds to an interac-
of dc.c=1.42,A (the smallest distance between atoms withintion with the atoms within the same planeii& intra and
the graphitic plang The vectors of the primitive cell in the with the atoms in(first, secong. ..) nearest planes if
(e1,&,,€3) orthonormal basis for graphite are =inter. Satisfactory results are obtained for graphite using
the five force constant&; jnya, @1 jnrar @2iintrar @1,inter» and

a —al2 0 o
1, inter-
a=| 0], a=| av3n2|, a=[ 0], (2.1 In the case of single-walled nanotubes, such a distinction
0 0 c between “intraplanar” and “interplanar” is somewhat arbi-

trary and consideration can be limited to first-, second-, and
with layl|=]la| =a=v3dc.c=2.46 A, lag=c=2d,_, further-neighbor interactions characterized respectively by
=6.70 A;d,_, is the distance between two graphitic planes.atomic force constants;,a,ay,(a;,a;,af) for central
From these equations, we can immediately determine théngulay forces. Let us take, as an example, {6¢b) arm-

vectors of the reciprocal lattice: chair tube of Fig. 3. We consider the various atoms to be on
planesP,, P, andP,, P, being the reference plane. First-
2mla 0 0 and second-nearest-neighbor interactions correspond to those
betweenP,, P, andP,, respectively, and “further” inter-
=| 2n/y3a =| —4n/y3a = 0 . _ 0r M1 2 : rtr
by m\3a |, b, ml\3a |, b actions to those between plarfegandP; comprising all the
0 0 277/‘3(2 2 more distant planes. This reasoning implies that the values of

the atomic force constants, iy and a; e, Used for graph-
ite must be increased in the case of the nanotubes, since the

the carbon nanotubes, it is assumed that the tubule length %stancePo-Pf s less than the interplanar distance in graph-
much greater than its diameter so that the contributions o d?airrf;ret:]eirtmrgirer,\tlztgge. r?ezzg;vasr thtit tgigeirr:?cl)ngc?;gljzte r;[:i)?g
the end capsif any exis) can be neglected in treating the lan b’ n@g However. in yr the modified val
physical properties. The symmetry groups are symmorphi@a €s beyo 2 owever, In ou ca{s.e, € mocilied values
for armchair and zigzag nanotubes where the translationdl! ®1inter@nd @1 e, denoteday anday integrate the overall

and rotation symmetry operations can be execute@ffects of all atomic planes superior to second neighbors.
independently:10° The above remarks imply that we must introduce a new force

constanta,. Indeed the radial force constamt, remains
almost unmodified under conformal mapping, but the angu-
lar force constantv;, between second nearest neighbors can-

The De Launay mod# assumes that there exist two not be neglected because of the nanotube curvature.
forces between pairs of atoms: a central or radial force which The operation of transforming a graphene sheet into a
depends only on the distance between the two atoms and &mbe can be understood as adding to the graphene Hamil-
angular force which depends only on the angle between thmnian a deformation potential energy term attributed to the
line joining two atoms at any given instant and the line be-alignment defects of ther orbitals due to curvaturéi.e.,
tween the same two atoms at equilibrium: see Fig. 2. A crysnonplanarity of the graphene plane. As in Ref. 27 and as
tal lattice made up ofN atoms in the primitive cell is con- observed on Fig. 1, the bordiB; remains parallel to the
sidered as the sum & sublattices. Each sublattice is taken tubule axis and consequently is not deformed for zigzag tu-
to possess the symmetry of the whole crystal. We take intbules. In the case of armchair tubules th,eBs bond is the

For graphenea;=b;=0. In discussing the symmetry of

III. DYNAMICAL STUDY OF CARBON NANOTUBES
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TABLE |. Atomic force constantsa,(«,) is the atomic force TABLE Il. Experimental and theoretical Raman frequencies in
constant corresponding to the centfahgulaj forces; the index THz for armchair nanotubes. The left hand column shows experi-
specifies first, second or “further” neighbor interactions. For mentally observed frequencies for a powder contairi$g), (9,9),
graphite,as and e correpond towy jneer &N g - (10,10, and (11,1 nanotubes. The right hand column gives our
calculated values.

a; @) ay ay o af B1 B3
Experimentalv (Ref. 20 Theoreticalv
Graphité®® 505.1 84.4 73.7 59 0.72

(N4,N,)  505.1 87.8 73.7 15.0 68.0 11.0 44/ 8.8N, 3.47 3.47
(N,,0) 505.1 87.8 73.7 15.0 68.0 3Mg/ 5.57 5.57
11.30 11.30
20.17 19.16
most deformed by rolling up a graphene sheet. Deforming 2263 22 64
the flat graphene sheet to form a tubule means that in addi- 25.63 25.63
tion to the initial interatomic force constants we should now 40.38 39.58
add supplementary terng; . 45.74 43.24
(i) for the zigzag tubules and for the— B interactions, 46.46 43.24
only the atoms denotel8; andB,, are concerneccf. Fig. 1): 46.97 46.96
zigza zigza zigza 47.75 47.30
Bag, %= Bag, = B1. Bag, =0. 3.9 4823 48.08

(i) for the armchair tubules, the three atoBis, B,, andB;
intervene(cf. Fig. 1:
armchair_ oarmehaic_ armchaic_ Let us now examine the passage from graphene to graph-
Bas, —Bas, —Bi1s Bas, —Bs (32 ite. We recall that experimentally, an isolated plane of

. . L raphene has never been observed. But SWT’'s have been
Since the alignment defect decreases as the radius increa thesized in many laboratories and these nanotubes in the

we takeB; andB; proportional to the inverse radius %f the jimit of high values of radii must be equivalent to graphene.
tubules; we recall thaR*9*%%= 3Nydc d/2r and R*™"" |, graphite the interplanar interactions are weak but neces-
:3Nxd0-0/2_77- ) ) sary for the stability of the crystal. We observe from Fig. 3
~ Account is taken of the orbital alignment defects for thehat the interactions classified in nanotubes as “further”
zigzag tubules for atommB; or B, by replacingay jnain the  atom interactions are equivalent to graphene’s third, fourth,
dynamic matrix of graphite by; + 8, (see Appendix & for  etc., interplanar interactions. If we increase the tubule’s ra-
the armchair tubes, for atoB; or B,: g j,.s— a1+ 81 and  dius the distance in Fig. 3 goes to infinity and the tubule
for atomB;: @}y, a1 1+ B3. We recall thatry je— ¢ and  becomes a graphene sheet. We lose the interactions between
@Y inter— @ - atoms symmetric with respect to the center of the circle and
By taking into account the new force constags, 33, separated by the distande In this limit, there is no equiva-
and ; the dynamical matrix of graphite is transformed into Ient to interplanar interactions existing in graphite. We de-
a dynamical matrix of the nanotube. The numerical values ofluce from this that graphene is unstable due to lack of inter-
the constantsy;, @/, and 8, (Table ) are determined by layer coupling. This means also that a sheet comprising two
adjusting their values in the dynamical matrix so as to obtaifdraphene planes might exist if the interplanar forces were
the best fits of calculated and observed Raman frequenciédifficiently strong. This explains why for SWT's the force
for the different tubule radii corresponding k=8, 9, 10, constantsy; anda; must be much greater than in the case of
and 11. Comparison of the frequencies is given in Table 19raphite @ jnerandea; i) and that the force constants cor-
(1THz=33.35cm }). responding to first- and second-neighbor interactions
It is of interest to compare the frequencies in Table Il witha;, a;, anda, are almost unchanged. We now turn to the
those force constants with which they are associated in thphonon density of states.
dynamical matrix. As concerns the low frequendig€7 and The phonon density was calculated using a method based
5.57 TH2 and to a lesser extent 11.3 THz they are stronglyon counting the number of eigenfrequencies existing in each
dependent ony; and f which signifies that these frequen- interval betweenv and v+dw; the phonon density is ob-
cies are characteristic of the “further” atom interactions be-tained by diagonalizing many times the dynamical matrix for
yond second-order neighboring interactions. We may obpoints of the first Brillouin zoné; Fig. 4 compares the den-
serve on all spectraN,=5,200) the frequency at 3.47 THz Sity of states(DOS) for graphite, a(10,0 zigzag, and a
indicated as characteristic of nanotub®sThe frequency (10,10 armchair nanotube. The graphitic character of the
close to 25 THz is linked to the force constamt which ~ nanotubes stands out.
characterizes the angular forces between first neighbors; this Using the density of stateg»), and the Debye model for
frequency, characteristic of graphite is slightly shifted be-the specific heat in the form of a discrete sum over the fre-
cause of the interactions due to the alignment defects. Thguencies:
high frequencie$47.75 and 48.23 THzare due to first and

second neighbor interactions: they are thus also observed on hy |2 eksTg(p)
graphite, although slightly modified in the case of the nano- C :2 kb(_”) glv (3.3
tubes due to the angular distortion. i keT/) (eh/keT—1)2
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Phonon density of states of graphite We show in Appendix B the importance for carbon nano-
- tubes of the elastic constan®;; and Cgg; they allow the
= determination ofC,,. For the evaluation ofC;, for ex-
5 400+ ample, we consider an acoustic branch of the phonon disper-
sion curvesy=v(k) which is almost linear in the neighbor-

& 3°° hood of k=0. We consider the slope at the origirn= v/k
B 0 and we apply the relationship of Appendix B:
§ , N
> ‘”'MM C00= pyp=10-25¢ 107(F) | (39
KON V. namatthua i ORI | B\ " i ki
W TETRTE TR A 0 e 4 'Is'.ilz where is in THz andk is dimensionless.

v ( We recalf® that A and u are the Lameoefficients. The
Phonon density of states of (10,10) armchair compression moduluk is given byK =X+ (2/3)x with \
/~~ 350+ :C12 and M:(C11+2C12)/2, SO thatK=(C11+2C12)/3

For a homogeneous deformation, the Young's modulus
Evoung @nd Poisson’s ratiorpyissonare defined by

g

N
H

£ _ 9Ku =(C11+2C12)(C11_012) 3.7
Young™ 3K + g (C11tCyo) , .

~_13K—2u_ Cyp 3.8
Tpoissoi- 5 3K+u  3(Cy+Cqyp° .
0

o a5 x For the (10,10 tube, C;;=84.45<10' nn?, C,=

g

g

¢

g(v) (arbitrary units

o 5 0 15 20 25 a0 %5 40 45 %0
v (Thz —13.89< 10" nn?, Eyoung=789.8 GPa. and opoisson

. . =0.065. The Young’s modulus is slightly size dependent
:a?o?on densny of states of(l0,0) 21gzag rising with the diamete(for graphiteEyq,g=1020 GPa).

300

IV. CONCLUSIONS

N
<

Our simple dynamical model using only six atomic force
constants has been shown to yield quite satisfactorily those
frequencies experimentally observed in Raman scattering
studies of single wall carbon nanotuB®and to be in good
agreement with results predicted theoretically for the arm-

g

-3
1

g(v) (arbitrary units)-g
8

50 -
M chair and zigzag tubes with diameters of the order of 10 to
O S AP A s s s ey S A 15 A132L240f particular interest is the fact that our model
v (Thz has allowed showing that a given atomic force constant may

play a prominent role in determining a given observed
FIG. 4. Density of states 0f10,10 armchair,(10,0 zigzag = Raman-active frequency.

nanotubes compared to graphite. It is of interest to examine the passage from graphene to
graphite: (i) experimentally, an isolated plane of graphene
one finds, at low temperatures, has never been observedij) a sheet comprising two
3 graphene planes might exist if the interplanar forces were
C,=yT"+al, (3.4 sufficiently strong;(iii) for an infinite number of parallel
where yT2 and oT are the lattice and electronic contribu- Planes, i.e., the case of graphite, the interplanar forces be-
tions, respectively, with come very weak.
We deduce from this that graphene is unstable due to lack
1274 1 of interlayer coupling, but that beyond a certain threshold,
Y=g B(@_sD)- 3.9  the greater the number of added graphene planes, the weaker

the interplanar force constant between them. As a corollary,
kg is the Boltzmann constant afdl, the Debye temperature. as we remove graphene planes from graphite, we increase the
The results obtained using the De Launay model for graphiténterplanar force constants.
are close to those of the literatuie™* y=27 Consider a coaxial, carbon multiwall tube from which we
X107° IJmol *K™% and ®p=413 K. For a(10,10 arm-  successively remove layers, starting from the outmost wall
chair tubule, y=1.43<10"° Jmol'tK % and Oy and finishing at a single walled tube. Upon the removal of
=475 K and for a (10,0 zigzag tubule, y=8.1 each layer, the interlayer force constant increases to maintain
X108 Jmolr1K~# and®,=621 K. These values differ the overall stability. This explains why, for SWT’s, the “in-
little for N, comprised between 8 and 11. terplanar” force constants must be much greater than in the
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case of graphite and that the intraplanar force constants are

.. . 2
almost unchanged: this is clearly brought out in Table I. —MewiAnsit 2 {—a) 8 +(a)—a,)
n's'vj’
APPENDIX A: DYNAMICAL MATRIX X UnsrysrjUnsis'H(Anrgrjr €6 (Rrs =Rnd — AL )

FOR CARBON NANOTUBES

=0. (A5)
A nontrivial solution of this system of I8 equations exists
for |[M(k) —mew?(k)I|=0, whereM is the dynamical ma-
trix of the crystal and the identity matrix.

In the frame of the De Launay model, application of the
fundamental principle of dynamics leads to

Mgy = E Frsnsv= —mswﬁsdnS (A1) In the case of hexagonal graphite, the primitive cell con-
n's'v tains four independent carbon atoms dendiedB, C, and
with D. Therefore we have four sublattices leading to a<12
dynamical matrix with 78 elements above the diagonal. This
Frswsio= —a;'i(dns— dn,s,)—(avyi—a;yi) matrix adapted to carbon nanotubes has the form
X[{Unss - (Ans=dnrs ) fUnsys ] (A2) A—A A=B A=C A<D
The indexv indicates first, second, third, etc., neighbors Bo~A BoB BoC BoD (A6)
under consideration. In the case of graphite the iridiexli- C—~A CeB C=C CeD
cates whether the neighbor is within the same plane or in DA DwB DwC DwD

another. For single-walled carbon nanotubes the indexs ) .
no signification, the only distinction is between first-, WhereA—B, for example, expresses the interaction between

the typeA and B atoms. The dynamical matrix being Her-

second-, and further-neighbor interactions;;(«, ;) is re- e .
Lo mitian and the symmetry of the unit cell, lead to

placed bye,(a,), v=1, 2, f indicating first-, second-, or
further-neighbor interactions. A B* C 0
A system of N equations in 8l unknowns is obtained,

the unknowns being the components of the displacement BED 00 . (A7)
vector: cC 0 A B}
) 0 0 B* D
Mgdhnsj— E {=a, i+ (e, i—ay,) A, B, C, D, and 0 are X3 matrices.
nel The element of the dynamical matrix being
><unsn’s’junsn’s’j’(dnsj’_dn’s’j’)}
=0 (A3) ’2_,{_04{,5“”1‘(6!;—6!1,)
n's'vj
introducin iK- (R —
g | X Unsrrs/jUnsmrs/jrH(Anrgr € Rars =Rnd — A )
Ops=Ape'(~@nstTK-Rag) (A4) (A8)
we obtain for carbon nanotubes we have explicitly

3 1 3
All(k): E(al"‘ ai)+2a§ +3a2{ 1_ E[CO&ZWkl)'f’COSZW(kl"‘ kz)] + Z(Bl+ B3)

+ a5 —2c0g27ky),

1
3- E[coserlir cos2m(ky+Ks) ]

3
Ark)=Ag(k)=—( \/5/2)012[00527T(k1+ kKp) —cog2mk,) ]+ \/T_(,Bl_ﬂs)y

Arg(k)=Ag(k)=0,

3 2 1 5 1

3
3- 5[00327-rk1+ cos2m(ky+Kks)]

+ a5

Ay(K)=Azyk)=0,
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Azy(kK)=3a;+2a;+28,+ B3+ ay{6— 2[ cos2rk, + cos2m(k, +k,) + cos2mk, ]},
1 . . . 3 . 3 )
(a1+ 3a,i)(e*2ﬂ'|/3(k1+ 2k2)+ e 217|/3(k17k2)) _ a1e211'|/3(2k1+ kz)_ZBlef 2mil3(ky—kp) _ Zﬁse72m/3(kl+2k2),

Bi(k)=—+
J3

4
V3 N a2 I3k —Ky) o= 2 /3(Ky + 2Ky) V3 — 2 /3(Kkq — ky) — 2mi/3(Ky + 2K5)
B1a(k) =Bai(k) = - (a1~ ay)(e 17 —e V) B Lt 4 Bee e

B13(k) =B3i(k)=0,
1 ) ) . 1 . )
BZZ(k): _ Z(al+ ai)(8727r|/3(k1+2k2)+e7211'|/3(k17k2))_a,ieZﬂ'I/B(Zlirkz)_ Zl[;})le*271'I/3(k17k2)_BleZﬂ'I/3(2k]_+k2)

B %ﬁse* 2il3(kq+ 2k2),

Bas(k) =Bsi(k) =0,
Bag(K) = — ai(e—Zwi/3(k1+2k2)+ o273k —kp) 4 e27ri/3(2k1+k2))_Igle—ZTri/S(kl—kz)+ﬁ1e—277i/3(2k1+k2)_B3e—27-ri/3(k1+2k2)'
C1i(k)=Cyy(k) = —2a;cog 7ks),
C33(k) == — 2afCOS( 7Tk3),

3
+Z(,31+33)

3 1
Dy(k)= E(al+ aj)+3ay 1— E[cos(2wkl)+c0527-r(k1+ k)1

1
3—2cos2rk,— E[COSZWkl'F cos2m(k,+Kks)]

+ay

3 3
Dia(k)=Dyi(k)= _\/7_042[003277(k1+ kp) —cog2mk;) ]+ g(ﬁl_ﬁs.).

D13(k)=D3y(k) =0,

2 1 5 1
1- §cos{2wk2) - g[cos(27-rkl)+c032w(kl+ kz)]] + ZB1+ Z’B?’

3
Doik)= E(al+ ay)+3a;

3
+ ay 3—E[cosZwk1+00527r(kl+k2)] ,

Dog(k)=DgAk)=0,

Day(k)=3a;+ 281+ B3+ as{6—2[ cos2wk, + cos2m(k, +ky) +cos2mk,]},

|
APPENDIX B: ELASTIC CONSTANTS a1 Cu Cp 0 [d
o|=|C Cu O da |. (B1)
When we limit ourselves to graphene, the physical system o 0 0 Cg/ \dg

is two dimensional. Using Nye’s notatitfhwhich allows us

to write the tensor relationships using more comprehensible
matrices, we obtain the following relation between the The elastic tensor is defined by only two elastic stiffness
strainsd; and the stresses; : constants or moduli of elasticitZ;;[ Cge=(C11— C12)/2].
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Upon applying uniaxial compression or tractiorparallel to  and equivalent formulas alor@e, andOe;; p is the volumic
the tubule axis, iR; andR/ are the atomic positions before mass. Taking fod, as a plane wave propagating in the di-

and after applying stress, then, rectionk:d=Age' "=k the preceding relation yields
RI=(l+6e)R;, pw?A;=(Cyiki+ Cegk3) Ay + (Crot Cop)kikoA, . -
- - B5

wherel is the identity matrix an(f the reduced deformation Identical relations exist for the other two directions so that

tensor and a system of equations is obtained with nonzero solution only
S,c 0 O if the following determinant is set equal to zero:
€amechai=| O Smo O, (B2) Cuki+CedG—pw?  (CpptCeglkiky
N 0 0 o (C1p+Ceokika  Ceeki+Cyiko— pow?
(B6)
Spjo 00 In the case of a wave, longitudinally polarized in the direc-
€rigrag= 0 Sy 0. (B3) t!on Og, (A1=A,A2=A3=O) and propagating in the djrec-
- 0 0 0 tion [100] in other wordsk; =k andk,=k;=0 one obtains
The S;’s are called elastic compliance constants or elastic c _ “’_E (B7)
constanty Sge= (S11— S1,)/2]. These two last relationships 11[100 = P K2’
illustrate the interest®? in the case of the nanotubes, in : .
knowing the constantS; or C;; in particularCy; andCy,. 7O 2 wave polarized transversely along the @y (A,
By considering the forcé$ acting on an element of vol- =AAI=A3=0):
ume in the crystal we obtain the equation of motion in the w2
Og, direction C66[100]:pk_2T (B8)
2 2d é%d 9°d '
Pa_2d1:C11(9_21+Cee_21+(C12+ 066)[7—2 with  p=2.26x10° kg/n?, [ky|=4m/ay3 and [k
X d Xdy =2m/c. These equations were used to evaluate the values
(B4) given for nanotubes.
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