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Theory of surface spin waves in ferromagnetic semiconductors
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A Green’s-function formalism combined with the transfer-matrix method is used to calculate the surface
spin wave modes in semi-infinite ferromagnetic semiconductors~FMS’s! with a ~001! surface and the surface
magnetization in the ferromagnetic phase,T<Tc . The theoretical results were applied to narrow-band as well
as to wide-band FMS’s.@S0163-1829~98!02811-2#
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I. INTRODUCTION

There has been considerable interest in the study of
face excitations in various magnetically ordered systems
is now established from theory as well as from experim
that the magnetic properties at surfaces may differ fr
those of the corresponding bulk. In a semi-infinite ferroma
net or antiferromagnet the spectral intensity of the bulk s
waves becomes modified and in addition to the bulk s
wave excitations there may also be localized~or surface!
spin waves~SSW’s!, the amplitudes of which decay expo
nentially away from the surface of the material toward t
interior ~see for review Refs. 1–3!. Several theoretica
studies4–7 have shown that the presence of a surface
which the coordination number is reduced, leads to a str
enhanced magnetism. In some cases, this enhanceme
strong enough that the surface is magnetically ordered
temperatures above the critical temperature of the bulk.

Most of the SSW works are concerned with magnetic s
tems. The semi-infinite magnetic semiconductors have b
not so intensively investigated. The magnetic excitations
bulk ferromagnetic semiconductors~FMS’s! are obtained al-
ready, where two different frequency spin wave branc
exist corresponding to ‘‘acoustic’’ and ‘‘optical’
branches.8,9 Shen and Li10 have studied the SSW in a sem
infinite antiferromagnetic and ferrimagnetic semiconduc
at low temperatures in the narrow-band limit, where the h
ping exchange interaction of conduction electrons can
omitted. The dispersion relations of surface excitations
obtained by use of Green’s-function theory. The influence
thes-d ~or s- f ! interaction on the SSW spectra is discuss
Semi-infinite magnetic semiconductors with a site-dilut
free surface in the narrow-band limit and at low temperatu
have been investigated by Shen, Shen, and Li.11 The mag-
netic properties of thin films containing itinerant electro
interacting with localized spins and the problem of interlay
exchange coupling have been considered
Urbaniak-Kucharczyk.12,13 Calculations are presented with
the frame of a Green’s-function formalism of the magneti
570163-1829/98/57~11!/6508~6!/$15.00
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tion distribution across the layer and the thickness dep
dence of the Curie temperature. Gopalan and Cottam14 have
used thes-d interaction model to study the bulk and surfa
magnetic excitations of a semi-infinite FMS. Results are
duced for both narrow-band and wide-band FMS, but o
for low temperatures,T!Tc , where the magnetization̂Sz&
[S.

In this paper we will study the surface excitations
FMS’s using a Green’s-function technique combined w
the transfer-matrix method,15,16 in both cases, narrow-ban
as well as wide-band FMS’s for all temperatures belowTc .
To our knowledge, there is no investigation on such a pr
lem in the current literature.

II. THE MODEL AND THE MAGNETIC MATRIX
GREEN’S FUNCTION

In this section we present calculations for obtaining t
magnetic Green’s function for a semi-infinite FMS occup
ing the half-spacez>0 and described by thes-d ~or s- f !
interaction model:

H5HM1HE1HME . ~1!

HM is the Heisenberg Hamiltonian for the ferromagnetica
orderedd electrons,

HM52
1

2 (
l ,d

Jl ,l 1dSlSl 1d2gmBH0(
l

Sl
z , ~2!

where Sl and Sl 1d are the spin operators for the localize
spins at sitesl and l 1d in the semi-infinite system, the sum
on d is over nearest neighbors only,Jl ,l 1d is the exchange
interaction, andH0 is a static magnetic field applied in thez
direction ~the direction of the static magnetization!.

HE represents the usual Hamiltonian of the conductio
band electrons,

HE5 (
l ,d,s

t l ,l 1dals
1 al 1d,s2gemBH0(

l
sl

z , ~3!

wheret l ,l 1d is the hopping integral.
6508 © 1998 The American Physical Society



-

ro

rie

ne

e

u
na

,

ken

x-

on

fer-
:

57 6509THEORY OF SURFACE SPIN WAVES IN . . .
The most important term in Eq.~1! is the operatorHME ,
which couples the two subsystems~2! and ~3! by an intra-
atomic exchange interactionI l ,

HME52(
l

I lSlsl . ~4!

The spin operatorssl of the conduction electrons at sitel can
be expressed assl

15al 1
1 al 2 , sl

z5(al 1
1 al 12al 2

1 al 2)/2,
whereals

1 and als are Fermi-creation and -annihilation op
erators at sitel , respectively;s561 corresponds to the
spin-up and -down state.

To study the magnetic excitations of the system we int
duce two Green’s functions,

Gi j ~ t !5^^Si
1~ t !;Sj

2~0!&& ~5!

and

Gi j8 ~ t !5^^si
1~ t !;Sj

2~0!&&. ~6!

It is easy to show that the equations of motion for the Fou
transform of the Green’s functions~5! and ~6! in the RPA
have the following form:

S v2gmBH02I i^si
z&2(

d
Ji ,i 1d^Si 1d

z & DGi j ~v!

1^Si
z&(

d
Ji ,i 1dGi 1d, j~v!52^Si

z&d i j 2I i^Si
z&Gi j8 ~v!

~7!

and

~v2gemBH02I i^Si
z&!Gi j8 ~v!5I i^si

z&Gi j ~v!. ~8!

Combining Eqs.~7! and ~8! we obtain

S v2gmBH02I i^si
z&2

I i
2^Si

z&^si
z&

v2gemBH02I i^Si
z&

2(
d

Ji ,i 1d^Si 1d
z & DGi j ~v!

52^Si
z&d i j 2^Si

z&(
d

Ji ,i 1dGi 1d, j~v!. ~9!

It must be noted that the random phase approximation~RPA!
is not so good very close toTc , but in our case where we
want to obtain the temperature dependence of the mag
sations for all temperatures belowTc it is a good approxima-
tion. If we have to discuss, for example, the dependenc
the critical temperature on the layer,Tc(n), for thin films
then we must go beyond the RPA and must take into acco
the correlation effects. On introducing the two-dimensio
Fourier transformGninj

(ki ,v), one has the following form:

^^Si
1 ;Sj

2&&v5
2^Si

z&
N (

ki

exp@ iki~r i2r j !#Gninj
~ki ,v!,

~10!

whereN is the number of sites in any of the lattice planesr i
and ni represent the position vectors of sitei and the layer
-

r

ti-

of

nt
l

index, respectively, andki5(kx ,ky) is a two-dimensional
wave vector parallel to the surface. The summation is ta
over the Brillouin zone.

We assume for simplificity only nearest-neighbour e
change interactions and takeJi j 5Js ; I i5I s ; t i j 5ts ; ^Si

z&
5^Ss

z&; ^si
z&5^ss

z& on the surface layer (i 51) andJi j 5J;
I i5I ; t i j 5t; ^Si

z&5^Sz&; ^si
z&5^sz& in the bulk. As a result

the equation of motion for the Green’s function~9! of the
semi-infinite FMS forT<Tc has the following matrix form:

~v2H!G~ki ,v!5R, ~11!

whereH, G, andR are`3` matrices.H can be expressed
as

H5S V 2k1 0 0 0 0 ...

2k U 2k 0 0 0 ...

0 2k Q 2k 0 0 ...

0 0 2k Q 2k 0 ...

A A A A A A �

D
`3`

with

k15J^Ss
z&, k5J^Sz&,

V5gmBH01I s^ss
z&1

I s
2^Ss

z&^ss
z&

v2gemBH02I s^Ss
z&

14Js^Ss
z&„12g~ki!…1J^Sz&,

U5gmBH01I ^sz&1
I 2^Sz&^sz&

v2gemBH02I ^Sz&

14J^Sz&„12g~ki!…1J^Ss
z&1J^Sz&,

Q5gmBH01I ^sz&1
I 2^Sz&^sz&

v2gemBH02I ^Sz&

14J^Sz&„12g~ki!…12J^Sz&,

g~ki!5 1
2 @cos~kxa!1cos~kya!#.

In order to obtain the solutions of the matrix equati
~11!, we define two infinite-dimensional column matricesGn
andRn with the elements given by (Gn)m5Gmn and (Rn)m

52^Sn
z&dmn , so that Eq.~11! yields

~v2H!Gn5Rn , ~12!

which could be resolved easily by reference to the trans
matrix method.15,16 We introduce the two transfer functions

T15
G2i 11,m

G2i ,m
, T25

G2i ,m

G2i 21,m
~ i>1!. ~13!

SubstitutingT1 and T2 into one column of Eq.~11!, the
following Green’s functions can be obtained:

G115
1

v2V1k1T2
, ~14!
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G225
1

v2U1S kT12
k1k

v2VD , ~15!

G335
1

v2Q1S kT22
k2

v2U2
k1k

v2V
D , ~16!

and so on, where

T15
1

2k F2v1U6Av2U24k2
v2U

v2QG , ~17!

T25
1

2k F2v1Q6Av2Q24k2
v2Q

v2UG . ~18!

As is well known, the poles of the Green’s functions gi
the dispersion relation of the spin waves; therefore, the S
spectrum can be given from Eq.~14! by the following ex-
pression:

vs2V~vs!1k1T2~vs!50, ~19!

which has to be numerically calculated. We get an equa
of the seventh degree. It must be pointed out, however,
the seven roots obtained from Eq.~19! must be checked be
cause extra expressions have been multiplied. We must m
sure that the root does not make the expressions (vs2U),
(vs2Q), etc. vanish. As a matter of fact, only two of th
seven roots satisfy these requirements and therefore re
sent the true SSW spectra, corresponding to the ‘‘acous
and ‘‘optical’’ branches of FMS’s.

The thus-obtained two solutions for the SSW can be u
for the evaluation of the relative localized-spin magneti
tion of the surfacêSs

z&:2

^Ss
z&5

1

N (
ki

@~S10.5!coth@~S10.5!bvs#

20.5 coth~0.5bvs!#. ~20!

However, the surface magnetization involves the SSW’svs ,
which are depending~throughV and T2 , Q and U! on the
surface and the bulk magnetization and spin waves, the
face and bulk conduction-electron magnetization and ene
so that all expressions must be solved self-consistently.

III. CALCULATION OF THE ONE-ELECTRON
GREEN’S FUNCTION

In order to obtain the conduction-electron magnetizat
^si

z& we must define the one-electron Green’s funct
gi j s(E)5^^ais ;aj s

1 &&. The equation of motion is given by

@E10.5s~gemBH01I i^Si
z&!#gi j s~E!

5d i j 1(
d

t i ,i 1dgi 1d, j s~E!. ~21!
W

n
at

ke

re-
’’

d
-

r-
y,

n

Analogously to the previous section, after a two-dimensio
Fourier transformation we get for the matrix Green’s fun
tion the following expression:

~E2N!g~ki ,E!5I ~22!

with

N5S Ns k 0 0 0 ...

k N k 0 0 ...

0 k N k 0 ...

A A A A A �

D
`3`

,

where

k5tg~ki!,

Ns52
s

2
~gemBH01I s^Ss

z&!14tsg~ki!,

N52
s

2
~gemBH01I ^Sz&!14tg~ki!.

ts52Ws andt52W, whereWs andW are the conduction-
band width on the surface layer and in the bulk, respectiv
For the different Green’s functions we obtain

g115
1

E2Ns2kT2
, ~23!

g225
1

E2N2kS T11
k

E2Ns
D , ~24!

g335
1

E2N2kS T21
k

E2N2
k2

E2Ns

D ~25!

and so on with

FIG. 1. The spin-wave frequenciesv plotted againstkxa, (a
51) for T50, H50, S5

3
2 , I b50.5 eV, Jb5Js50.1 eV, W

50.375 eV, ts50.2tb , and different I s values 1, I s51.1I b ; 2,
1.5I b ; 3, 1.75I b .



th

io

in

-
es
ze
ro
f
e

ns
d-
d

h

and

ete
end-

ent

-

f the

h

ne

ne
ith

57 6511THEORY OF SURFACE SPIN WAVES IN . . .
T15T25
E2N6A~E2N!224k2

2k
. ~26!

The surface conduction-electron energy is given by
poles of the Green’s functiong11:

Es5Ns1kT2~Es! ~27!

and can be used for the calculation of the surface conduct
electron magnetization:

^si
z&5

n12n2

2
, ~28!

wheren1 andn2 are the numbers of conduction electrons
the spin-up and spin-down bands, respectively.9 The expres-
sions~19!, ~20!, ~27!, and~28! form a closed system of self
consistent equations, the solution of which leads to th
four quantities on the surface. So, through the renormali
conduction-electron energy and the conduction-elect
magnetization̂ ss

z& we take into account thet dependence o
the SSW spectrum~19! and our theoretical results can b
applied to narrow-band FMS’s (W!IS) such as CdCr2Se4 as
well as to wide-band FMS (W@IS) such as EuO.

FIG. 2. Temperature dependence of the localized-spin mag
zations^Sb

z& ~solid line! and ^Ss
z& ~dashed lines! for narrow-band

FMS’s with H50, S53/2, I b50.5 eV, Jb5Js50.1 eV, W
50.1 eV, I s50.2I b for different ts values 1,ts50.5tb ; 2, 2tb ; 3,
5tb .

FIG. 3. Temperature dependence of the localized-spin mag
zations^Sb

z& and^Ss
z& for the same parameters as in Fig. 2 but w

I s52I b and differentts values 1,ts50.5tb ; 2, 2tb ; 3, 5tb .
e

n-

e
d
n

IV. NUMERICAL RESULTS AND DISCUSSIONS

In this section we shall present the numerical calculatio
of our theoretical results, which are obtained with the pro
uct of MATHEMATICA . The spin-wave frequencies are plotte
for T50 in Fig. 1 againstkxa for a semi-infinite ferromag-
netic semiconductor~the bulk spin-wave continuum is
shaded!. For I s,I b we obtain only an acoustic branch, whic
is localized under the bulk continuum. With increasing ofI s
it appears an additional optical spin-wave branch at largekxa
values. ForI s.I b we get only an optical branch~Fig. 1!. The
bulk spin waves each appear as a continuum with upper
lower edges corresponding tokz5p/a and kz50, respec-
tively, while the surface spin waves appear as discr
branches that may be above or below the continuum dep
ing on the ratiosI s /I b . We find that the surfaces-d interac-
tion I s affects greatly the SSW frequencies. This is consist
with the work of Shen, Shen, and Li.11 A similar behavior in
the dependence ofv(k) on the spin-spin interaction con
stantsJs /Jb was obtained by Gopalan and Cottam.14 The
SSW energy decreases with rising of the hopping termts , in
agreement with the results of Gopalan and Cottam.14

We have investigated the temperature dependence o
localized-spin magnetization̂ Sz& and the conduction-
electron magnetizationr of the bulk and the surface for bot

ti-

ti-

FIG. 4. Temperature dependence of^Sb
z& and^Ss

z& for wide-band
FMS’s with W51 eV, I s52I b , and different ts values 1, ts

54tb ; 2, 2tb ; 3, 0.5tb ; 4, 0.1tb .

FIG. 5. The conduction-electron magnetizationsrb andrs as a
function of temperatureT for narrow-band FMS’s with W
50.1 eV, I s50.2I b , and differentts values 1,ts50.5tb ; 2, 2tb .
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narrow-band (W!0.5IS) and wide-band (W@0.5IS)
FMS’s. The Bloch bandwidthW can be estimated from th
measured red shift of the optical absorption edge.17 For typi-
cal magnetic semiconductors it isW.2.00 eV ~for EuO!;
0.90 eV~for EuS!; 0.55 eV~for EuSe!; 0.45 eV~for EuTe!;
0.2 eV ~for CdCr2Se4!. For CdCr2Se4 I b50.5 eV, S53/2;
for EuX I b50.2 eV, S57/2. We shall discuss first^Sz& (T)
for the simple cubic lattice. Figure 2 shows the temperat
dependence of̂ Sz& for W50.1 eV ~i.e., W!0.5IS!, I b
50.5 eV, S51.5, andI s50.2I b ~i.e., I s,I b!. The solid line
represents in all figures the bulk spin-wave magnetiza
^Sb

z&, whereas the dashed lines—the surface magnetiza
^Ss

z&. With increasing ofts the surface magnetization rise
and moves to the bulk magnetization. Forts50.5tb we ob-
tain that^Ss

z&,^Sb
z&. The thermal variation of̂Ss

z& expresses
the linear temperature dependence in the temperature re
near Tc

b , as observed in many semi-infinite ferromagne
systems both theoretically18 and experimentally.19 For W
50.1 eV butI s52I b , i.e., I s.I b , we obtain that the surfac
magnetization̂Ss

z& is always greater compared with the bu
magnetization̂ Sb

z& ~Fig. 3!. With increasing ofts ^Ss
z& de-

creases, what is the opposite behavior of the caseI s,I b ~Fig.
2!. For I s.I b we getTc

s.Tc
b .

The temperature dependence of the localized-spin ma

FIG. 6. The conduction-electron magnetizationsrb andrs as a
function of temperatureT for W50.1 eV, I s52I b , and differentts

values 1,ts50.2tb ; 2, 2tb ; 3, 5tb .

FIG. 7. Temperature dependence ofrb and rs for W
50.375 eV, I s50.2I b , and different ts values 1, ts50.1tb ; 2,
0.5tb ; 3, 2tb .
e

n
on

ion

e-

tization in the case of wide-band FMS’s is demonstrated
Fig. 4 for W51 eV andI s52I b . With decreasing ofts the
surface magnetization rises, forts52tb and 4tb we get that
^Ss

z&,^Sb
z&, whereas forts50.1tb we havê Ss

z&.^Sb
z& for all

temperatures. Forts.tb the surface magnetization has a li
ear temperature dependence.

Let us now discuss the temperature dependence of
conduction-electron magnetizationr for band occupationn
51 (0<n<2). We begin with the case of narrow-ban
FMS’s. The bulk behavior is consistent with our results f
infinite systems.9 We have to consider three different case
WŒ0.5IS.9 Figure 5 showsr(T) for W,0.5IS, for ex-
ample,W50.1 eV andI s50.2I b . From the curves can be
seen thatrs,rb . With increasing of the surface hoppin
term ts (ts.tb) rs decreases. For smallts values (ts,tb) we
obtain a linear temperature dependence ofrs in agreement
with the experimental data of Paulet al.19 For I s52I b the
behavior ofrs is complicated. Forts.tb ~Fig. 6, curves 2
and 3! rs is zero atT50, then increases with rising temper
ture T, and atT5Tc is zero again. With decreasing ofts rs
grows. For ts50.2tb is rs.rb and decreases withT→Tc
~curve 1!. For W50.5IS50.375 eV we start withI s50.2I b
~Fig. 7!. For all ts we obtainrs,rb . At low temperaturesrs
increases with rising temperature, goes through a maxim
and atT5Tc is zero. With increasing ofts rs decreases and

FIG. 8. Temperature dependence ofrb and rs for W
50.375 eV, I s51.2I b , and different ts values 1, ts50.2tb ; 2,
0.5tb ; 3, 1.2tb .

FIG. 9. Temperature dependence ofrb and rs for W51 eV,
I s51.2I b , and differentts values 1,ts50.1tb ; 2, 2tb .
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57 6513THEORY OF SURFACE SPIN WAVES IN . . .
for example, forts52tb nearly vanishes. ForI s51.2I b ~Fig.
8! we obtain a similar behavior as forI s50.2I b , but for
small ts values,ts50.2tb , rs is larger compared withrb ,
rs.rb , at all temperatures and we obtain again a lin
temperature dependence ofrs . Finally we will discuss the
wide-band limit ~Fig. 9! for W.0.5IS, for example W
51 eV, andI s51.2I b . For ts50.1tb we get thatrs@rb for
all temperatures. AtT50 rs is maximum,rs50.5, then it
decreases nearly linear withT. For ts.tb rs vanishes.

V. CONCLUSIONS

A Green’s-function technique combined with the transf
matrix method is used to study the SSW modes in se
infinite FMS’s with a ~001! surface. We have obtained th
temperature dependence of the localized-spin
conduction-electron magnetization in the ferromagne
phase. The theoretical results are applied to narrow-b
FMS’s, such as CdCr2Se4, and to wide-band FMS’s, such a
-
e,
r

-
i-

d
c
nd

EuO. To our knowledge, the results on^Ss
z&(T) andr(T) for

narrow- and wide-band FMS’s are given for the first time
Most of the experimental studies of SSW to date ha

been for magnetic systems. It would be of considerable
terest to have experimental studies carried out for magn
semiconductor materials that would be well described by
s-d model and the method employed in this paper. Suita
techniques for studying the excitations could include inel
tic light scattering~Brillouin and Raman spectroscopy! and
magnetic resonance~ferromagnetic resonance, spin-wav
resonance, etc.!. These methods have already been applied
investigate surface and bulk spin waves in various magn
materials.1,2

Several extensions of the present work are possible. Th
include further investigations on semi-infinite antiferroma
netic and ferrimagnetic semiconductors and in certain dilu
systems by consideration of higher temperatures and b
limit cases, narrow-band and wide-band magnetic semic
ducting systems.
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