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Surface energy of a bounded electron gas: Analysis of the accuracy of the local-density
approximation via ab initio self-consistent-field calculations
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We report anab initio evaluation of the surface energy of a simple metal, performed via a coupling-constant
integration over the dynamical density-response function. The rapid rate of change of the electron density at the
surface is treated exactly. Long-range correlations are treated self-consistently in the random-phase approxi-
mation; short-range correlations are included in time-dependent local-density-functional theory. Our results
provide a numerical measure of the error introduced by the usual local-density approximation; this error is
found to be small.@S0163-1829~98!02411-4#
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Since the pioneering work of Lang and Kohn,1 the calcu-
lation of the surface energy of a metal has been the subje
long-standing interest. These authors were the first to incl
the crucial effects of exchange and correlation se
consistently within the local-density approximation~LDA !
of density-functional theory~DFT!.2 Lang and Kohn also
discussed the effect of the crystal lattice, whose full inclus
within the LDA poses no difficulties of principle these day
By contrast, the question of the impact of nonlocal Coulo
correlations, and their interplay with the strong charge in
mogeneity at the surface, has remained unsettled over
years.3–9

Recent calculations have rekindled the controversy on
question of the quality of the LDA surface energy. A man
body scheme that starts from a physically motivated mo
of the correlated ground state, and treats the interactions
a Fermi hypernetted-chain approximation~FHNCA!,10 has
yielded surface energies that are significantly higher than
LDA results of Lang and Kohn.1 By contrast, the surface
energies obtained in density-functional calculations11 based
on the use of the Langreth-Mehl nonlocal functional12 are
much closer to the LDA result. Finally, although very rece
quantum Monte Carlo~QMC! calculations13 agree with the
latter nonlocal density functional results12 for high densities
(r s<2.07), they agree with the FHNCA for lower densiti
(r s>3.25).

The purpose of this paper is to establish, in a control
way, the impact of nonlocality on the surface energy of
electron gas. To this end we carry out nonlocal and lo
calculations within exactly the same conditions, i.e., we c
sider the LDA as a special case of the general nonlocal
malism based on a coupling-constant integration over
dynamical density-response function. First, the effects
nonlocal correlations are investigated fully self-consisten
within a well-defined many-body framework, the random
phase approximation~RPA!.14 Our side-by-side calculation
in which the same diagram is used to generate the local
nonlocal surface energies, shows that the LDA is quite ac
rate over the entire density domain appropriate to me
(r s5226). Of course, the absolute values of our RPA e
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ergies cannot be expected to be more reliable than, say
QMC surface energies. However, the significance of our
sults lies in the elucidation of thedifferencebetween nonlo-
cal and local surface energies. We also explore the impac
short-range correlations by invoking a time-dependent ex
sion of local density-functional theory~TDLDA !.15 The
TDLDA vertex introduces an element of arbitrariness, sin
it contains no dynamical effects. Thus, again, we are l
interested in the absolute value of the TDLDA surface e
ergy than we are in itsdifferencewith its local counterpart;
again, we evaluate this difference in an unambiguous w
Our TDLDA results support the conclusion drawn from o
RPA results that the error introduced by the LDA is n
large.

The ground-state energy of an interacting electron sys
can be written as a functional of the electron number den
n(r ),2

E@n#5Ek@n#1Ees@n#1Exc@n#, ~1!

whereEk@n# is the kinetic energy of a noninteracting syste
with the same density andEes@n# is the Hartree electrostati
energy. The exchange-correlation~xc! energy,Exc@n#, can
be obtained from a coupling constant-integration over
interaction energy. We follow Langreth and Perdew7 and
choose the coupling constant such that the density is m
tained at its fully interacting value while the electro
electron interaction strength is varied froml50 to l51.
The fluctuation-dissipation theorem then leads us to the
sult that

Exc@n#5
e2

2 E0

1

dlE d3r E d3r 8
1

ur2r 8u

3F2
\

pE0

`

dvxl~r ,r 8; iv!2n~r !d~r2r 8!G ,
~2!
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wherexl(r ,r 8;v) is the density-response function.
If the Coulomb correlations are ignored altogether, Eq.~2!

reduces to the expression

Ex@n#5
e2

2 E d3r E d3r 8
1

ur2r 8u

3F2
\

pE0

`

dvx0~r ,r 8; iv!2n~r !d~r2r 8!G ,
~3!

where

x0~r ,r 8;v!52(
i , j

u~EF2Ei !2u~EF2Ej !

Ei2Ej2\~v1 ih!

3c i~r !c j* ~r !c j~r 8!c i* ~r 8! ~4!

is the density-response function for noninteracting electro
For inhomogeneoussystems Eq.~3! coincides with the Fock
exchange energy only if the wave functionsc i(r ) are the
solutions of the nonlocal Hartree-Fock equation.

Actually, Eq. ~4! can be interpreted in a more gener
context as giving the density-response to an appropr
mean-field set up by the dynamical polarization of the Fe
sea. In the particular case of the RPA, the single-part
wave functionsc i(r ) entering Eq.~4! are strictly the self-
consistent eigenfunctions of the one-electron Hartree Ha
tonian. In time-dependent density-functional theory,16 the
‘‘noninteracting’’ electrons in question are described by t
solutions of the time-dependent counterpart of the Ko
Sham equation;2 in usual practice, these amplitudes are a
proximated by standard LDA wave functions.17 Both ap-
proaches to the evaluation of the polarizabilityx0(r ,r 8;v)
will be considered in our numerical study of the surface
ergy of a simple metal.

In both RPA and TDLDA the response function satisfi
the integral equation18

xl~r ,r 8;v!5x0~r ,r 8;v!1E dr1

3E dr2x0~r ,r1 ;v!lV~r1 ,r2!xl~r2 ,r 8;v!.

~5!

In the RPA, the effective electron-electron interacti
V(r1 ,r2) is just the bare Coulomb potential. In TDLDA,

V~r1 ,r2!5
e2

ur12r2u
1

dVxc~r1!

dn~r1!
d~r12r2!, ~6!

Vxc being the local xc potential. The combination of Eqs.~2!
and ~5! defines either the TDLDA or the RPA exchang
correlation energy, depending on whether or not the C
lomb interaction is ‘‘dressed’’ according to Eq.~6!. This
dressing corresponds to the inclusion of short-range corr
tions, which are ignored in RPA.

We consider a jellium slab of thicknessa and density
n̄15qF

3/3p2, whereqF5(9p/4)1/3/(r sa0) is the Fermi wave
vector, r s is the Wigner-Seitz radius, anda0 is the Bohr
radius. The slab is translationally invariant in the plane of
s.
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surface, which is assumed to be normal to thez axis. Thus
the single-particle wave functions are of the form

c i~r !5
1

AA
f i~z!eiqi•r i, ~7!

whereqi is a wave vector parallel to the surface andA is the
normalization area. The wave functionsf i(z) describe mo-
tion normal to the surface, and are obtained self-consiste
with the effective one-electron potential,Veff(z). In the RPA,
Veff consists of just the Hartree potentialVes(z); in TDLDA,

Veff~z!5Ves~z!1Vxc~z!. ~8!

For reference, we recall that in the simplest non-se
consistent microscopic model of the surface, the infini
barrier model~IBM !, Veff(z) is replaced by an infinite squar
barrier, and the functionsf i(z) are simply sines.

A solution of Eq.~5! for a self-consistent description o
the surface potential was given some time ago.19 We assume
that n(z) vanishes at a distancez0 from either jellium edge,
and expand the wave functionsf i(z) in a Fourier sine series
z0 is chosen sufficiently large for the physical results to
insensitive to the precise value employed. We introduc
double-cosine Fourier representation for the density-respo
function, and also for the Coulomb potential and the Dirad
function entering Eq.~2!.20 The use of this representatio
allows us to perform analytically the integrals in Eq.~2!
involving the coordinate normal to the surface; the integr
over parallel-momentum transfers, over energy transfers,
over the coupling constant are performed numerically. T
total energy given by Eq.~1! is evaluated in a similar way
Subtracting from the total energy the corresponding re
for a homogeneous electron gas of densityn̄1 , EH@ n̄1#, we
obtain the surface energy

s5
1

2A
$E@n~z!#2EH@ n̄1#%. ~9!

The LDA is obtained from the above nonlocal formalis
by replacing the response function entering Eq.~2! by its
counterpart for a homogeneous electron gas with the lo
value of the density. This replacement leads us to the re
that20

Exc
LDA@n#5

1

aE0

a12z0
dzExc

H @n~z!#. ~10!

Equation~10!, with Exc
H @n(z)# evaluated on the basis of~ho-

mogeneous electron gas-! RPA and TDLDA density-
response functions, calculated for the local value of the d
sity n(z) obtained self-consistently with Hartree and LD
effective potentials, yields our RPA- and TDLDA-base
LDA surface energies. We will consider these local resu
together with the LDA results of Lang and Kohn1 — which
we also obtain from Eq.~10! through the use of the Wigne
interpolation formula forExc

H @n(z)#.21

Great care was exercised to ensure that our slab calc
tions are a faithful representation of the surface energy o
semi-infinite medium. This issue is important, in view of th
subtle cancellations that exist among the various contri
tions to the surface energy; furthermore, these contributi
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are oscillatory functions of the slab widtha. ~The amplitude
of the oscillations decays approximately linearly witha;
their period equalslF/2, lF52p/qF being the Fermi wave-
length.!

For each value ofr s we have actually considered thre
different values ofa. One such value,an , is the threshold
width for which thenth subband for thez motion is first
occupied; for this width the surface energy is a local mi
mum. The other two values of the slab width,an

25an

2lF/4 and an
15an1lF/4, correspond to the two loca

maxima about the minimum. Utilizing the relation20

s5
sn

21sn1sn
1

3
, ~11!

we are able to extrapolate our calculated surface energ
the infinite-width limit. This procedure was first tested, wi
values ofn up to 200, for the IBM, for which analytica
insight is possible by virtue of the simple nature of the on
electron wave functions.20 The results presented below co
respond to slabs withn512, for whicha'526lF , depend-
ing on r s . Based on this procedure, we estimate that
numerical error introduced by our slab simulations cor
sponds to one unit in the last digit of all the entries in Ta
I. @We remark that our results were found to be insensitive
the precise value of the number of sinessmax kept in the
expansion of the wave functionsf i(z), for smax>280.#

The key results of our work can be readily grasped fr
Fig. 1, in which we show the surface energy as a function
r s . Consider first the RPA. The reasons for the significa
of our RPA calculations are:~i! the effects of long-range
correlations are included fully self-consistently with the ele
tron density profile~which, we recall, is evaluated in th
Hartree approximation!; ~ii ! the nonlocal and local calcula
tions are carried out within one and the same dens
response framework;~iii ! this framework is devoid of any
ambiguities in the treatment of the many-body problem.It is
clear from Fig. 1 that the local RPA surface energy diffe
little from its nonlocal counterpart over the entire metall
range of densities.

Next, we consider the effects of the short-range corre
tions built into the xc potentialVxc . In the full TDLDA
treatment, this effect is included in both the one-elect
potential of Eq.~8! and the electron-electron interaction
Eq. ~6!. ~We evaluateVxc with use of the Perdew and Zunge
parametrization22.! Overall, the main impact of the inclusio
of xc is via Eq.~8!, which, through self-consistency, yields

TABLE I. Exchange-correlation (sxc) and total (s) nonlocal
surface energies obtained in RPA and TDLDA, and their lo
counterparts. Units are erg/cm2.

RPA TDLDA
r s sxc sxc

LDA s sLDA sxc sxc
LDA s sLDA

2.0 4657 4583 -126 -200 3533 3353 -686 -86
2.07 4154 4080 73 -1 3125 2959 -446 -61
3.0 1203 1175 477 449 840 763 301 22
4.0 467 454 281 268 295 261 198 16
5.0 226 219 164 157 130 111 117 98
6.0 125 121 100 96 65 54 71 60
-

to

-

e
-

o

f
e

-

-

-

n

more abrupt electron density profile at the surface, relative
the Hartree profile. This leads to the large lowering of t
surface energy, relative to the RPA, which we observe
Fig. 1. For completeness, in Fig. 1 we show both the f
TDLDA ~solid line!, and the result obtained upon includin
xc in Eq. ~8! but not in Eq.~6! ~dashed line!; clearly, the
impact of the xc vertex is smaller than the effect of the
clusion of xc in the electron density profile.

As was the case above with the RPA calculations,the
difference between nonlocal~solid line! and local ~dotted
line! TDLDA surface energies is relatively small. More spe-
cifically, the error introduced by the LDA is of the order o
50% smaller than the error one would impute to the lo
approximation on the basis of the nonlocal FHNCA result10

~open circles in Fig. 1!, particularly in the crucial high-
density region (r s'2).

It is apparent from Fig. 1 that our nonlocal TDLDA su
face energies agree well,for all densities, with those ob-
tained by Zhang, Langreth, and Perdew12 using the nonlocal
Langreth-Mehl11 xc functional. By contrast, while the sur
face energy obtained via QMC techniques13 is close to either
set of results forr s52.07, for lower densities the QMC sur
face energies are appreciably larger; in fact, they are clos
the FHNCA values.

It is interesting to note that our TDLDA-based LDA su
face energies agree closely with the LDA calculations
Acioli and Ceperley.13

„Our results can also be reproduce
from Eq. ~10! with use of the Perdew and Zunger parame
zation ofExc

H @n(z)#.22
… Thus, while from the QMC results o

Ref. 13 one would conclude that the error introduced by
LDA is, for r s.3.25, rather significant, this is not what tran
spires from our results2most particularly, from our RPA cal-
culations.

We note that the difference between our TDLDA-bas
LDA results and the local Lang-Kohn surface energ

l

FIG. 1. Nonlocal RPA and TDLDA surface energies~solid
lines!, as functions ofr s . The dashed line is the TDLDA resul
obtained upon excluding the xc vertex from Eq.~6!. Dashed-dotted
and dotted lines represent the local RPA and TDLDA surface e
gies, respectively. The dashed-dotted-dotted-dotted line repres
the Lang-Kohn surface energy of Ref. 1. Open circles, stars
open squares are results taken from Refs. 10, 12, and 13, re
tively.
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~dashed-dotted-dotted-dotted line! is simply a consequenc
of the use by these authors23 of the Wigner formula for
correlation.21 The much larger difference between Lan
Kohn surface energies and our RPA-based LDA results
flects, again, the impact of xc on the electron density pro
at the surface.

If the surface energy is obtained from Eq.~3! @not Eq.
~2!#, in conjunction with anexchange-onlycorrection to the
Hartree barrier in Eq.~8!, we obtain nonlocal surface ene
gies that are close to the Hartree-Fock results reported
Krotscheck and co-workers.10 By contrast, the nonlocalcor-
relation contribution to the surface energy reported in R
10 is significantly higher than ourab initio correlationsur-
face energy; as a result, the FHNCA surface energies
much higher than our nonlocal TDLDA values, as shown
Fig. 1. The FHNCA and RPA surface energies turn out to
quite close, at low densities, because of compensation
tween the effect of xc in the effective one-electron potent
which is absent in the RPA, and the very large FHNC
nonlocal correlation surface energy.

In conclusion, we have presentedab initio calculations of
ol

s

e-
e

by

.

re

e
e-
l,

the surface energy of a bounded electron gas. The unamb
ous nature of the comparison of local versus nonlocal surf
energies made possible by our self-consistent RPA calc
tions leads us to the conclusion that the LDA does, with
the RPA, work. We have also evaluated thedifferencebe-
tween nonlocal and local TDLDA surface energies, and
results so obtained support the conclusion that the error
troduced by the LDA is, within the TDLDA, not large, ove
the whole range of electron densities appropriate to met
Further progress in the quantitativeab initio evaluation of
this differencerequires improvements in the treatment of d
namical many-body correlations beyond the scope of Eq.~6!.
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