PHYSICAL REVIEW B VOLUME 57, NUMBER 11 15 MARCH 1998-|

Surface energy of a bounded electron gas: Analysis of the accuracy of the local-density
approximation via ab initio self-consistent-field calculations
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We report arab initio evaluation of the surface energy of a simple metal, performed via a coupling-constant
integration over the dynamical density-response function. The rapid rate of change of the electron density at the
surface is treated exactly. Long-range correlations are treated self-consistently in the random-phase approxi-
mation; short-range correlations are included in time-dependent local-density-functional theory. Our results
provide a numerical measure of the error introduced by the usual local-density approximation; this error is
found to be small[S0163-182608)02411-4

Since the pioneering work of Lang and Kohthe calcu-  ergies cannot be expected to be more reliable than, say, the
lation of the surface energy of a metal has been the subject MC surface energies. However, the significance of our re-
long-standing interest. These authors were the first to includsults lies in the elucidation of thdifferencebetween nonlo-
the crucial effects of exchange and correlation self-cal and local surface energies. We also explore the impact of
consistently within the local-density approximati¢nDA ) short-range correlations by invoking a time-dependent exten-
of density-functional theoryDFT).2 Lang and Kohn also sion of local density-functional theoryTDLDA).* The
discussed the effect of the crystal lattice, whose full inclusionTDLDA vertex introduces an element of arbitrariness, since
within the LDA poses no difficulties of principle these days. it contains no dynamical effects. Thus, again, we are less
By contrast, the question of the impact of nonlocal Coulomhinterested in the absolute value of the TDLDA surface en-
correlations, and their interplay with the strong charge inho-ergy than we are in itglifferencewith its local counterpart;
mogeneity at the surface, has remained unsettled over tragain, we evaluate this difference in an unambiguous way.
years>™® Our TDLDA results support the conclusion drawn from our

Recent calculations have rekindled the controversy on th&PA results that the error introduced by the LDA is not
guestion of the quality of the LDA surface energy. A many-large.
body scheme that starts from a physically motivated model The ground-state energy of an interacting electron system
of the correlated ground state, and treats the interactions viean be written as a functional of the electron number density
a Fermi hypernetted-chain approximatiéFHNCA),'° has  n(r),?
yielded surface energies that are significantly higher than the
LDA results of Lang and Kohh.By contrast, the surface
energies obtained in density-functional calculatiorizased
on the use of the Langreth-Mehl nonlocal functidAare
much closer to the LDA result. Finally, although very recentwhereE,[ n] is the kinetic energy of a noninteracting system
quantum Monte CarldQMC) calculation$® agree with the  with the same density arfl{n] is the Hartree electrostatic
latter nonlocal density functional resdftdor high densities energy. The exchange-correlatigxc) energy,E,J{n], can
(rg<2.07), they agree with the FHNCA for lower densities be obtained from a coupling constant-integration over the
(r¢=3.25). interaction energy. We follow Langreth and Perdeand

The purpose of this paper is to establish, in a controllecthoose the coupling constant such that the density is main-
way, the impact of nonlocality on the surface energy of antained at its fully interacting value while the electron-
electron gas. To this end we carry out nonlocal and locaklectron interaction strength is varied from=0 to A=1.
calculations within exactly the same conditions, i.e., we con-The fluctuation-dissipation theorem then leads us to the re-
sider the LDA as a special case of the general nonlocal forsult that
malism based on a coupling-constant integration over the
dynamical density-response function. First, the effects of
nonlocal correlations are investigated fully self-consistently e? (1 1

Exc[n]= ?f() d)\f dsl'f d3r’m

E[n]=E{n]+Ee{n]+Ex[n], @

within a well-defined many-body framework, the random-

phase approximatiofRPA).2* Our side-by-side calculation,

in which the same diagram is used to generate the local and

nonlocal surface energies, shows that the LDA is quite accu- X
rate over the entire density domain appropriate to metals

(r¢=2—6). Of course, the absolute values of our RPA en- (2

ﬁ )
_;jo dwy,(r,r’;i)—n(r)s(r—r")|,
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where x, (r,r'; w) is the density-response function. surface, which is assumed to be normal to thexis. Thus
If the Coulomb correlations are ignored altogether, ). the single-particle wave functions are of the form
reduces to the expression

1 .
2 Pi(r)=—=ai(2)€9", (7)
Edni= [ @ [ o — VA

=]

whereq is a wave vector parallel to the surface ahds the
B[ o , normalization area. The wave functiogg(z) describe mo-
- ;fo dax (r,r';i@)—n(r)s(r—r’)|, tion normal to the surface, and are obtained self-consistently
with the effective one-electron potenti®gyi(z). In the RPA,
(3) Vg consists of just the Hartree potent\al(z); in TDLDA,

X

where Vei(Z2) =Ved 2) +V,(2). (8

o . 0(Er—Ej)— 0(Er—E;j) For reference, we recall that in the simplest non-self-

x (r,r ,w)=22 - ; ) . .
7 E—E—f(otin consistent microscopic model of the surface, the infinite-

barrier modelIBM), V¢(2) is replaced by an infinite square

XD (D (r") g (r') (4)  barrier, and the functiong;(z) are simply sines.

A solution of Eq.(5) for a self-consistent description of

e surface potential was given some time &td/e assume

thatn(z) vanishes at a distanag from either jellium edge,

is the density-response function for noninteracting electronst,n
For inhomogeneousystems Eq(3) coincides with the Fock

exchange energy only if the wave functiogg(r) are the : . S ;
solutiongs of thegr):onloz:/al Hartree-Fock equgﬁ(o%. anq expand the wave functiogfg(z) in a Four_ler Sine series,
Actually, Eq. (4) can be interpreted in a more general Zo IS c_h_osen sufﬂmently large for the physical re_sults to be
context as giving the density-response to an appropriat sensitive .to the precise value gmployed. We |'ntroduce a
ouble-cosine Fourier representation for the density-response

mean-field set up by the dynamical polarization of the Ferm . : ;
sea. In the partl?cuI}lar cas):a of the FIJQPA the single-particl%uncuon' and also for the Coulomb potential and the Difac
) ' unction entering Eq(2).2° The use of this representation

wave functionsy;(r) entering Eq.(4) are strictly the self- . : .
consistent eigenfunctions of the one-electron Hartree Hamilf:’lllows. us to perfo.rm analytically the mtegral.s n .E@)
tonian. In time-dependent density-functional thebrythe involving the coordinate normal to the surface; the integrals

. . . . . ver parallel-momentum transfers, over energy transfers, an
noninteracting” electrons in question are described by theQVEr parallel-momentum transfers, over energy transfers, a d

solutions of the time-dependent counterpart of the Kohn%’tg g;eercoupil\llré% (l:aonét;?;[ ?sriv%%fgtrerzei?\ gusr?rﬁir;;?% The
Sham equatioR;in usual practice, these amplitudes are ap- 9y 9 y EQ. Y

proximated by standard LDA wave functioHsBoth ap- Subtracting from the total energy the corresponding result

proaches to the evaluation of the polarizabilig§(r,r’;»)  for @ homogeneous electron gas of density, Ef[n.], we
will be considered in our numerical study of the surface enobtain the surface energy
ergy of a simple metal. 1

Ir_1 both RPA ar_1d TDLDA the response function satisfies o= ﬁ{E[n(Z)]_EH[n_+]}. 9)
the integral equatidf

o The LDA is obtained from the above nonlocal formalism
o(rr o=y (f,f’;w)+f dry by replacing the response function entering E2). by its
counterpart for a homogeneous electron gas with the local

0 , value of the density. This replacement leads us to the result
X[ drox (r,r;@)AV(ry,ra) x\(ra,r'; o). that®

©)

In the RPA, the effective electron-electron interaction
V(rq,r,) is just the bare Coulomb potential. In TDLDA,

el 5 f " dzgln). (10
alo

Equation(10), with Ef('c[n(z)] evaluated on the basis @fo-

e? dV,(rq) mogeneous electron gasRPA and TDLDA density-
=t T dn(ry) o(ry—ra), (6)  response functions, calculated for the local value of the den-

sity n(z) obtained self-consistently with Hartree and LDA

V¢ being the local xc potential. The combination of E@.  effective potentials, yields our RPA- and TDLDA-based
and (5) defines either the TDLDA or the RPA exchange- LDA surface energies. We will consider these local results
correlation energy, depending on whether or not the Coutogether with the LDA results of Lang and Koha- which
lomb interaction is “dressed” according to E@6). This  we also obtain from Eq(10) through the use of the Wigner
dressing corresponds to the inclusion of short-range correlanterpolation formula folERn(z)].2*
tions, which are ignored in RPA. . Great care was exercised to ensure that our slab calcula-
_ We consider a jellium slab of thickness and density  tions are a faithful representation of the surface energy of a
n+=q§/37-r2, Whereq,:=(977/4)1’3/(rsa0) is the Fermi wave semi-infinite medium. This issue is important, in view of the
vector, r is the Wigner-Seitz radius, anal, is the Bohr subtle cancellations that exist among the various contribu-
radius. The slab is translationally invariant in the plane of thetions to the surface energy; furthermore, these contributions

V(rl1r2):



57 BRIEF REPORTS 6331

TABLE |. Exchange-correlationd,.) and total ¢) nonlocal L I
surface energies obtained in RPA and TDLDA, and their local o -
counterparts. Units are erg/ém

RPA TDLDA
I Oyc a')';EA o dPh ooy a'kEA o oPA

2.0 4657 4583 -126 -200 3533 3353 -686 -866
2.07 4154 4080 73 -1 3125 2959 -446 -612
3.0 1203 1175 477 449 840 763 301 224
4.0 467 454 281 268 295 261 198 164
5.0 226 219 164 157 130 111 117 98
6.0 125 121 100 96 65 54 71 60

Surface Energy (erg/cm?)
0
|
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are oscillatory functions of the slab widéh (The amplitude 2 3 4 5 6
of the oscillations decays approximately linearly with
their period equald /2, \g=2#/qe being the Fermi wave-
length) FIG. 1. Nonlocal RPA and TDLDA surface energiésolid

For each value of; we have actually considered three lines), as functions ofr;. The dashed line is the TDLDA result
different values ofa. One such valuea,, is the threshold obtained upon excluding the xc vertex from E6). Dashed-dotted
width for which thenth subband for the motion is first and dotted lines represent the local RPA and TDLDA surface ener-
occupied; for this width the surface energy is a local mini-gies, respectively. The dashed-dotted-dotted-dotted line represents
mum. The other two values of the slab width, =a, the Lang-Kohn surface energy of Ref. 1. Open circles, stars and
—\e/4 and a::an+)\F/4’ correspond to the two local open squares are results taken from Refs. 10, 12, and 13, respec-

. . S : tively.
maxima about the minimum. Utilizing the relati$n vew

rs (a.u.)

ontonto) more abrupt elec_tron d_ensity profile at the surface,_ relative to
o=——3 (1))  the Hartree profile. This leads to the large lowering of the
surface energy, relative to the RPA, which we observe in
we are able to extrapolate our calculated surface energy teig. 1. For completeness, in Fig. 1 we show both the full
the infinite-width limit. This procedure was first tested, with TDLDA (solid line), and the result obtained upon including
values ofn up to 200, for the IBM, for which analytical xc in Eq.(8) but not in Eq.(6) (dashed ling clearly, the
insight is possible by virtue of the simple nature of the onedmpact of the xc vertex is smaller than the effect of the in-
electron wave function® The results presented below cor- clusion of xc in the electron density profile.
respond to slabs with=12, for whicha~5— 6\, depend- As was the case above with the RPA calculatioths
ing on r,. Based on this procedure, we estimate that thdlifference between nonloc#solid line) and local (dotted
numerical error introduced by our slab simulations correline) TDLDA surface energies is relatively smailore spe-
sponds to one unit in the last digit of all the entries in Tablecifically, the error introduced by the LDA is of the order of
I. [We remark that our results were found to be insensitive t&0% smaller than the error one would impute to the local
the precise value of the number of sings,, kept in the approximation on the basis of the nonlocal FHNCA resfilts
expansion of the wave function;(z), for sp,,=280] (open circles in Fig. 11 particularly in the crucial high-
The key results of our work can be readily grasped fromdensity region s~2).
Fig. 1, in which we show the surface energy as a function of It is apparent from Fig. 1 that our nonlocal TDLDA sur-
r. Consider first the RPA. The reasons for the significancdace energies agree wellor all densities with those ob-
of our RPA calculations are(i) the effects of long-range tained by Zhang, Langreth, and Perd@wsing the nonlocal
correlations are included fully self-consistently with the elec-Langreth-Meht! xc functional. By contrast, while the sur-
tron density profile(which, we recall, is evaluated in the face energy obtained via QMC techniqtitis close to either
Hartree approximation (ii) the nonlocal and local calcula- set of results for=2.07, for lower densities the QMC sur-
tions are carried out within one and the same densityface energies are appreciably larger; in fact, they are close to
response frameworkiii) this framework is devoid of any the FHNCA values.
ambiguities in the treatment of the many-body probléns It is interesting to note that our TDLDA-based LDA sur-
clear from Fig. 1 that the local RPA surface energy differsface energies agree closely with the LDA calculations of
little from its nonlocal counterpart over the entire metallic Acioli and Ceperley? (Our results can also be reproduced
range of densities. from Eq. (10) with use of the Perdew and Zunger parametri-
Next, we consider the effects of the short-range correlazation ofEL[ n(z)].2%) Thus, while from the QMC results of
tions built into the xc potentiaV,.. In the full TDLDA Ref. 13 one would conclude that the error introduced by the
treatment, this effect is included in both the one-electrorLDA is, for rg>3.25, rather significant, this is not what tran-
potential of Eq.(8) and the electron-electron interaction of spires from our resultsmost particularly, from our RPA cal-
Eq. (6). (We evaluate/,. with use of the Perdew and Zunger culations.
parametrizatioff.) Overall, the main impact of the inclusion ~ We note that the difference between our TDLDA-based
of xc is via Eq.(8), which, through self-consistency, yields a LDA results and the local Lang-Kohn surface energies
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(dashed-dotted-dotted-dotted )nis simply a consequence the surface energy of a bounded electron gas. The unambigu-
of the use by these authdfsof the Wigner formula for ous nature of the comparison of local versus nonlocal surface
correlation?* The much larger difference between Lang- energies made possible by our self-consistent RPA calcula-
Kohn surface energies and our RPA-based LDA results retions leads us to the conclusion that the LDA does, within
flects, again, the impact of xc on the electron density profilehe RPA, work. We have also evaluated tiéferencebe-
at the surface. tween nonlocal and local TDLDA surface energies, and the
If the surface energy is obtained from E@) [not Eq.  results so obtained support the conclusion that the error in-
(2)], in conjunction with arexchange-onlyorrection to the  qqyced by the LDA is, within the TDLDA, not large, over
Hartree barrier in Eq(8), we obtain nonlocal surface ener- {he whole range of electron densities appropriate to metals.
gies that are close to the Hartree-Fock results reported by, tner progress in the quantitatied initio evaluation of
Krotscheck and co-workefS.By contrast, the nonlocalor- s differencerequires improvements in the treatment of dy-

relation contribution to the surface energy reported in Ref..\5mical many-body correlations beyond the scope of(€q.
10 is significantly higher than owb initio correlation sur-

face energy; as a result, the FHNCA surface energies are J.M.P. acknowledges partial support by the Spanish Min-
much higher than our nonlocal TDLDA values, as shown inisterio de Educacioy Ciencia, the University of the Basque
Fig. 1. The FHNCA and RPA surface energies turn out to beCountry and the Basque Unibertsitate eta lkerketa Saila.
quite close, at low densities, because of compensation bé.G.E. acknowledges support from National Science Foun-
tween the effect of xc in the effective one-electron potentialdation Grant No. DMR-9634502 and from the National En-
which is absent in the RPA, and the very large FHNCAergy Research Supercomputer Center. ORNL is managed by

nonlocal correlation surface energy.

In conclusion, we have presental initio calculations of
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