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Modulation instability of electromagnetic radiation in narrow-gap semiconductors
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The modulation instability of electromagnetic radiation propagating in narrow-gap semiconductor plasma is
considered. In a densen-doped InSb semiconductor plasma the instability can develop in a picosecond time
scale for the field intensitiesE'1.63105 V/cm. The numerical simulations confirm the analytical predictions
that a modulated localized long pulse splits into a chain of solitonlike structures. Possible applications of this
effect to generate short picosecond pulses and the dynamical light grating of the semiconductor at midinfrared
wavelengths are suggested.@S0163-1829~98!01411-8#
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The recent progress in femtosecond laser techniques
stimulated investigations on the interaction of ultrashort el
tromagnetic~EM! pulses with matter. The nonlinear sel
interaction of EM waves in different kinds of optical med
is a subject of considerable interest. The magnitude and
sponse time of nonlinear refraction that leads to EM wa
self-interaction depend on the mechanism of nonlinear
Different types of optical nonlinearities with fast respon
time have been studied in semiconductors.1 In n-doped semi-
conductors moderately large free-carrier concentration m
occur via thermal excitation of impurities. Early research
the free-carrier optical nonlinearities in the semiconduct
concentrated on the effects of nonparabolicity of conducti
band electrons. In the pioneering work of Patel, Slusher,
Fleury2 large optical nonlinearities arising from conductio
electrons have been observed inn-doped narrow-gap semi
conductors~NGS!. This work stimulated the research d
voted to the nonlinear modulation interactions of EM rad
tion propagating through semiconductor plasm
Semiconductor plasma is a reasonably high den
conduction-band electron plasma in a fixed neutralizing io
background. In the two-band approximation of Kane’s mo
the Hamiltonian of the conduction-band electrons is ana
gous to the relativistic oneH5gm* c

*
2 5(m

*
2 c

*
4 1c

*
2 p2)1/2.3

Here c* 5(Eg/2m* )1/2 plays the part of the speed of ligh
m* is the effective mass of the electrons at the bottom of
conduction band,Eg is the width of the gap, andp is the
electron quasimomentum. The characteristic velocityc* in
the Kane’s dispersion law is much less than the speed
light ~e.g.,c* ;331023c for InSb!. Therefore, the nonlinea
effects appear for a considerably lower EM field intens
than that required for the normal gaseous plasma. As a
sequence, the methodology of relativistic gaseous plasma
been used to show that due to the velocity-dependent e
tive mass of the conduction electrons it is possible to hav
self-focusing of laser light in NGS,4 a parametric amplifica-
tion of EM waves and different kind of resonant excitatio
570163-1829/98/57~11!/6251~4!/$15.00
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of density waves.5 Since these investigations have been c
ried out two decades ago, the dynamical properties of
nonlinear interaction of EM waves in NGS were studi
mainly on a nanosecond or even slower time scales. In o
to avoid the breakdown of the semiconductor these con
erations have been limited to the field intensities much low
than 107 W/cm2 @the surface ionization intensity for InSb i
33107 W/cm2 ~Ref. 4!#. Consequently, ‘‘relativistic’’ non-
parabolicity factorp2/m

*
2 c

*
2 ;e2E2/m

*
2 c

*
2 vo

2 was much less
than unity (E andvo are electric field and frequency of lase
radiation, respectively!.

Current technology, however, has made it possible to p
duce picosecond intense laser pulses with wavelengths r
ing from the ultraviolet to the midinfrared.6 Since such
pulses are much shorter than the breakdown time~which
typically develops in 10210 sec! the breakdown does not oc
cur for higher intensities of laser radiation allowing us
consider effects with finite strength of nonparabolicity fac
p2/m

*
2 c

*
2 ('1). Notice however, that the pump fluenc

should be smaller than 0.5 J/cm2 otherwise it will melt the
semiconductor even on a subpicosecond time scale.7

In our recent publication it has been shown that an inte
short laser pulse propagating through the semicondu
plasma will generate longitudinal Langmuir waves in
wake.8 Also, an alternative approach for strong longitudin
wave generation by two near frequency laser beams has
suggested.9 In these studies we focused basically on the c
of transparent plasma with characteristic frequency of
laser radiationv0 much larger than the plasma frequen
v* e . Consequently, the laser field distortion due to t
modulation instability has been neglected. However,
modulation instability may have fast growth rate for the ca
of dense plasma. Such an instability leads in general to
spontaneous breakup of the EM beam into a periodic pu
train as a result of an interplay between the nonlinear
dispersive effects.

In this paper we consider the modulation instability
6251 © 1998 The American Physical Society



n
id
o

ro

ha
th
o
e
or

ire
e
re

ifi-
y
io

dy

d,
,
ve

f
n

se

ly
v

ar

he

re

as-
rdi-

rm

-

-
erm
or-

ard
sity
in

ne-

lute
e-

sma

-
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EM radiation propagating through NGS plasma. By confi
ing the interacting EM waves in a semiconductor wavegu
of small cross-sectional dimensions, typically of the order
the wavelength, high-power densities can be achieved f
sources of relatively moderate power. Such a geometry
waveguide allows an one-dimensional description. In w
follows we assume that the laser pulse propagates alongz
axis. All physical quantities depend only on the space co
dinatez and timet. We start from the wave equation for th
vector potentialA and the quasihydrodynamic equations f
a wave polarized in thexy plane. The validity of the hydro-
dynamic approach for the semiconductor plasma requ
that both the Fermi energy (EF) and the temperatures ar
low (Eg@EF ,kBT). This ensures that the high-temperatu
tail of the electron distribution does not contribute sign
cantly. We also assume that the characteristic frequencV
of wave processes is much higher than the electron collis
frequencyn. The system of equations that describes the
namics of EM waves in NGS is written as~see for details
Ref. 8!:

]2A

]t2
2

c2

eo

]2A

]z2
1

v
* e
2

g

n

no
A50, ~1!

eo

]2f

]z2 54pe~n2no!, ~2!

]pz

]t
1m* c

*
2 ]g

]z
5e

]f

]z
, ~3!

]n

]t
1

]

]z
n

pz

m* g
50, ~4!

where

g5S 11
e2A2

m
*
2 c

*
2 c2

1
pz

2

m
*
2 c

*
2 D 1/2

. ~5!

Heref is the scalar potential of exited longitudinal fiel
p is the electron fluid momentum,n is the electron density
andeo is the dielectric constant of the lattice. The effecti
plasma frequency v* e is defined as v* e
5(4pe2no /m* eo)1/2, whereno is the unperturbed density o
the electrons and also of the positive charged backgrou
Deriving Eqs.~1!–~5! we used the conservation of transver
canonical momentum:p'5(e/c)A.

We next carry out a stability analysis for the circular
polarized EM waves. The monochromatic pump EM wa
with frequencyvo and wave numberko , is described by

Ao5
1
2 ~x1 iy!Ao3exp~2 ivot1 ikoz!1c.c., ~6!

wherex andy are the unit vectors, andAo5const. The dis-
persion relation that follows from Eqs.~1!–~5! reads

vo
25Vp

21eo
21ko

2c2. ~7!

Here the plasma frequencyVp5v* e /go
1/2 is modified by the

nonparabolicity factor,go5(11uAou2)1/2. For convenience
we introduced the dimensionless vector potentialA
5eA/(m* c* c). The unperturbed state of the plasma is ch
-
e
f
m
of
t

e
r-

s

n
-

d.

e

-

acterized by a purely transverse EM modeAo (f505pz)
and a constant concentration of carriers (n5no).

In the linear approximation, for small perturbations of t
EM field dA and the plasma densitydN we obtain from Eqs.
~1!–~5! the following system of equations:

S ]2

]t2 2
c2

eo

]2

]z2 1Vp
2D dA52Vp

2 dN

no
Ao1

Vp
2

go
2 Ao~Ao•dA!,

~8!

S ]2

]t2 1Vp
2D dN

no
5

c
*
2

go
2

]2

]z2 ~Ao•dA!. ~9!

Equations~8! and~9! describe field perturbations that a
coupled via the pump wave (Ao) and perturbations of the
plasma density. To obtain the dispersion equation, we
sume that the density perturbations depend on the coo
nates and time likedN5dNoexp(2iVt1ikz). Using Eqs.
~6!–~9! one can see that the field perturbation has the fo

dA5A1exp@2 i ~vo1V!t1 i ~ko1k!z#

1A2exp@2 i ~vo2V!t1 i ~ko2k!#. ~10!

After some algebra Eqs.~8!–~10! lead to the dispersion re
lation

Vp
2

2go
2 uAou2S 11

k2c
*
2

De
D F 1

D1
1

1

D2
G51, ~11!

where

D65Vp
21eo

21c2~ko6k!22~V6vo!2,

De5Vp
22V2. ~12!

A dispersion relation similar to Eq.~11! has been derived in
Ref. 10 for the interaction of relativistically strong EM ra
diation with a gaseous electron plasma. However, the t
related to the induced variation of density of carriers prop
tional to k2c

*
2 /De in Eq. ~11! is 1025 (;c

*
2 /c2) of an

analogous term in the gaseous plasma. Straightforw
analysis shows that effects related to the induced den
variation of the carriers does not contribute significantly
the process of modulation instability and can be safely
glected, considerably simplifying the analysis of Eq.~11!.

The modulation instability can be defined as an abso
instability in the group velocity frame of EM wave. Cons
quently we setV5kvg1 iG, where vg5koc2/voeo is the
group velocity of the pump wave andG is the growth rate of
instability. We analyze Eq.~11! in two regimes. First we
consider the case of short-wave modulationsk@ko implying
that the frequency of the pump wave is tuned near the pla
frequency (vo'Vp). One can readily show that fork,kl

5eo
1/2(vo /c)(uAou/go), Eq. ~11! exhibits the aperiodic insta

bility. The maximum growth rate occurs for

k5km5S eo

2 D 1/2vo

c

uAou
go

S 12
uAou2

8go
2 D 1/2

~13!

and is given by
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Gm5
vo

4

uAou2

go
2 . ~14!

In the case of long-wave modulationsk!ko , Eq. ~11! leads
to the modulation instability provided thatk,kl . The maxi-
mum growth rate occurs forkm5kl /2

1/2 and reads

Gm5
vo

4 S Vp

vo
D 2uAou2

go
2 . ~15!

As follows from Eqs.~14! and ~15! the growth rate of the
modulation instability can reach a considerable value in
dense semiconductor plasma embedded in the field of st
EM radiation. Indeed, foruAou51 the growth rate of insta
bility is as high asvo/8 in the near critical case, i.e.,vo
'Vp and it is (vo/8)(Vp /vo)2 in the case of underdens
plasma vo@Vp . The wave number of fastest growin
modes can be estimated to bek'eo

1/2vo/2c, i.e., the wave-
length of the modulation is of the same order as a vacu
wavelength of the pump.

The theory is now applied to the case of InSb plasma
which the relevant parameters areT577 K, m* 5me/74,
eo516, c* 5c/253, andEg50.234 eV. To avoid one and
two-photon absorption one must use the CO2 laser with the
wavelengthlv'10.8m ~i.e., vo51.7431014 rad/sec!. For
the ‘‘relativistic’’ case whenuAou'1, the corresponding in
tensity of the EM field isE'1.63105 V/cm. This field is
one order of magnitude smaller than what is required
bring the electrons to the boundary of the Brillouin zon
Consequently we can assume that deviation of the elec
Hamiltonian from Kane’s law as well as possible complic
tions related to Zener breakdown should not be importan

In a dense plasma of InSb the estimated character
spatial length of exponentially growing modulations isl
52pk21'10m and growth timet5Gm

21545 fs for the near
critical case~i.e.,no'nc5231018 cm23). For a moderately
doped sample with carrier densityno51017 cm23 the
growth time ist50.9 ps. However, in a weakly doped InS
with the carrier densityno'1014 cm23, as suggested in
Refs. 8 and 9, the growth time of modulations is 0.9 ns a
would not harm the process of wake field generation, wh
takes place on the picosecond time scale. Our model of
modulation instability is valid provided the dissipation of th
fields is small and its influence can be neglected. One of

FIG. 1. The field intensityuAu2 is plotted versusX and T for
initially Gaussian shaped pulseuA(X,0)u5Amexp(2X2/2D2) where
Am51, D5200.
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principal differences between semiconductor plasmas
the usual gaseous ones concerns the collisionality. The c
paratively short collision times in semiconductors hinder
excitation of collective plasma modes. The relaxation time
free carriersto;n21 depends on the mechanism of scatt
ing, which is related to the quality of the sample, the level
doping, and the temperature of the semiconductors. In I
the electron mobility turns out to be extremely high. Neve
theless, due to the relatively small effective masses of c
duction electrons the experimentally measured value of
laxation time for InSb appears to be quite short and lies
the range ofto510211210213 sec. However, the strong la
ser field itself contributes much towards increasing the rel
ation time and it helps in driving the plasma to a collisionle
state. Indeed, it is generally assumed that there exists, fo
relaxation time, a power law of the typet r5to( ēE / ē0)s/2,1

where ēE is the total average energy in the presence of
field ~consisting of the thermal and drift part! and ē0 is the
average energy in absence of the field. Notice thats53 if the
momentum losses occur predominantly through the sca
ing on ionized impurities~which is likely to be case for
doped InSb at temperature about 77 K!. Considering num-
bers presented above one getst r'102to . Thus, for the case
of modulation instability that essentially develops in a su
picosecond time scale the collisionless assumption rem
valid.

In the nonlinear stage of the modulation instability t
initial, wide laser pulse will break down into narrower so
tonlike pulses with characteristic length corresponding to
optimum scale of instability (;l). In the near critical case
the group velocity of the EM waves is negligibly small an
the instability, in fact, leads to dynamical light grating of th
semiconductor. However, for the underdense case it m
lead to generation of a train of subpicosecond solitary puls

The nonlinear evolution of the modulated localized E
pulse in the underdense plasma is studied by numerical s
lations of Eq.~1!, neglecting the density variation of carrier
The behavior of an initially Gaussian-shaped pulse envel

FIG. 2. Intensity contour plot for a long time evolution. Solita
waves are generated and they resist the mutual collisions.
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uA(X,0)u5Amexp(2X2/2D2) in the dimensionless moving
coordinatesX5eo

1/2(vo /c)(z2vgt) and T5(v
* e
2 /2vo)t is

presented in Fig. 1. The pulse amplitude and its width a
respectively,Am51 andD5200. The amplitude of the ini-
tially imposed modulation is 0.05 and the wave vectork
50.5 is chosen in the rangek,kl according to previous
estimations. In agreement with the analytical predictions,
modulation instability occurs resulting in the pulse splitti
into a set of narrow solitary pulses. The characteristic ti
for this process ranges in the real units from 0.23 to 2.3
corresponding to the plasma densities from 1018 to
1017 cm23. The solitary wave generation becomes more e
dent when the long time evolution of the modulation ins
bility is carried out~see Fig. 2!.
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In conclusion we considered dynamics of modulation
stability of EM waves propagating in the NGS plasma. It
shown that in a densen-doped InSb semiconductor plasm
the instability can develop on picosecond time scale. T
numerical simulations confirm the analytical predictions th
a modulated localized long pulse splits into a chain of so
tary pulses. The production of subpicosecond pulses at w
length lo;10m is based on challenging nonlinear optic
parametric down-conversion processes and pushes the
tosecond technology to its current limits. We hope that us
the modulation instability, it will be easier and less expe
sive to generate short subpicosecond pulses at midinfr
wavelengths.
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