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Positron-electron correlation energy in an electron gas according
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The electron-positron correlation energy in an electron gas has been calculated many times, and quite
different results have been obtained. Therefore we found it useful to compute correlation energies using the
more recent approach of Stachowiak labeled PHN&turbed hypernetted chaiwhich is self-consistent and
describes quite well the experiment as concerns partial annihilation rates, at least in simple metals. This
approach passed the additional test successfully, leading to reasonable results for the correlation energy in the
whole range of investigated electron densities €0.]<25).[S0163-182808)05704-X

The positron annihilation method has become an imporef a system consisting of many electrons after introducing a
tant tool for investigation of the electronic structure of solids.positron. In the present paper we will compute this quantity
In particular, in the last few years it has been commonly usedvithin two approache$HNC (Ref. 16§, and PHNC(Ref.
in studies of semiconductors and higla-superconductors, in  13)]. The reasons for performing such calculations are the
addition, many metals have been investigatede, e.g., following.

Refs. 1-3 and references theneiklowever, because of the (i) The most reliable calculations of this quantity up to
electron-positron interaction which itself affects the informa-now are based on the AP approach. Nobody up to now has
tion on electronic structure coming from experiments, it issucceeded in finding satisfactory values for the correlation
necessary to pursue studies widening the theoretical grour@nergies within any of the two-body theories mentioned
for proper interpretation of the data. above, although it follows from_e>_<perimental values that
Since the work of Kaharfg (cf. also Ref. , who pro- ~Some of them give a better description of momentum depen-

posed using the Bethe-Goldstone equation for the positron |He”t enhancement. Hyodo, McMullen, and Stelfartrote,
an electron gas, and was the first to obtain reasonable theo2MONg those calculations, Kahan. . andsome of the ex-
retical results for 2 r <4, many approaches have been pre-
sented describing the electron-positrap) interaction in
jellium (see Ref. ¥. We believe that three features should be
required from a good theory of this effect, namely, self-
consistency, determination of momentum dependence, an&z-f
presence of three-particle correlations. As far as we know=
only four approaches satisfy these requirements. They argy
due to Lowy and JacksBr(see also Low§) who used the -
Lippman-Schwinger equation, Arponen and PajariA€) 5
(Refs. 10 and Iilwho diagonalized the Hamiltonian rewrit-

ten in terms of Sawada boson operators, Rubaszek an
Stachowiak? who obtained a self-consistent solution of the
Bethe-Goldstone equation developing the approach starte
by Kahana, and Stachowiak® who used the approach la-
beled conventionally perturbed hypernetted cH&RINC).

All these approaches, except the one of Arponen and Pa
janne, use the two-body approximation, separating the mo-
tion of the positron and one particular electronic state in their
mutually screened Coulomb potential from the whole sys-
tem. These approaches lead to different predictions CONCeMYotted curve refers to the original results of Arponen and Pajanne
ing measurable quantities. Differences are quite drastic in thﬁ?ef. 11). The solid curve is obtained by renormalizing these values
case of_partlal annihilation rates. For more information ONaccording to BoronskiRef. 37. The dashed curve corresponds to
this subject cf. Refs. 7, 14 and 15, also Fig. 1. the results of Rubaszek and Stachowi@ef. 3§. The dashed-

Among authors of the four theories mentioned abovedotted curve refers to the PHN@Ref. 13. The dashed-double-
however, only AP calculated electron-positron correlationgotted curve corresponds to the results of LoiRef. 9. The ref-
energies(in the limited range of 1.6r,<8, and addition- erences to the experimental values are as follows: Al—Ref. 39;
ally, for the positronium ion Ps). The electron-positron cor- Cu—Ref. 40; Mg—Ref. 41; L({il), Na(1), K(1), and Rb—Ref. 42;
relation energy may be defined as the change of the energy(2), Na(2), and K(2)—Ref. 43.

5 (a.u)

FIG. 1. Relative enhancement factfegkg) —£(0)]/¢(0). The
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TABLE I. The values of electron-positron correlation energies calculated within the PHNC for given
electronic densities expressed in termg of

rs 0.1 0.2 0.3 0.5 0.7 0.9 1.0 13 15 1.8 2.0
E. -3.414 -2515 -1915 -1460 -1.192 -1.026 -0.966 -0.834 -0.774 -0.705 -0.670

Is 2.5 3.0 3.5 4.0 5.0 6.0 8.0 10.0 15.0 20.0 25.0
E. -0.603 -0.557 -0524 -0.501 -0.470 -0.451 -0.437 -0.437 -0.452 -0.468 -0.483

tensiors . . . give results close to the present résul. ;” see 3e? (1 o
also Ref. 15. EZ‘(no)=—7;f dzf drrfg,-(r,ng,2)—1],

(i) Experimental needs connected with practical applica- s 70 0 (1)
tions in studies of the electronic structure create the necessity
to develop the theory of electron-positron interaction for reawhere g, _(r,ng,Z) is the electron-positron correlation
(i.e., different from the electron gpsnetals. Up to now, function for a charg& of the positive particle and an elec-
existing applications were connected mostly vathhocap-  tron densityn,. Z is considered here as a coupling constant
proximations difficult to check, like the constant density po-of the interaction. The above formula solves the problem, the
tential or the local-density approximatiotsThe applicabil-  point is in the practical determination af(r,n,Z). The
ity of these approximations is problematftUnlike many  scheme of the calculations is the following.
other approache&f. Ref. 19, the HNC and PHNC, because (i) We compute self-consistently for given, andZ the
of their simplicity and efficiency, give the hope to perform HNC density amplitudew(r), the appropriate correlation
directcalculations of annihilation characteristics in metal lat-functiong(r,n,Z) and the potentiaV/y(r) according to Egs.
tices. In particular, the PHNC leads to reasonable annihila¢10), (11), and(22)—(27) in Ref. 16.
tion rates and enhancement factors for the electroigis (i) On the basis ofv(r) and according to Eqs2.1)—
agreement with measurements performed in simple metai@.5), (4.12, and (5.1 in Ref. 13 we obtain the PHNC
can be considered as a good critejioim the present work positron-electron correlation functiorg”™(r,n,Z2). It is
we will perform the correlation energy test for this approach.worthwhile to remark at this point that the physical assump-
Let us point out that the real problem is not # interac-  tions underlying the HNC and PHNC are quite different. We
tion in an electron gaghis is more or less understgdout in ~ consider as an achievement of the theory of liqUiespe-
more complicated systems particularly including transitioncially as concerns the works of Kallio, Pi€fil@n, and
metals where theoretical predictions fail to lead to agreemenitantto (KPL) (Ref. 27] that thee* —e™ correlation function
with experiment?® w?(r)—1 could be obtained in such a simple way with quite

The importance of performing the correlation energy tesigood accuracythis concerns in particular the approach of
for the PHNC is visible, if only from recent literature. Bar- Gondzik and StachowidR. This fact is the source of the
biellini et al.?* while studying positron annihilation in real efficiency of the PHNC. The main difference between the
metals, applied the approach of Arponen and Pajé?me,approach of Ref. 16 and KPL consists in the neglect of the
which otherwise disagrees with experiment, only because iPauli term in the potentigin the meaning of Ref. 32while
approaches agreeing with experiment correlation energy cal-
culations have not been performed: “However, in order to 00
use an enhancement factor consistent with the correlation
energy, we introduce the functio . . based on the data by
Arponen and Pajanne.”

Quite a few papers devoted to correlation energy calcula- <
tions have been published earlier, but either they applied £
simple linear-response theor?és** or were incomplete or ~ w® -0s
not self-consister=?” and the results often diverged. Re-
cently, Ortiz and Ballon@ undertook an attempt to compute
e-p correlations by the variational Monte Carlo method.

Thus in this work we present electron-positron correlation
energies calculated by using the methods from Refs. 16 and
13, and compare them with the ones calculated from earlier  -10
theories. These methods are numerically exceptionally effi-
cient. Some authors consider that such an advantage is no.
essentl_al. However, the efflClency_ O_f the PHNC appro_ach FIG. 2. The electron-positron correlation energy as a function of
made it possible to calculate annl_hllanon parameters in &_. The curves denoted as PHNRII curve plus small crossgand
much wider range and a computer time shorter by a factor ofiNc (dashed curveshow the results obtained in this work. The
100 in comparison with the self-consistent Bethe-Goldstongtted curve corresponds to the interpolated results of Arponen and
approacht? Only this allowed us to perform the calculations Pajanne(Ref. 10. The full squares refer to Monte Carlo calcula-
presented in this papet all. The formula for the correlation tions of Ortiz and Balloné¢Ref. 28. The curve RPA corresponds to
energy is based on the Feynman-Hellman theorem and reafisear-response resulRef. 22. The curve Hodges&Stott is the re-
(see, e.g., Refs. 29-B1 sult of Ref. 23.
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0.0 TABLE Il. The parametersa, b, ¢, andd corresponding to
—  PHNC various ranges of electronic densities expressed in termg. dfhe
---- HNC ' parameters in the fourth line provide a slightly worse interpolation,
""" ArponendPajanne but are valid in a wider range of;.
= -ee KPL
2l B Ortiz&Ballone
~ Range a b c d
©.05
w 0.1<rg<1 0.033921278 -0.6968003 -0.3509695 -0.07
1<r <8 -2.385 415 0.1732167 -0.4562613 -1.0
8<r <25 -0.262 390 1 3.958 436 -5.858743  -4.0
0.2<r <8 -1.428 222 -0.1715698 -0.3927594 -0.67
-1.0

It remains a question whether the PHNC and HNC absolute
ro(au) values ofE. are not too small for lower densities. The only
results we could compare to are those of Arponen and Pa-
FIG. 3. Magnified part of Fig. 2 for &r,<8. The curves are  janne. Comparing to Table Il in Ref. 10, it appears that for
labeled as in Fig. 2, but instead of the results of RR&f. 22 and ' - 5 e PHNC results are close to the AP data calculated in
Hodges and StotiRef. 23, we present the curve corresponding to one-boson Tamm-Dancoff approximatiéonly one electron
the results of Ref. 27. . . . .
and the positron are excited at a given momerihis corre-
sponds in some sense to neglecting the possibility of binding
two electrons to the positrofthis occurs in the case of the
Ps™ ion).
One particular property of the PHNC and AP curves is
In this way, we calculated the density distribution for 22 that_ they cross the value &f 0.5 Ry corresponding to f_ree
values ofr, (0.1<r.<25), (see also Table)land for 11 positronium almost exactly.aj[ the same electro.n density (
values ofZ (0.005< Z< 1) according to the HNC and PHNC =4). The PHNC curve exhibits the same peculiar feature as

(in total for 242 values of the pair; andZ). The results are the AP curve, namely, the energy does_ not monotonously
presented in Figs. 2 and 3. approach the Ps or Psvalue (the correlation energy for a

Concerning the HNC results, Fig. 2 shows that the correProton is @ monotonous function of the electron dentSjty

sponding curve behaves quite well for lower densities, whilebUt thafha 21||3n!rr][un1i|n tatt)_solu:e ;/r?lue)sc%nnected I accord-
the values of. seem to tend asymptotically to the value for Ing to the interpretation, 1o the positron recorl. N
the Ps atom. In the high-density limit, however, the absolut As concerns the results of other authors pr_esented in Figs.
values of the correlation energy are higher than the randont= Iar:d 3: most.of t?esi%pp_ﬁ]a?h.es '?ho nfqt {'elt? coggz%t cor-
phase-approximatioRPA) results: the difference between relation energies lors>b0. That IS, he Trst attem

the RPA and HNC increases whepapproaches zero. This basgd on the linear response Of. the elgctr_on system to_the
result is not surprising since it is known that the HNG positron led to correlation energies vanishing to zero with

Balescd® and CroxtoR?) is a low-density approximation. r. On the other hand, results based on the theory d&gjo

As concerns PHNC, in the high-density limit tEe curve der and Stoff exhibit a divergence of the correlation energy

fits the RPA results well, while in the low-density limit it for rs>6. The results of Ortiz and Ballofféare given only

approaches the value 0.5 Ry (Ps, reproducing the low- in a few points in the range 4r,<8 and, generally, are

density results of HNC. No divergence of the kind presente '!_ose to our HNC values and quite far from Kallio, Pieti-

in Ref. 35 is observed up to,=25 [E(r,=25)=—0.483 ainen, and Lantt®/ for higher densitiegin this region KPL
. o(rs .

Ry] which is the highest value af, for which calculations results are, astonishingly, quite close to our PHNC values
have been performed s This is surprising if one takes into account that in Refs. 27

For practical purposes we can interpolate our values foEnd 28 the same trial function is used, while in our calcula-

. SN ) ions the potential in the Euler-Lagrange equation is replaced
chuigorrespondlng to the PHNC approximagiomth the for by the Kohn-Sham potentidthis replacement can be justi-

fied in view of the article of Holas and Marthwith the
Pauli potential neglectedThis is an argument in favor of the
N b e @ approach used by Gondzik and Stachowfk.
(re—d)2  (rs— d ~ Summarizing, we show results for correlation energy in
an electron gas obtained within the HNC and PHNC ap-
proaches. The values given by the latter method are pre-
sented in convenient form using an interpolation formula.
They are satisfactory in the whole range of electron densities
and are obviously better than the results denoted in Figs. 2
and 3 as RPA, Hodges&Stott, and KPL because these curves
exhibit wrong tendencies for higher, and are only frag-
Eqrg)= —1.56/\/r—s+(0.051 Inrs—0.08D)In r+1.14. mentary. As concerns the comparison to the results of Ar-
3 ponen and Pajanne, our values agree quite well. Thus in the

the trial function of KPL neglects the influence of the posi-
tron on thee* —e™ correlation function.
(iii) According to formula(1), we find the correlation en-

ergy.

Ec(rg)=

The parametersa, b, c, andd are given in Table II. The
above formula is valid for>0.1. Since our values ap-
proach the RPA results of Arpon&rfor smallrg, whenrg
< 0.1 one can use the formula obtained by this author:
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light of the discussion of shortcomings of other approachegnergy may be used in projects basing on better approxima-
we consider our results as an additional confirmation of thaions than the local-density approximatjoithe PHNC itself
consistency and efficiency of PHNC. They can be useful ingives hopes to be a convenient tool for future applications in
calculations of positron annihilation parameters inreal metals.

real metals (some intermediate quantities as, e.g.,, The authors wish to thank Dr. A. Rubaszek and Dr. A.
gllr+—r_|,n_(r;),Z] needed to calculate the correlation Holas for valuable discussions.
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