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Incommensurate magnetism in cuprate materials

F. Mancini* and D. Villani
Dipartimento di Scienze Fisiche ‘‘E.R. Caianiello’’ e Unita` INFM di Salerno, Universita` di Salerno, 84081 Baronissi, Salerno, Italy
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Department of Applied Physics, Seikei University, Tokyo 180, Japan

~Received 25 June 1997!

In the low-doping region, an incommensurate magnetic phase is observed in La22xSrxCuO4. By means of
the composite-operator method we show that the single-band two-dimensional Hubbard model reproduces with
good accuracy the experimental situation. In the higher-doping region, where experiments are not available, the
incommensurability is depressed owing to the van Hove singularity near the Fermi level. By changing doping,
the calculated incommensurability amplitude and the experimental critical temperature evolve in a similar way,
suggesting a close relation between superconductivity and incommensurate magnetism.
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I. INTRODUCTION

The dynamical spin susceptibility for cuprate materi
has been investigated by inelastic neutron scattering
NMR techniques. Neutron-scattering data
La22x~Ba,Sr!xCuO4 have shown1–8 that away from half fill-
ing the commensurate antiferromagnetic phase is suppre
and short-range incommensurate antiferromagnetism de
ops. The magnetic Bragg peak in the dynamical struct
factor S(k,v) broadens and develops a structure with fo
peaks located at@(16d)p,p# and @p,(16d)p#. The in-
commensurability amplituded(x) does not depend on th
frequency and temperature; it is zero up to the dop
x'0.05 where a commensurate-incommensurate transitio
observed; then, it increases with the hole concentrationx,
following the linear lawd(x)'2x up to x'0.12; beyond
this point there is a deviation downward.7,8 Unfortunately,
experimental data abovex50.20 are not available due to th
difficulty in preparing single crystals. It is important t
stress5 that the value of dopingx50.05, where the transition
is observed, corresponds to the value of doping where
material becomes superconducting. These incommensu
spin fluctuations with a very large energy scale are not
served in other cuprate materials; a flat-topped magn
peak has been observed9 in YBa2Cu3O61y with y'0.6,
while for the case of the electron-doped Nd22xCexCuO4 no
incommensurate magnetism has been observed.10 The differ-
ence in the spatial modulation experimentally observed
La22xSrxCuO4 and YBa2Cu3O61y has been related to a dif
ference in the topology of the Fermi surface.11,12

From a theoretical side there has been a tremendous e
to describe the experimental situation and many scheme
calculation have been proposed; however, it is still not cl
if one model is sufficient to describe all different materials
is believed, on both experimental and theoretical groun
that superconductivity and charge transport in highTc cu-
prates are mostly confined to the CuO2 planes;13,14 so much
attention has been dedicated to two-dimensional~2D! models
that contain as an essential feature a competition betwee
band picture aspect and highly correlated many-body effe
570163-1829/98/57~10!/6145~7!/$15.00
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The bonding combination of Cu and O orbitals ends up be
quite deep below the Fermi level, so that no dynamical fr
dom is left to treatd and p orbitals separately15 ~there is
some strong experimental evidence, mostly based on
study of the Knight shift, that in the CuO2 plane one spin
degree of freedom is observed16!. Then the resulting com-
plex can be described by a single-band Hubbard mode17

Indeed, the applicability of the model to the superconduct
copper oxide is related to the fact that upon doping mos
these compounds exhibit a metal-insulator Mott transition

Some evidence of incommensurate magnetic correlat
was found in the 2D Hubbard model18 and in thet-J model19

by quantum Monte Carlo~QMC! calculations. To improve
the situation thet-t8 Hubbard model has been considere
but the results are not definite and there is no gen
agreement.18–27 In the framework of a generalized random
phase approximation~RPA! it has been found20 that for
negative values oft8 incommensurability starts developin
at a finite hole density that increases from half filling ast8
becomes more negative; fort850, d(x) goes to zero whenx
goes to zero, but the values are much smaller than the
perimental data. In Ref. 21 one- and three-band Hubb
models have been studied by RPA in the limit of infiniteU;
for t8Þ0 incommensurability is found withd(x) close to the
experimental data in the region of low doping, but far f
higher doping. In Ref. 22 the case of positivet8 has been
considered by QMC calculations at zero temperature; inco
mensurability is found, but with peaks inS(k) moving along
the diagonals in the Brillouin zone. In Ref. 23 exact diag
nalization studies of thet-t8-J model have been performed
for negative values oft8 incommensurability is observe
with S(k) moving along the diagonals, while for positiv
values oft8 the peak inS(k) remains atQ5(p,p) for all
dopant concentrations studied. Other models that predic
commensurate spin fluctuations in La22xSrxCuO4 are based
on the use of nearly nested Fermi surfaces24,25 and phase
separation.26

By means of the composite operator method28 ~COM! we
have computed the spin magnetic susceptibilityx(k,v) of
the 2D single-band Hubbard model,29 in the static approxi-
6145 © 1998 The American Physical Society
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6146 57F. MANCINI, D. VILLANI, AND H. MATSUMOTO
mation, where finite lifetime effects are neglected. In parti
lar, the uniform static susceptibilityx0(x,T) for various val-
ues of doping and temperature evidenced a strik
qualitative agreement with the experimental situation
La22xSrxCuO4.30

In this paper we shall study the evolution of the sp
fluctuations on the doping concentration over the entire m
mentum spectrum. In the next section we review the m
formula and present the results for the incommensurab
amplitude. Some concluding remarks are given in Sec. I

II. STATIC SUSCEPTIBILITY

The Hubbard Hamiltonian17 is given by

H5(
i , j

t i j c
†~ i !c~ j !1U(

i
n↑~ i !n↓~ i !2m(

i
c†~ i !c~ i !.

~1!

The notation is the following. The variablei stands for the
lattice vectorRi . $c( i ),c†( i )% are annihilation and creatio
operators ofc electrons at sitei , in the spinor notation:

c5S c↑

c↓
D , c†5~c↑

†c↓
†!. ~2!

The fields$c( i ),c†( i )% satisfy canonical anticommutation re
lations

$cs~ i !,cs8
†

~ j !%5ds,s8d i , j ,

$cs~ i !,cs8~ j !%5$cs
†~ i !,cs8

†
~ j !%50. ~3!

t i j denotes the transfer integral and describes hopping
tween different sites; theU term is the Hubbard interactio
between twoc electrons at the same site with

ns~ i !5cs
†~ i !cs~ i !. ~4!

m is the chemical potential. In the nearest-neighbor appro
mation we write the hopping matrix as

t i j 524ta i j 524t
1

N(
k

eik•~Ri2Rj !a~k!, ~5!

where for a two-dimensional square lattice with lattice co
stanta

a~k!5
1

2
@cos~kxa!1cos~kya!#. ~6!

The scale of the energy has been fixed in such a way
t i i 50. It should be noted that since the interactions are
stricted at the same site, the dimensionality of the sys
comes in only when a specific form fora(k) is taken. In
other words, the stabilization of eventual cooperative p
nomena is uniquely governed by the band dispersion.

We have shown29 that in the static approximation the dy
namical spin susceptibility is given by the expression

x~k,v!5
2

n22n22D
@n~Q1111

R 12Q1112
R 1Q1212

R !1~22n!

3~Q1212
R 12Q1222

R 1Q2222
R !#, ~7!
-

g

-
in
y

e-

i-

-

at
-

m

-

wheren is the particle density,D is the double occupancy
and byQabgd

R (k,v) we mean the retarded part of

Qabgd~k,v!5 i E d2p dV

~2p!3 Gab~k1p,v1V!Ggd~p,V!.

~8!

The 232 matrixG(k,v) is the thermal causal Green’s func
tion, defined byG(k,v)5^T@c( i )c†( j )#&FT , where FT de-
notes the Fourier transform.c( i ) is the doublet composite
operator

c~ i !5S j~ i !
h~ i ! D , ~9!

with

j~ i !5@12n~ i !#c~ i !, ~10!

h~ i !5n~ i !c~ i ! ~11!

describing the transitions (n50)⇔(n51) and (n51)
⇔(n52), respectively. By means of the equation of moti
and by considering the static approximation, where fin
lifetime effects are neglected, the Green’s functionG(k,v)
can be computed in the course of a fully self-consistent c
culation where no adjustable parameters are considered28,29

A. The noninteracting case

To better understand how the magnetic correlations
modified by the interaction, it is useful at first to consider t
case of the noninteracting Hubbard model~i.e., U50). The
density of statesN(v), shown in Fig. 1, presents an energ
band of widthD(v)58t; the Fermi energy is situated a
v50 and the van Hove singularity~VHS! is at the center of
the band. Whenn,1 the VHS is located at an energ
vnH.EF ; by increasingn,N(v) shifts rigidly andvnH de-
creases; forn51 the VHS lies at the Fermi energy; forn.1
we havevnH,EF . The Fermi surface~FS! is given in Fig. 2
for various values ofn. By increasingn, the volume of the
FS increases; forn51 the FS is nested.

For noninteracting fermion systems, the spin magne
susceptibilityx(k,v) can be expressed as

FIG. 1. Density of statesN(v) as a function ofv for various
values of the doping.U/t50.
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57 6147INCOMMENSURATE MAGNETISM IN CUPRATE MATERIALS
x~k,v!522E d2p

~2p!2

f „E~p!…2 f „E~p1k!…

v2E~p1k!1E~p!
, ~12!

with E(p) and f (E) being the energy spectrum and th
Fermi distribution function, respectively. The static susc
tibility x(k) depends on the density of states and theref
on the position of the VHS; for a certain value ofn and
therefore for a certain value ofvnH , x(k) exhibits a maxi-
mum for a certaink* . Whenn51 the VHS lies at the Ferm
value andk* 5Q5(p,p). On the other hand, when we hav
a nested Fermi surface there is a logarithmic divergenc
the staggered susceptibilityx(Q) at low temperatures. It is a
characteristic property of the free Hubbard model that for
same value ofn51 we havevnH5EF and a nested Ferm
surface. As a consequence, in addition to the diverge
coming from the nested Fermi surface there is one com
from the VHS in the density of states andx(Q) exhibits a
stronger divergence thanx0:

FIG. 3. N(m), x0 , and x(Q) as functions of doping.U/t50
andkBT/t50.01.

FIG. 2. Fermi surface for various values of the doping.U/t50.
-
e

of

e

ce
g

lim
T→0

x0}2 ln~kBT/t !, lim
T→0

x~Q!}2 ln~kBT/t !2. ~13!

In Fig. 3 we showN(m), x0 , andx(Q) versusn. All these
quantities exhibit a peak forn51, due to the VHS; the stron
ger divergence exhibited byx(Q) is due to the nesting of the
Fermi surface. WhennÞ1 the Bragg peak atQ5(p,p)
opens in four peaks, situated atk* 5@p(16d),p(16d)#;
there is a transition from commensurate to incommensu
magnetic correlations. In Fig. 4 we showx(k) along the line
kx5p,p/2<ky<3p/2. The peaks exhibited byx(k) are due
to the VHS in the density of states; at half filling the VHS
at the Fermi valuevnH5m; when we move away from hal
filling the singularity moves:

vnH.m for n,1 ~hole doping!

vnH,m for n.1 ~electron doping!. ~14!

The behavior is completely symmetric due to the partic
hole symmetry of the model. The incommensurability amp
tude d(x) increases as a function of the dopingx512n.
This is shown in Fig. 5, whered(x) is reported versusx. We
also give the shift of the van Hove frequency with respec

FIG. 4. Spin magnetic susceptibilityx(k) along the line
k5(p,ky) for kBT/t50.01 and various values of the dopin
U/t50.

FIG. 5. vnH2m and d(x) as functions of doping.U/t50 and
kBT/t50.01.
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6148 57F. MANCINI, D. VILLANI, AND H. MATSUMOTO
the chemical potential. It is interesting to observe th
vnH2m andd(x), when reported as functions ofx, obey the
same law:

vnH2m'ax4/3, a'3.62

d~x!'bx4/3, b'1.31. ~15!

B. The interacting case

For the interacting case, owing to the Coulomb repulsi
two bands, the lower and the upper Hubbard bands, ope
the density of states, as shown in Fig. 6. We see that
increasing doping the VHS moves across the Fermi ene
situated atv50. Two VHS’s appear: One has an ener
v1nH@m and practically does not contribute; the other
close to the Fermi energy and there exists a critical valuexc
of the doping such that

v2nH,m for x,xc ,

v2nH.m for x.xc . ~16!

The value ofxc does not change with temperature and
determined by the ratioU/t, varying from 0 to 1/3 whenU/t
changes from zero to infinity; forU/t54 we havexc50.27.
The Fermi surface individuated by the lower-energy sp
trum E2(k) is shown in Fig. 7. We see that the Fermi surfa
is nested forx5xc .

The shifting of the VHS and the band structure effe
have a drastic influence on the form of the susceptibil
Theoretical calculations performed show that arou
Q5(p,p) x(k) has an incommensurate structure along
four corners of a square, with a minimum atQ. This incom-
mensurate structure contains a mixing of two compone
The relative position and the intensity of the two contrib
tions change significantly with doping. When the interacti
is included, thek-dependent susceptibilityx(k) can be writ-
ten as

x~k!5 (
i , j 51

2

x i j ~k!, ~17!

where

FIG. 6. Density of statesN(v) as a function ofv for various
values of doping.U/t54.
t
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x i j ~k!5E d2p

~2p!2

f „Ei~k1p!…2 f „Ej~p!…

Ei~k1p!2Ej~p!
Ki j ~k,p!.

~18!

E1(k) andE2(k) are the upper and the lower Hubbard su
bands andKi j (k,p) are expressed in terms of the spect
intensities. The explicit expressions for these quantities h
been computed in the framework of the COM and are
ported in Ref. 29. The termx inter5x121x21 describes the
propagation of a spin accompanied by a spin excitation
tween the two bandsE1(k) andE2(k), while the two terms
x11 and x22 describe the propagation with a subsequent
traband spin excitation. SinceE1 takes values mostly abov
the chemical potential, the contribution ofx11 is small. The
interband termx inter is shown in Fig. 8. This term originate

FIG. 7. Fermi surface individuated by the lower-energy sp
trum E2(k) for various values of the doping.U/t54.

FIG. 8. Interband termx inter(k) along the linek5(p,ky) for
kBT/t50.01 and various values of the dopingx<0.27 with step
0.03.U/t54.
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57 6149INCOMMENSURATE MAGNETISM IN CUPRATE MATERIALS
a peak in the susceptibility, which moves from the comme
surate positionQ5(p,p) to (p,p/2) when the doping is
increased fromx50 to x5xc . The intensity of the peak
decreases by increasing doping. The intraband termx22 is
shown in Fig. 9. This term gives a peak that is a reminisce
of the van Hove singularity in the density of states. At zer
doping the VHS is far from the Fermi energy and the peak
located at (p,p/2) and has a low intensity. When doping
increases, the peak increases its intensity and moves al
the line (kx5p,p/2<ky,3p/2). At the critical doping
x5xc the VHS lies at the Fermi energy determining a pea
in the uniform static susceptibility, as reported in Fig. 10
Also, for x.xc we have a closed Fermi surface that becom
nested atx5xc and opens forx,xc ~cf. Fig. 7!. Then the
peak ofx22 is situated atQ and has a very high intensity due
to the concomitance of these two effects. It is interesting
note that the peak position ofx22 moves towardsQ with the
same law as given in Eq.~15!. An enlarged Fermi surface
with a volume larger than the noninteracting one has be
shown by QMC calculations27,31 and by other theoretical
works.32 The total susceptibility is shown in Fig. 11 for three
values of doping. For zero doping we mainly have a com

FIG. 9. Intraband termx22(k) along the linek5(p,ky) for
kBT/t50.01 and various values of the dopingx<0.27 with step
0.03.U/t54.

FIG. 10. Density of states at the Fermi energyN(m) and the
uniform static susceptibilityx0(x,T) as functions of the dopingx.
U/t54 andkBT/t50.01.
-

t

s

ng

k
.
s

o

n

-

mensurate structure with a peak coming fromx inter, located
at (p,p), and a smaller peak, coming fromx22, located near
(p,p/2). Upon doping, the two peaks moves for differe
reasons.x22 moves because the van Hove singularity mov
towards the Fermi energy.x inter moves because the ban
structure changes with doping. When the critical dopi
x5xc is reached, the VHS is at the Fermi energy and
Fermi surface is nested. A commensurate structure is re
ered with a very high peak coming fromx22.

In Fig. 12 the incommensurability amplituded(x) is
shown as a function of doping. In the region of low~high!
doping the peak coming fromx inter (x22) is predominant and
very well separated from the other; in these regionsd(x) has
been evaluated as the middle point of the half-width of
peak and we have a linear behavior. In the reg
0.10<x<0.18 the two peaks overlap;d(x) has been calcu-
lated by taking the average of both peaks and we hav
plateau due to the superimposition ofx22 and x inter. For
comparison we report the experimental data of Refs. 4, 5
and 8. The linear behavior ofd(x), observed in the low-
doping region, agrees exceptionally well with the experime

FIG. 11. Spin magnetic susceptibilityx(k) along the line
k5(p,ky) for various values of the dopingx. U/t54 and
kBT/t50.01.

FIG. 12. Incommensurability amplituded(x) as a function of
the doping x. The dashed line indicates the theoretical res
U/t54 andkBT/t50.01.



r
e
th

g

o
th

t
a

f

m

e

co

t
e

he

is
ag-

by
rier
ly
e
. In
HS
nt.
i
son

as
ed
or
ting
el a
op-
ows
not
g
ak
m-
ss of
en
n
ion

res-

-

m
u-

r.

bi

6150 57F. MANCINI, D. VILLANI, AND H. MATSUMOTO
tal data reported in Refs. 4–8; the downward deviation
ported in Refs. 7 and 8 forx.0.12 might correspond to th
plateau observed theoretically. It is important to stress
the calculated incommensurability amplituded(x) goes to
zero only in the zero-doping limit because our analysis
restricted to a paramagnetic ground state.

The same result ford(x) can be obtained by considerin
Imx(k,v). Some results have been given in Ref. 33. W
preferred to study thek-dependent susceptibilityx(k) be-
cause this quantity provides more strict information ab
the spatial range of the magnetic correlations. On the o
hand, an exact experimental determination ofx(k) is not
easy since it must be calculated by the accessibleS(k,v)
through a Kramers-Kronig relation.

One of the most striking features of the results presen
in Fig. 12 is the resemblance between the incommensur
ity amplituded(x) and the critical temperatureTc . d(x) is
maximum in the region of optimal doping whereTc is maxi-
mum. It has already been experimentally observed in Re
that there is a linear relation betweend(x) andTc up to the
optimal doping levelx.0.15. Our theoretical results confir
this behavior and show that a close similarity betweend(x)
andTc exists in the entire region of doping. This can be se
in Fig. 13 where experimental values forTc , taken from
Refs. 7 and 34–37, are reported versus the calculated in
mensurability amplituded(x).

The present analysis shows that the interaction in
Hubbard model has mainly two effects. One is the chang

FIG. 13. Experimental values ofTc for La22xSrxCuO4, taken
from Refs. 7 and 34–37, versus the calculated incommensura
amplituded(x). The solid line is a guide to the eye.
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the critical doping fromx50 to some criticalxc due to the
shift of the VHS. This shift explains and reproduces well t
unusual normal state behavior ofx0 in hole-doped
cuprates.29,30,38 The other is a band-structure effect that
responsible for the incommensurate modulation of the m
netic susceptibility in the low-doping region.

The picture that emerges is that the magnetism probed
neutron-scattering experiments is correlated with the car
density. In the low-doping region the susceptibility is main
controlled by the termx inter, which describes band-structur
effects and then reflects the topology of the Fermi surface
the overdoped region the Fermi energy is close to the V
and the effect of nesting in the intraband term is importa
In YBa2Cu3O61y we have a different topology of the Ferm
surface and no nesting is expected; this might be the rea
why incommensurability is not observed.

III. CONCLUDING REMARKS

The main results obtained in this paper are summarized
follows. There is experimental evidence that in hole-dop
high-Tc cuprates the Fermi level is close to the VHS f
values of doping close to those where the superconduc
phase is suppressed. In the context of the Hubbard mod
van Hove scenario describes well some of the unusual pr
erties observed in the normal state, but our analysis sh
that this scenario is related to the overdoped region and
to the optimal doping. The existence of a critical dopin
where the VHS lies at the Fermi energy should imply a pe
in the staggered susceptibility. Then we predict that co
mensurate magnetism should be recovered in the nearne
the critical doping and beyond a close similarity betwe
d(x) andTc in the entire region of doping. Recalling that i
La22xSrxCuO4 the commensurate-incommensurate transit
is observed at the same value of dopingx.0.05 where su-
perconductivity starts, at least for La22xSrxCuO4, a
scenario39 that relates the superconducting phase to the p
ence of incommensurate magnetism emerges.

Note added in proof. Incommensurate magnetic fluctua
tions have been recently observed40 in YBa2Cu3O6.6, with
peaks along the diagonals of the Brillouin zone, starting fro
the M point. In the context of the Hubbard model, this sit
ation can be described41 by considering the hopping term
along the diagonal of the plaquette~t-t8-U model!.
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