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Model for c-axis resistivity of cuprate superconductors
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On the basis of the structural features and correlation effects that exist in the cuprate systems it has been
argued that the Cu 3d3z22r 2 orbitals are reasonably well suited for the transport along thec axis. On the same
ground it has also been argued that the band of the out-of-plane states that involves the Cu 3d3z22r 2 orbitals
lies higher than the occupied in-plane states by an amountW(n) that decreases with the carrier density (n) so
as to vanish beyond a certain critical concentrationn0 . Phenomenological arguments are used to obtain
expressions forrc within the Boltzmann framework for alln. When n,n0 , rc shows a semiconducting
behavior forT,W and a metallic behavior forT.W. For n.n0 it turns out thatrc is metallic for allT. The
observed temperature dependence ofrc is explained reasonably by the present model for a number of samples
of La22xSrxCuO4, YBa2Cu3O72y , and Bi2Sr22xLaxCuOy with different dopings. The values ofW(n) esti-
mated for these samples support one of the main features of our model that this gapW(n) decreases with
increasingn. @S0163-1829~98!08909-7#
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I. INTRODUCTION

The behavior of thec-direction resistivity@rc(T)# of the
high-temperature cuprate superconductors is in gen
qualitatively different from that of theab-plane resistivity
@rab(T)# of these materials1–19 The main difference lies in
the appearance of a semiconducting behavior inrc
(drc /dT,0) below a certain temperature in the low a
optimally doped systems whilerab continues to show metal
lic behavior (drab /dT.0).1,4,11,12,14,15Such a striking dif-
ference inT dependence ofrc andrab presents a challengin
problem. In the literature, a number of attempts have b
made to explain this difference in behavior ofrc(T) from
rab(T).20–36 The main models that have been proposed
different authors are based on assumptions of Boltzm
theory of three-dimensional anisotropic systems,20–22 dy-
namical dephasing,23 superconducting fluctuations,24 static
and dynamic interlayer disorder,25 suppression of interlaye
tunneling due to in-plane inelastic scattering,26 resonant va-
lence bond ~RVB! approach,27–29 marginal Fermi liquid
~MFL! concept,30 incoherent hopping between Luttinge
liquids,31,32 tunneling through localized impurity centers,33

joint effect of in-plane dephasing andc-axis ‘‘barrier’’
scattering,34 coherent motion of polarons,35 and effect of
electron-phonon and strong anharmonic interactions.36 These
assumptions are in general considerably different from e
other, and we are still far from the realization of a cle
picture of the origin ofrc . It appears that some crucial fac
tors that may be central to thec-direction transport in cuprate
superconductors are not captured in the existing models.
der such circumstances it is useful to attempt a phenom
logical method for thec-axis transport based on our know
edge of the Cu 3d and O 2p orbitals that are involved in the
charge transport.

In the existing theories ofc-axis resistivity the main con
570163-1829/98/57~10!/6126~11!/$15.00
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sideration is based on the hybridized Cu 3dx22y2-O 2px,y

orbitals.20–36 In cuprate systems there are Cu 3d3z22r 2 orbit-
als also for which the electronic charge distribution is
rected for the most part normal to the plane.37–46 Therefore
for transport along thec axis the Cu 3d3z22r 2 orbitals appear
to be more suitable than the orbitals Cu 3dx22y2 and O 2px,y

that lie in theab plane. In order to clarify this point, letr 1 be
the quantum-mechanically-averaged extension of the O 2px,y

orbital andr 2 that of the Cu 3d3z22r 2 orbital along the near-
est apical oxygen orbital O 2py . Then the overlap matrix
element between the O 2px,y orbitals of neighboring planes
will be phenomenologically proportional top15e22d/r 1

whered is interlayer separation. Similarly the overlap matr
element between the Cu 3d3z22r 2 orbitals of the neighboring
planes will be proportional top2e22d/r 2. This means that
p2 /p1 will be e2d/R whereR5r 1r 2 /(r 22r 1). Very recently,
Nakamuraet al.13 have studied the variation ofrc with d in
the La1.855Sr0.145CuO4 system under hydrostatic pressu
upto 7.3 GPa. From their study we find that the hopp
parameter alongc axis varies likee22d/Ln with Ln50.5 Å.
Since this value ofLn is based on experimental observation
Ln may be treated as a certain kind of average ofr 1 andr 2 .
When this is so, we may taker 1,Ln , and r 2.Ln . Thus,
r 1,0.5 Å. Since the Cu 3d3z22r 2 orbital is directed along
the c axis, we expectr 2 to be significantly larger thanr 1 .
However, even ifr 2 is 10% larger thanr 1 , e2d/R.102. This
means hopping along thec direction will be negligible via
the O 2px,y orbitals as compared to that via the Cu 3d3z22r 2

orbitals. This viewpoint is supported by several experimen
observations43,46 also. Using polarization-dependen
L3-absorption measurements on the La22xSrxCuO4 system,
Chenet al.43 have found that the number of doping induc
apical O 2pz holes increases withx after x'0.10. Combin-
ing this result with the fact that the O 2pz orbital can hybrid-
6126 © 1998 The American Physical Society
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57 6127MODEL FOR c-AXIS RESISTIVITY OF CUPRATE . . .
ize significantly with the Cu 3d3z22r 2 orbital only,37 we may
say that the Cu 3d3z22r 2 orbitals are involved in the hoppin
along c axis. A similar conclusion is drawn by Srivastav
et al.46 on the basis of the polarization-depende
L3-absorption measurements on the Tl2212 systems. U
these circumstances, it is plausible to assume that the in
planar motion of electrons in cuprate systems occurs via
Cu 3d3z22r 2 and apical O 2pz orbitals, and that the O 2px,y
orbitals take no part in the interplanar hopping process.
aim of the present article is to develop phenomenological
model on these lines and study its outcome for thec-axis
resistivity.

II. FEATURES OF THE IN-PLANE AND OUT-OF-PLANE
STATES

A. Elucidation of the essential points using a CuO2 cluster

In order to see how the in-plane and out-of-plane sta
arise in a cuprate systems we consider a three-atom clu
CuO2. One of the atoms of this cluster is a Cu atom hav
3dx22y2 and 3d3z22r 2 orbitals of energiesed1 and ed2 , re-
spectively. The second atom is an oxygen atom with
orbital 2px of energyepx . This atom lies in theab plane at
a distance ofa/2 from the Cu atom wherea is the shortest
Cu-Cu distance in the plane. The O 2px orbital hybridizes
with the Cu 3dx22y2 orbitals with tx as the overlap matrix
element. At the same time the O 2px orbital hybridizes with
the Cu 3d3z22r 2 orbital also withtxz as the overlap matrix
element. The third atom is also an oxygen atom but it l
along thec axis with the orbital 2pz of energyepz . This
orbital hybridizes with the Cu 3d3z22r 2 orbital with tz as the
overlap matrix element. The Hamiltonian corresponding
this three-atom cluster is

K5(
s

@ed1d1s
† d1s1ed2

d2s
† d2s1epx

pxs
† pxs1epz

pzs
† pzs

1tx~d1s
† pxs1pxs

† d1s!1tz~d2s
† pzs1pzs

† d2s!

1txz~d2s
† pxs1pxs

† d2s!#1U (
i 51,2

ni↑ni↓

1U8(
s,s8

n1sn2s8 . ~1!

Heres denotes the electron spin.d1s
† andd1s are creation and

annihilation operators of the hole corresponding to the
3dx22y2 orbital. d2s

† and d2s are creation and annihilatio
operators of the hole corresponding to the Cu 3d3z22r 2 or-
bital. pxs

† and pxs are creation and annihilation operators
the hole corresponding to the O 2px orbital, andpzs

† andpzs

are creation and annihilation operators of the hole co
sponding to the O 2pz orbital. nis5dis

† dis is the number op-
erator corresponding to thei 5$x22y2, 3z22r 2% orbitals
and spins. U is the on-site Coulomb repulsion when tw
holes are either in the Cu 3dx22y2 or in the Cu 3d3z22r 2

orbitals.U8 is the Coulomb interaction when one hole is
the Cu 3dx22y2 orbital, while the other is in the Cu 3d3z22r 2

orbital. U85U2UH , whereUH is the energy responsibl
for Hund’s rule.
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The Hamiltonian of Eq.~1! describes the main features o
the basic units of a cuprate system. In this regard it may
noted that we have not considered the O 2py orbital. While
inclusion of this orbital is required for a quantitative unde
standing of the state, there will be no effect of this simpli
cation on the main features of our model.

With an approximate diagonalization ofK in Eq. ~1!, we
obtain two sets of states. The first consists of primarily
hybridized Cu 3dx22y2-O 2px and Cu 3d3z22r 2-O 2px orbit-
als. We call this set of states ‘‘in-plane’’ states. The other
of states described byK comprises the hybridized Cu
3d3z22r 2-O 2pz orbitals. We call this set of states ‘‘out-of
plane’’ states. The out-of-plane states are involved in a m
tion of the hole along thec axis.

Now we present an approximate eigenvalue ofK ~Eq. 1!.
For this purpose we employ the Green’s function techniq
For specificity, we evaluate the Green’s functio
^^d2↑ ;d2↑

† &&v corresponding to the motion of an↑ spin in the
d3z22r 2 state with an energyv. Without loss of generality we
may taketxz50 in Eq. ~1!. The neglect of the hybridization
of the O 2px and Cu 3d3z22r 2 orbitals in Eq.~1! is not going
to affect the essential aspects of our picture. In fact, w
txz50 we are able to obtain the energy levels of the clus
CuO2 in analytical form. This Green’s function will satisfy
the equation of motion47

v^^d2↑ ;d2↑
† &&v5^@d2↑ ,d2↑

† #1&1^^@d2↑ ,K#;d2↑
† &&v .

~2!

Here @••• ,•••# denotes a commutator, while@••• ,•••#1 de-
notes an anticommutator. The commutator@d2↑ ,K# is given
by

@d2↑ ,K#5ed2
d2↑1tzpz↑1Un2↓d2↑1U8 (

s85↑,↓
n1,s8d2↑ .

~3!

This shows that we need to consider the Green’s functi
^^pz↑ ;d2↑

† &&v , ^^n2↓d2↑ ;&d2↑
† &&v , and^^n1,s8d2↑ ;d2↑

† &&v for
working out the second term in the right-hand side of Eq.~2!.

Following again the method of Zubarev47 we obtain

v^^pz↑ ;d2↑
† &&v5^@pz↑ ,d2↑

† #1&1^^@pz↑ ,K#;d2↑
† &&v ,

~4!

v^^n2↓d2↑ ;d2↑
† &&v5^@n2↓d2↑ ,d2↑

† #1&

1^^@n2↓d2↑ ,K#;d2↑
† &&v ~5!

and

v^^n1,s8d2↑ ;d2↑
† &&v5^@n1,s8d2↑ ,d2↑

† #1&

1^^@n1,s8d2↓ ,K#;d2↑
† &&v . ~6!

The commutators involved in Eqs.~4!–~6! are given by

@pz↑ ,K#5epz
pz↑1tzd2↑ , ~7!

@n2↓d2↑ ,K#5ed2
n2↓d2↑1tzn2↓pz↑1Un2↓d2↑

1U8(
s8

n1,s8n2↓d2↑ ~8!
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and

@n1,s8d2↑ ,K#5ed2
n1,s8d2↑1tzn1,s8pz↑1Un1,s8n2↓d2↑

1U8n1,s8~11n1,2s8d2↑!. ~9!

On the basis of Eqs.~7!–~9! it is seen that the
following new Green’s functions are required in th
right-hand sides of Eqs.~4! to ~6!: ^^n2↓pz↑ ;d2↑

† &&v ,
^^n2↓p2↑ ;d2↑

† &&v , ^^n1↓pz↑ ;d2↑
† &&v , and ^^n1↓d2↑ ;d2↑

† &&v .
Out of these we consider equations of motion of on
^^n2↓pz↑ ;d2↑

† &&v and^^n1↓pz↑ ;d2↑
† &&v , while the remaining

two are reduced in the form of previously obtained Gree
functions by using the mean-field approximation. In fact,
use the following approximations:

n1,s8n2↓d2↑'^n1,s8&n2↓d2↑ , ~10!

n1↑n1↓d2↑'^n1↑&n1↓d2↑ . ~11!

The Green’s functions ^^n2↓pz↑ ;d2↑
† &&v , and

^^n1,s8pz↑ ;d2↑
† &&v are given by the equations of motion

v^^n2↓pz↑ ;d2↑
† &&v5^@n2↓pz↑ ,d2↑

† #1&

1^^@n2↓pz↑ ,K#;d2↑
† &&v ~12!

and

v^^n1,s8pz↑ ;d2↑
† &&v5^@n1,s8pz↑ ,d2↑

† #1&

1^^@n1,s8pz↑ ,K#;d2↑
† &&v . ~13!

The commutators involved in Eqs.~12! and~13! are given by

@n2↓pz↑ ,K#5epz
n2↓pz↑1tzn2↓d2↑ ~14!

and

@n1,s8pz↑ ,K#5epz
n1,s8pz↑1tzn1,s8d2↑ . ~15!

With the approximations given by Eqs.~10! and~11! we now
do not require any new Green’s functions. Therefore, us
Eqs.~2! to ~15! it is now possible to obtain an expression
the Green’s function̂^d2↑ ;d2↑

† &&v . This expression will in-
volve various averages of number operators such as^n1,s&
and ^n2,s& @cf. Eqs.~10! and ~11!#. The magnitudes of thes
averages of number operators will depend on the numbe
holes present in the CuO2 cluster. While it is possible to
account for the Coulomb interaction for any given number
holes in a CuO2 cluster, difficulties will arise when we con
sider the macroscopic solid of the CuO2 clusters. So, we
divide the role of the Coulomb interaction in two parts.
the first part the Coulomb interaction acts according to
presence of the↓ spin hole in the 3dx22y2 state of the Cu
atom. This amounts to consider^n1↓&51, ^n1↑&50, and
^n2,s&51. The remaining part of the Coulomb interactio
will correspond to the Coulomb interaction of the ‘‘doped
holes only where by ‘‘doped’’ holes we mean the holes ot
than the already present↓ spin Cu holes. In this senseK may
be written as

K5K01K8. ~16!
s
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Here K0 corresponds toK when ^n1↓&51, ^n1↑&50, and
^n2,s&51, while K8 corresponds to the interaction betwe
doped holes only. The expression of^^d2↑ ;d2↑

† &&v corre-
sponding toK0 may be obtained from Eqs.~2!–~15!. It is

^^d2↑ ;d2↑
† &&v5

v2epz

~v2v21!~v2v22!
~17!

where

v265 1
2 @~ed2

1U81epz
!6A~ed2

1U82epz
!214tz

2#.
~18!

It is seen that fortz50,

v215ed2
1U8 ~19!

and

v225epz
. ~20!

Using the same approach and approximation we obtain
other Green’s functions

^^pz↑ ;pz↑
† &&v5

~v2epz
!F~v,ed2

!1U8tz
2

)
a51

4

~v2vza!

~21!

and

^^px↑ ;px↑
† &&v5

~v2epx
!L~v,ed1

!1Utx
2

)
a51

4

~v2vxa!

. ~22!

Here

F~v,ed2
!5~v2epz

!~v2ed2
!2tz

2, ~23!

L~v,ed1
!5~v2epx

!~v2ed1
!2tx

2, ~24!

andvza andvxa are roots of

F~vza ,ed2
!50, ~25!

F~vza ,ed2
1U8!50, ~26!

L~vxa ,ed1
!50 ~27!

and

L~vxa ,ed2
1U !50. ~28!

It may be noted that the roots of Eq.~26! match withv26 .
Similarly, the poles of^^d1↑ ;d1↑

† &&v , say v16 , will be
given by Eq.~28!. In fact,

v165 1
2 @~ed1

1U1epx
!6A~ed1

1U2epx
!214tx

2#.
~29!

On the basis of Eqs.~18! and~25!–~29!, it is not difficult to
conclude that

vz15min$vza%5v22 ~30!
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TABLE I. Values of the energiesvx1 andvz1 for the CuO2 cluster forepz
2epx

520.5, 0.0, and 1.5 eV. Values of the energy differen
E5vz1

2vx1
are also given. In the last column values ofW12t' are given for typical values of 8t i by assuming the square density of stat

of the ‘‘in-plane’’ band.

epz
2epx

eV
vx1

eV
vz1

eV
E
eV

8t i

eV
nH

~per Cu!
EF

eV
W12t'

meV

0.15 0.45 696
20.50 1.432 1.078 20.354 3.0 0.25 0.75 396

0.35 1.05 96
0.38 1.14 0.0
0.20 0.40 744

0.0 1.432 1.576 0.144 2.0 0.22 0.44 704
0.25 0.50 644
0.20 0.30 2087
0.25 0.37 2012

1.5 1.432 3.069 1.637 1.5 0.30 0.45 1937
0.40 0.60 1787
0.50 0.75 1637
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vx15min$vxa%5v12 . ~31!

For the case when Cu 3dx22y2 is filled by one hole and Cu
3d3z22r 2 is empty, the energy set of the in-plane states$vx%,
say, involves two statesvx1 andvx2 ~cf. Fig. 1!. The energy
set of out-of-plane states, say$vz%, also involves two states
vz1 and vz2 . We arrangevxi’s and vzi’s such thatvx1
5min$vxi% andvz15min$vzi%. We define a parameterE ~cf.
Fig. 1! such that

E5vz12vx1 . ~32!

We have calculated the values ofvx1 and vz1 for the
typical values of different parameters.35,45 In fact, we take
ed1

50, ed2
2ed1

50.3 eV, epx
2ed1

51.6 eV, tx51.2 eV, tz

50.4 eV, U510 eV, andU858 eV. The results are pre
sented in Table I forepz

2epx
520.5, 0.0, and 1.5 eV. Thes

three values ofepz
2epx

correspond relatively to the system

La22xSrxCuO4, YBa2Cu3O72y , and Bi2Sr2CaCuO61y and
Tl2Ba2CaCuO. In order to see how it is so, we notice, f
example, from the Appendix of Ohta and co-workers45 that
epz

2epx
is least~and negative! for La22xSrxCuO4, increases

for YBa2CuO72y , and becomes larger for Bi- and Tl-base
systems. The values ofE @Eq. ~32!# are also given in Table I
It is clear from Table I thatE increases with increasingepz

2epx
. In fact for epz

2epx
520.5,E is negative. We empha

size that qualitatively the relative features ofE will not
change with the inclusion of the O 2py orbitals inK. In fact
K will then correspond to the cluster CuO3.

B. Occurrence of gap between in-plane and out-of-plane states
in the solid system

When the CuO3 units are combined to form the cupra
solid system, the statesvx1 , vy1 , andvz1 will be replaced
by the bands$ek ;k5(kx ,ky)% and $ekz

%, respectively. This
is shown schematically in Fig. 1. While the former is t
band originating from the ‘‘in-plane’’ states, the latter is th
r

band arising out of the ‘‘out-of-plane’’ states. In the tigh
binding model, the width of these bands will be 8t i and 4t'
respectively. Heret i(t') describes overlap matrix elements
between the neighboring CuO3 cluster in theab(c) direc-
tion. In the present treatment we treat these parameters p
nomenologically~cf. Table I!. In the tight-binding scheme
the in-plane and out-of-plane bands are approximately d
scribed by

ek522t i~coskxa1coskya! ~33!

and

FIG. 1. Schematic plot of electronic structure of a spin up ho
for the case when there is a spin down hole in the Cu 3dx22y2

orbitals. ~a! Atomic levels are shown. The Cu 3d3z22r 2 level is
shown by a dashed line to signify that due to the presence of a s
down in the Cu 3dx22y2 orbital, the Cu 3d3z22r 2 orbital of energy
ed2

will be vacant.~b! Formation of cluster states of Cu O2 corre-
sponding to the O 2px , O 2py atomic levels are shown. Dashed
lines signify the admixture of the Cu 3dx22y2 or Cu 3d3z22r 2 orbit-
als. ~c! Formation of in-plane and out-of-plane band states a
shown.W is the gap defined in Eq.~35!.
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ekz
522t' coskzc1E. ~34!

In the CuO3 cluster the statesek andekz
become indepen

dent of k and kz and according to Eq.~32! differ by E. E
appears in Eq.~34! to satisfy this requirement. For a give
number of holes in the solid the general situation, which E
~33! and ~34! represent, will be that the band of in-plan
states will be filled upto the Fermi energyEF , and the bot-
tom of the band of out-of-plane states will be above by
gap

W5E22t'14t i2EF . ~35!

Fig. 1~c! illustrates this situation. HereEF is measured from
the bottom of the ‘‘in-plane’’ band.

SinceEF depends on the number of band holesn, W will
be a function of the hole doping~cf. Fig. 1!. SinceEF in-
creases withn, W(n) will decrease with increasingn. It may
be noted thatW is already a function ofepx

2epz
throughE

~cf. above!. For an illustrative purpose we have calculat
values ofW12t' for epz

2epx
520.5, 0.0, and 1.5 eV. It is

clear from the Table I~for t'50 that there is a high chanc
for W to vanish for the epz

2epx
520.5 case forn.

'0.38. For t'.0, W will vanish even for smallern. We
emphasize thatt' is a parameter of relatively much small
value than t i . For La22xSrxCuO4, YBa2Cu3O7, and
Bi2Sr2CaCu2O8 systemst' is typically 5, 40, and 0.1 meV
respectively.34 As pointed out above, this case corresponds
the La1.85Sr0.15CuO4 system. In this system trend of vanis
ing W is indeed observed in measuredrc for n50.3 ~see
Table II!. On the other hand, there is no chance forW to
vanish in theepz

2epx
50 case even upton50.5 for t'

,0.05 eV. As mentioned above, these values of parame
epz

2epx
and t' correspond relatively to YBa2Cu3O7. In this

system measuredrc does not show any signature of vanis
ing W ~see Table II!. We may therefore say that our mod
with a doping dependent energy gapW is supported by mea
sured experimental data onrc for the cuprate superconduc
ors.

We emphasize that the energy gapW(n) is physically
different from the gap that occurs in semiconductors wh
the energy gap is the energy separation between the to
the occupied valence band and bottom of the empty cond
tion band. The other difference is that hereW(n) is
n-independent, contrary to then-independent gap in the
semiconductors. An idea of the semiconductorlike gap
the c-direction transport has been proposed by Ong48 and
Yan and co-workers.49 The recent model of Abrikosov base
on the resonant impurity levels also involves a gap for
c-direction transport.33 For the case of the YBa2Cu3O72y
system considered by Abrikosov, the impurities are the
atoms of the CuO chain. Since the O atoms control the
rier density also, the gap involved in the Abrikosov’s a
proach is indirectly related with the carrier concentratio
The concept of gap is also involved in the theory of Alexa
drov and co-workers.35 In the work of these authors the ga
is due to the dissociation of a bipolaron into two polaron
s.
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C. Model Hamiltonian for the cuprate system

In order to describe resistivity of the system we consid
the CuO2 layer and the one-dimensional chain pass
through the Cu atoms along thec axis. The chain is suppose
to make up of the Cu 3d3z22r 2 and O 2pz atoms. There may
be other atoms also on this chain. The specification of s
atoms is not important for the present model. In fact,
parametert' involves the effects of such atoms in a pheno
enological manner. According to Eq.~16! we have divided
the Coulomb interaction in two parts. The part correspond
to K0 defines the band statesek andekz

@Eqs.~33! and~44!#.

Let the momentumk and kz be collectively denoted byg.
Then, according to Eq.~16! the second part of the Coulom
interaction will correspond to the holes of the statesg. The
Hamiltonian which describes this situation may be written

H5(
g,s

egcg,s
† cg,s1 (

gg8g9g-
V~g2g9!cg9,↑

† cg-,↓
† cg8,↓cg,↑ .

~36!

Hereck,s
† andck,s correspond to the creation and annihilatio

operators of a hole in the ‘‘in-plane’’ band, whileckz ,s
† and

ckz ,s correspond to the creation and annihilation operators

a hole in the ‘‘out-of-plane’’ band.V(g2g9) denotes the
Coulomb interaction for the momentum transferg2g8 be-
tween the holes described by theugs& states.~We emphasize
that the effect of the Coulomb interaction due to the Cu ho
is taken in constructing theugs& states.! Let fgs(r i) denote

TABLE II. Values ofn andW(n) for various cuprate supercon
ductors. The values ofn for the YBCO samples of Takenakaet al.
~Ref. 6! are estimated according to the method given by Fukuzu
et al. ~Ref. 48!, by using the interpolation method. Values ofW(n)
for La22xSrxCuOy ~x50.12 andx50.20! and Bi2Sr22xLaxCuO4

~x50.2 and 0.3! are based on therc data for T.50 K and T
.75 K, respectively. The value ofn for HgBa2Ca2Cu3O8 is at T
5150 K.

Systems Referencen(Holes/CuO2) W(n) ~meV!

La1.90Sr0.10CuO4 3 0.10 12.5
La1.88Sr0.12CuO4 3 0.12 8.33
La1.85Sr0.15CuO4 3 0.15 5.50
La1.80Sr0.20CuO4 3 0.20 2.28
YBa2Cu3O6.68 6 0.145 17.2
YBa2Cu3O6.78 6 0.18 12.0
YBa2Cu8O6.88 6 0.21 7.5
YBa2Cu3O6.93 6 0.24 5.75
Bi2Sr1.7La0.3CuOy 12 n1 7.58
Bi2Sr1.8La0.2CuOy 12 n2(.n1) 4.06
Bi2Sr1.95La0.05CuOy 12 n3(.n2) 2.05
Bi2Sr1.95La0.05CuOy

~sampleA!
16 - 3.36

Bi2Sr1.95La0.05CuOy

~sampleB!
16 - 3.02

Bi2Sr1.95La0.05CuOy

~sampleC!
16 - 4.27

HgBa2Ca2Cu3O8

~sampleA!
18 0.13 20.5
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the cluster wave function corresponding to the momentumg,
spin s, and positionr i of a hole. ThenV(g2g9) may be
written as

V~g2g9!5dg1g8,g91g-E fg9,s
* ~r i !fg-,s

* ~r j !

3V~r i2r j !fg8,s~r j !fg,s~r i !dr idr j , ~37!

where

V~r i2r j !5
e2 exp~2kur i2r j u!

e~`!ur i2r j u
. ~38!

Here, r i and r j are the coordinates of the two interactin
holes,k is inverse screening length due to the hole-hole
teraction, ande(`) is the dielectric constant at optical fre
quency due to the lattice ions.

Because of the gapW, the band of out-of-plane states wi
start to get filled only when the band of in-plane states
filled up to the bottom of the band of out-of-plane states.
n0 denote the maximum hole density for which the upp
band will remain unoccupied. Then, forn,n0 the motion of
holes along thec axis will be governed by the existence of
finite gapW.

Because of the gapW there will be no hole motion along
c direction at the temperatureT50. For T.0, a number of
holes proportional toe2W(n)/KBT will be excited to the out-
of-plane bands. HereKB is the Boltzmann constant. Phenom
enologically, the number of holes excited to the out-of-pla
states may be written as

nc5nze
2W~n!/kBT ~n,n0!. ~39!

In order to specify the parameternz we proceed as follows
We emphasize that in our model the motion of holes alonc
direction depends upon the occupancy of the Cu 3d3z22r 2

orbitals. In fact, we have already mentioned in the beginn
of this article that practically the O 2px,y holes will not take
part in the motion alongc direction. As is clear from Eq.~1!
the Cu 3d3z22r 2 orbital hybridizes with the O 2px orbital
also. The resulting states will be along theab plane. From
such hybridized states we may estimate the number of h
present on the average in the Cu 3d3z22r 2 orbital correspond-
ing to the planar motion@i.e., for tz50 in Eq.~1!#. Since, the
thermally activated motion alongc axis will depend on these
holes, we specifynz by

nz5(
s

^d1s
† d2s& tz50 . ~40!

The value of nz has been calculated by Zotos an
co-workers40 for a Cu2O3 chain alongx axis ~cf. Table I of
Ref. 40!.

It may be noted that the Cu 3d3z22r 2 orbital hybridizes
with the O 2pz orbital also. The states resulting in this ma
ner have already been considered to form the band of ou
plane states@cf. Eqs. ~18! and ~34!#. For n.n0 , the holes
will be divided in two parts: those which move alongab
plane, and those which move alongc direction. Letnab and
nc denote the number of holes corresponding to theab plane
andc direction, respectively. Then,
-

s
t
r

e

g

es

f-

nab1nc5n. ~41!

This relation will be applicable to then,n0 case also with
the value ofnc given by Eq.~39!. In fact, forn,n0 , nc will
be T-dependent, while forn>n0 nc will be T-independent.
Whether a hole moves in theab-plane or along thec direc-
tion, its lifetime, sayt, will be same. In order to see how
happens, lettab andtc denote the hole lifetime along theab
and c direction, respectively. For specificity, lettc,tab .
Then, if a hole ofc direction comes at a copper atom wi
lifetime tc , it finds that it can raise its lifetime~lower the
scattering rate! by changing its direction to theab plane.
Thus tc,tab affects the hole distribution between theab
plane andc direction. But the hole distribution has alread
been fixed in the sense of the HamiltonianK0 ~Eq. ~16!!.
This will force tc5tab . This means that in our model hol
will have the same lifetime irrespective of its direction
motion. This is in fact, the case in other models also.24,34The
extra T dependence alongc direction that arises in such
models is due to, for example, the combining of holons a
spinons along thec direction.24,34

III. RESISTIVITY

In the overdoped regime where the Coulomb interaction
screened and where the antiferromagnetic background o
Cu ions has lost its significance, the scattering rate will
given by the Fermi liquid picture. So the hole scattering r
will be given by

\

t
5AT2 ~overdoped regime!. ~42!

Here A is a parameter independent of temperature.\ is the
reduced Plank’s constant.

When carrier concentrationn is reduced from the over
doped limit for a certain range ofn, a situation will arise
where Coulomb interaction becomes poorly screened
where the magnetic interaction due to the Cu ions~with each
Cu having one down spin hole! cannot be ignored. It has
been shown in the literature by a number of workers t
under such circumstances the scattering rate is enhanced
is given by28–30

\

t
5BT ~ intermediate doping!. ~43!

HereB is of order of 1.
While going from the overdoped regime to the interme

ate regime the screening lengthk21 and the appearance o
magnetic interaction of antiferromagnetic origin vary grad
ally. We therefore believe that for a general carrier dopingn,
the hole scattering rate will be given by

\

t
5CTm ~1<m<2!. ~44!

Here m varies from 2 to 1 gradually as we go from th
overdoped regime to the intermediate doped regime. In f
this fact can be deduced from the analysis of the resisti
data of systems of varying carrier density.17,50

Having discussed the hole density and hole lifetime alo
the ab plane andc direction, we now turn to specify the
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resistivity. We use the Boltzmann equation. It has be
shown by Liu and Xing21 that formally the results of the
Boltzmann equations are similar to the models based on
incoherent motion along thec axis. In using the Boltzmann
equation we need hole mass along theab plane andc direc-
tion. In terms of band energyek @Eq. ~32!# the ab-plane
effective mass of a hole is given by

mab* 5\2Y ]2ek

]kx]ky
. ~45!

Similarly, the effective mass along thec direction is given on
the basis of band energyekz

@Eq. ~34!#. That is,

mc* 5\2Y ]2ek

]kz
2 . ~46!

With massmab* (mc* ), carrier densitynab(nc) and lifetime
t, the resistivity along theab plane and~c direction! is given
by

r i5
mi*

nie
2t

, ~47!

where,i 5ab,c.
We discuss Eq.~47! for two cases. The first correspond

the situation where the hole density is such thatnc50 for
T50. Let n0 denote this initial hole density. The other ca
corresponds to the case wheren.n0 or nc.0 for T50. In
both of these casesnab.0 and is independent ofT.

A. Case I: n<n0

In this case only the in-plane band will be partially fille
~upto EF!. The out-of-plane band will be above the ga
W(n). The magnitude ofnc will be given by Eq.~39!. When
this is so, according to Eq.~41! nab also acquires aT depen-
dence in this case. Consequently, Eq.~47! leads to

rc

rab
5

mc* n

mab* nz
S eW/KBT2

nz

n D . ~48!

This shows that for lowT, rc /rab'eW/KBT. That is,rc /rab
diverges atT50.

We emphasize that Eq.~48! shows that theab-plane re-
sistivity rab is affected due to thec-direction electronic mo-
tion ~parameterized bynz /n!. In order to assess the effect o
nz /n, we consider the estimation ofnz /n on the basis of the
work of Zotos and co-workers.40 In fact, we can calculatenz
from our model also. But, in our model the Cu-O cluster h
less number of atoms so that the values ofnz obtained by
Zotos and co-workers will be more realistic. We notice fro
Table I of Zotos and co-workers that for the total numb
ntotal52 of the holes in the Cu2O3 chain the occupancy of Cu
3dx22y2 orbital per Cu atom is 0.67, and not 1. Because
this, we define the average number of doped holesn as the
sum of the occupancies of the O 2p and Cu 3d3z22r 2 orbitals
per Cu. Then, since the occupancy of the Cu 3d3z22r 2 orbital
per Cu isnz , the occupancy of the O 2p orbital per Cu will
be n2nz . In Fig. 2 we plotnz /n obtained in this manne
againstntotal. It is clear from this figure that for lowntotal
~i.e., for ntotal;2!, nz /n is significantly smaller than 1. The
n

he

s

r

f

ratio nz /n will be further smaller if we treat the realisti
Cu2O7 cluster in place of Cu2O3. This is because as the num
ber of O atoms in the cluster increases, the probability of
average occupancy of the O 2p orbital per Cu atom will also
increase. Because of this and because of the fact
eW/KBT.1, we neglect the factor ofnz /n in the bracket of
Eq. ~48!. We may thus use the result that

rc

rab
}eW~n!/KBT. ~49!

This equation resembles formally with that of Alexandr
and co-workers.35 However, as mentioned above the orig
of W andD of Alexandrovet al. are completely different.

The main result is thatrc shows a semiconducting beha
ior (drc /dT,0) below a certain temperature with a cros
over to the metallic behavior (drc /dT.0) at higher tem-
peratures. A large number of samples of the La22xSrxCuO4,
YBa2Cu3O72y , and other cuprate systems show th
behavior.1–19 The most important difference of the prese
model from that of others that also explain th
crossover25,27–35 lies in the form of theT dependence of
rc(T). According to Eq.~47!, for the case ofn,n0 , the T
dependence ofrc(T) is governed by the factorTm(eW/kBT

2nz /n). On the other hand, in the RVB theory and MF
theory, theT dependence ofrc(T) is given byrc(T)5BT1
C/T for all n ~Refs. 28–30!. In the model of Rojo and
Levin25 rc(T) varies likea1bT1(c1dT)21 wherea, b, c,
and d are T-independent parameters. In the model of Z
and co-workers34 theT dependence ofrc(T) is hidden in the
density of statesN(0), while in Abrikosov’s model33 the
T-dependent resistivity is of the typeT@cosh(E/kBT)
1cosh(e/kBT)#/sinh(e/kBT) and arises due to resonant imp
rity levels. HereE2e andE1e characterize the lower an
upper limits of the resonant~impurity! levels.33 E does not
depend on the carrier density, rather it depends on disor
In the present case, the gapW(n) is dependent on the carrie
density and has nothing to do with disorder. In the mode
Alexandrov and co-workers35 theT dependence ofrc is gov-
erned byrabe

2D/KBT whereD is the bipolaron binding en-
ergy.

FIG. 2. Plot ofnz /n vs ntotal ~total number of holes in the Cu2O3

chain! on the basis of the calculations of Zotos and co-work
~Ref. 40!.
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B. Case II: n>n0

In this case the out-of-plane band will also be filled
partially so thatnc will be T-independent. Thus as a result
Eq. ~41!, nab will also beT-independent. Consequently, E
~42! will lead to

rc}rab . ~50!

Many overdoped samples of the cuprates show
behavior.2,3,15,50Many other workers have also arrived at
behavior ofrc given by Eq.~50! ~Refs. 21, 26, 34, and 35!.
However, in the present case Eq.~50! is valid only for the
case wheren.n0 . They way we have introduced the gapW
makes it clear that the situation ofn.n0 or of W50 requires
(epz

2epx
) to be negative. As has been already mention

this condition is satisfied only by the La-Sr-Cu-O-based
prate systems~cf. Appendix of Ohta and co-workers!. In fact,
in other families of cuprate systemsepz

2epx
is positive. So,

the case ofW50 may not be realized in these systems.
the basis of the measuredrc of various cuprate systems,
turns out that among others thex50.3 sample of
La22xSrxCuO4 ~Ref. 3! and the x50.22 sample of
La22xSrxCuO4 ~Boebinger et al., Ref. 51! correspond to
W50. In fact according to Fig. 3 of Nakamura and Uchid3

rc}rab for x50.3 sample. As far as thex50.22 sample of
Boebingeret al.51 is concerned, we have estimated theT
dependence ofrc andrab assumingrc , rab}Tm. It is found
that m51.4 for rab , while m51.3 for rc . This means that
the value ofm differs only by 8% forrc andrab . This is not
a significant difference and it may be concluded that for
La22xSrxCuO4 sample of Boebingeret al. with x50.22, Eq.
~50! is applicable.

The c-direction resistivity of the sample Tl2Ba2CaCu2O8
single crystal measured by Duanet al.52 is also metallic
down to Tc . It is clear from Fig. 1 of Duanet al. that rc
}rab}T for T.;200 K. BetweenTc and 200 K the resis-
tivities rab andrc show fluctuation effects that may be co
sidered a source of deviation ofrab andrc from the linearT
behavior. We thus conclude that for the Tl2Ba2CaCu2O8
sample of Duanet al., also rc}rab within the fluctuation
effects.

The fact that this result is obtained primarily on the ba
of the values ofepz

2epx
shows that the main points of th

present model is able to explain the essential feature of
cuprate systems.

IV. EXTRACTION OF W„n… FROM RESISTIVITY DATA

In order to illustrate the importance of the prese
model of rc(T) we consider the experimental observ
tions made by different groups on the samples of
La22xSrxCuO4 ~LSCO!, YBa2Cu3O72y ~YBCO!,
Bi2Sr22xLaxCuOy ~BSLCO! and HgBa2Ca2Cu3O8 ~HBCCO!
systems. In Figs. 3, 4, 5, and 6 we plot the experimen
values3,6,12,16 of ln@rc(T)/rab(T)# vs T21 for the LSCO,
YBCO, and BSLCO samples.

In order to estimate the values ofW(n) from these plots
we have used Eq.~49!, since the termnz /n turns out to be
negligible against the exponential factor. The values of
energy gapW(n) obtained from the plots of Figs. 3–6 b
is

d
-

n

e

s

e

t

e

al

e

using Eq.~49! are presented in Table II. The values ofW(n)
for the sample a of HBCCO of Carringtonet al.18 is also
presented in Table II. The ln(rc /rab) vs T21 plots for this
sample is almost linear. From Figs. 3–6 it is clear th
the exponential increase ofrc(T)/rab(T) fits well in the
case of most of the samples considered here~cf. Table
II !. Discrepancy is, however, encountered in the case of
La22xSrxCuO4 ~x50.12 and 0.2! ~Ref. 3! and
Bi2Sr22xLaxCuOy ~x50.2 and 0.3! samples12 towards lowT
~less than 50 K and 75 K, respectively!. For the LSCO
samples~x50.12 and 0.2! the deviation of ln@rc(T)/rab(T)#
vs T21 in Fig. 3 may be attributed to structural changes
low T. Such a change is indeed seen in the resistivity cur
of these samples~cf. Fig. 2 of Ref. 3!. For Bi2Sr22xLaxCuOy
samples the root of this discrepancy may be attributed to
T dependence ofrab(T). According to Eqs.~44! and ~47!,
rab(T) increases monotonically withT. On the other hand
according to Fig. 4 of Wanget al.12 rab(T) starts to change
its behavior below about 75 K forx50.2 and 0.3 samples. If
instead of Fig. 4 of Wanget al.,12 we use extrapolated lin
early varying values ofrab(T) for T,75 K also, we find

FIG. 3. Plot of ln(rc /rab) vs T21 for the observed data o
La22xSrxCuO4 for different values ofx taken from Nakamura and
Uchida ~Ref. 3!.

FIG. 4. Plot of ln(rc /rab) vs T21 for the observed data o
YBa2Cu3O72y for different values of (72y) taken from Takenaka
et al. ~Ref. 6!.
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excellent agreement with the observedT dependence o
rc /rab with the values ofW(n) presented in Table II. This
suggests that theT-dependent effect of disorder is a reaso
able source of the discrepancy in the ln@rc /rab# vs T21 plots
for x50.2 and 0.3 of the Bi2Sr22xLaxCuOy samples~Fig. 5!.

Study of the Bi2Sr22xLaxCuOy system has also bee
made by Andoet al.16 These authors have considered thr

FIG. 5. Plot of ln(rc /rab) vs T21 for the observed data o
Bi2Sr22xLaxCuOy for different values ofx taken from Wanget al.
~Ref. 12!.

FIG. 6. Plot of ln(rc /rab) vs T21 for the observed data of th
samplesA, B, andC of Bi2Sr1.95La0.05CuOy taken from Andoet al.
~Ref. 16!. SamplesA, B, andC marked in the plots correspond t
different amounts of disorder.
-

e

samples of this system forx50.05. The three samples ar
marked byA, B, andC. These samples were chosen su
that the superconducting transition temperatureTc is ex-
pected to be nearly same in all the three samples.
samples differ from each other in the amount of the disord
From Fig. 1~a! of Ando et al. it may be seen that sampleB
has practically linear-T behavior ofrab(T) aboveTc . Be-
cause of this, we may say that theT-dependent effect of
disorder that may be, for example, due to weak localizat
is least in the case of sampleB. On the basis of the abov
arguments we therefore expect the ln(rc /rab) vs T21 plot for
sampleB to be relatively more linear than for samplesA and
C. In order to see whether it is so or not, we have plot
ln(rc /rab) vs T21 for the experimental data of Andoet al. for
all the three samples. The values ofW(n) are presented in
Table II. The plots are shown in Fig. 6 wherefrom it is qu
clear that the ln(rc /rab) vs T21 plot of sampleB is indeed
relatively more linear than that of samplesA and C. This
gives support to our point that the deviation of the ln(rc /rab)
vs T21 plot from a linear behavior is due to~T-dependent!
effects of the disorder. This means that in a pure cupr
system our model is a reasonable model of the trans
along thec axis.

From Table II it is clear that the correlation-induced g
W(n) decreases with increasingn. This trend agrees well in
general with the trend expected on the basis of Sec. II.
the La22xSrxCuO4 system we may examine the variation
W(n) with n more specifically. According to Chenet al.,43

the gap between the in-plane and out-of-plane states is
then 30 meV. The values presented in Table II fall in th
range. Chenet al.43 also find that the relative occupancy o
the Cu 3d3z22r 2 states remains fixed and negligibly small f
x&0.15. Furthermore, for the LSCO system the density
states at Fermi level,N(0), increases withn.53,54 This sig-
nifies that with increasingn the increase ofEF(n) will be-
come slow.55 In light of Eq. ~35!, this implies that with in-
creasingx the increase ofW(n) will become slow. This is
indeed what we observe from Table II. This provides y
another support in favor of the basic assumption that the
3d3z22r 2 orbitals are important for the transport along thec
axis.

Yet another feature of the variation ofW(n) is evident
from the HBCCO samples of Carringtonet al.18 These au-
thors have considered six samples of this system. All of th
samples appear to correspond to the same carrier densin.
This is clear from the fact thatrab is same for all the sample
~cf. Fig. 1 of Ref. 18!. The variation ofW(n) for different
samples of HBCCO may then be due to the variation of
phenomenological parametert' . In fact, if t' increases
when going from sample ‘‘a’’ to sample ‘‘f ’’ of the HBCCO
system, according to Eq.~35! W will decrease.

V. CONCLUSIONS

In this paper we have made an attempt to analyze the
of the Cu 3d3z22r 2 orbitals in the context of the transpo
along c axis in the high-Tc cuprates. These orbitals are e
tended along thec axis and the Cu ions are relatively muc
nearer to the apical oxygen ions as compared to the in-p
O atoms. A relatively larger extension of the Cu 3d3z22r 2

orbitals along thec axis than that of the hybridized C
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3dx22y22O 2px,y orbitals, led us to the hypothesis that th
transport alongc axis will be controlled by the Cu 3d3z2r 2

orbitals, and the hybridized in-plane orbitals O 2px,y-Cu
3dx22r 2 make a relatively negligible contribution torc . We
have examined the behavior ofrc on the basis of phenom
enological expressions.

The expressions ofrc presented here provide us wit
quite satisfactory results. At low carrier density, we have
situation where the Fermi level lies below the out-of-pla
states by an energyW(n). Consequently, the resistivity wil
show a semiconducting behavior corresponding to activa
energyW(n). However, this semiconducting behavior w
last only up toT* 'W(n). Here T* is the crossover tem
perature. The correlation-induced finite lifetime of carr
holestab will force rc to show metallic behavior for large
T.W(n). This ‘‘crossover’’ inrc(T) from insulating to me-
tallic behavior, occurs whilerab(T) remains metallic for all
T. This is what is observed in most of the samples of
cuprate systems.

For overdoped systems, the Fermi level may pass thro
uc
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the energy level of the out-of-plane states. T
La22xSrxCuO4 sample of Nakamura and Uchida3 for x
50.3 appears to correspond to this case. In this caserc(T)
turns out to be always metallic. This amounts to a crosso
to metallic behavior for the whole temperature range wh
the carrier density exceeds a critical valuen0 ~i.e., n.n0!.

Although the present model is a phenomenological one
is weaved around the essential features of the cuprate
tems. The coherent interpretation of experiments on th
different systems for different doping give credence to
model. This phenomenological model may serve as a poi
in search of a microscopic theory of transport along thec
axis of the normal state of cuprate superconductors.
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