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Equilibrium vortex-line configurations and critical currents in thin films under a parallel field
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Vortex-line equilibrium configurations and critical currents for type-Il superconducting films at zero tem-
perature are studied theoretically. The films are assumed to be of thickness less than or equal to the penetration
depth, free of pinning by imperfections, and to be subjected to a magnetic field parallel to the film surfaces and
to a transport current perpendicular to the field. By numerical minimization of the exact London-theory energy
expression, using simulated annealing techniques, the equilibrium configurations are determined with great
accuracy over a wide range of fields and currents. These consist of chains of straight vortex lines whose
number depends both on the field and on the current. Transitions involving a change by one in the chain
number are found to take place either if the field is increased at zero transport current or if the transport current
is increased at constant field. At the transitions, there is a considerable rearrangement in the vortex-line
positions and a small, discontinuous, change in their number. The equilibrium configurations with chain
numbers that are not too small form a nearly perfect triangular lattice, centered with respect to the film
surfaces. However, small deviations from this arrangement are found to be important in determining the
behavior near the transition and when the transport current approaches the critical current. It is found that the
critical current ha a a nonmonotonic dependence on the field. The zero-temperature equilibrium phase diagram
in the field-transport current plane is reporte80163-182@8)08809-3

. INTRODUCTION the field that is also attributed to these transitidns.Other
measurements find no such dependence, but the large critical

There is a great deal of activity nowadays in the investi-currents observed are interpreted as due to pinning of the
gation of the properties of the mixed state in type-ll super-vortex lines by the shielding curretft.
conductors under various physical situations. One problem The aim of this paper is to calculate in detail the vortex-
of interest is the study of vortices in films of thickness com-line equilibrium configurations and critical currents at zero
parable with the penetration depth placed on an externabmperature in films of thickness less than or equal to the
magnetic field parallel to the film surfaces. In this case vorpenetration depth, without pinning by imperfections, in the
tices enter the film as straight lines parallel to the field direcpresence of both a parallel field and a transport current. The
tion. The shielding current penetrates the full thickness of thetarting point of this calculation is the known expression for
film and pins the vortex lines to the film’s interior. A trans- the energy of a system of straight vortex lines parallel to the
port current applied parallel to the film surfaces and perpenfilm surfaces, exact in the London limit for sufficiently thin
dicular to the vortex lines will not dissipate energy unless itsfilms.1~® Minimization of this energy is carried out numeri-
magnitude is large enough for the Lorentz force exerted by itally, using simulated annealing techniques, assuming only
on the vortex lines to overcome the force generated by théhat the distributions of vortex lines in the film is periodic.
shielding currents and by the interactions between the vorteBy this method the equilibrium vortex-line configurations are
lines. Therefore, even in the absence of pinning by imperfecdetermined very accurately over a wide range of external
tions, the mixed state in the film can support a finite transporfields and transport currents. Several results are reported.
current without dissipating energy, that is in thermodynamic The equilibrium configurations obtained by this method
equilibrium. are found to consist of vortex-line chains, all with the same

Previous theoretical work on this problem has calculatedintrachain spacing between vortex lines. In the absence of a
in the London limit, the equilibrium vortex-line configura- transport current, it is found that, as the external field grows
tions and critical currents using both analytfcdl and above the lower critical field, there are regions where the
numerical methods. These find that the equilibrium configu-number of chains remains constant in which the number of
rations consist of vortex-line chains and that there are tranvortex lines in the film grows smoothly with the field. Tran-
sitions, induced by changing the applied magnetic field, imsitions consisting of a change by one of the number of chains
which the number of chains changes. are found to take place at critical field values. These results

Measurements on films in this geometry of the magneti-are consistent with previous ones, obtained using a similar
zation and of the critical current have been reported by sevaumerical method. The present calculation reveals that at
eral author§~*?It is found that the magnetization has peaksthe transitions, besides the considerable rearrangement in the
as a function of the field, not present in the bulk material,vortex-line positions found previousfytheir number has a
which are interpreted as resulting from the transitions involv-small discontinuous increase. Even for a modest number of
ing the change in the number of chafh.Some of the criti-  chains, the equilibrium vortex-line configurations are found
cal current measurements find nonmonotonic dependence ¢o be close to a triangular lattice, as predicted in Refs. 2 and
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3. However, it is found that there are significant differences H
between the triangular lattice and the equilibrium configura-

tions, not reported previously, that play an important role in a ! OLn =3

the vicinity of the above described transitions. The changes - e  J L L
in the equilibrium vortex-line configurations caused by a <

transport current are studied in detail and the critical current o5 @ ® o o

is calculated. It is found that by changing the transport cur-

rent at constant field up to the critical current, two distinct o o o o o
behaviors take place, depending on the field value. In the - —_—
first the number of chains remains the same as that for no 0-8 o 05 To
current. The effects of the current are to shift the chains ' ' X, /D ’

towards the film surface and to slightly increase the number
of vortex lines. Near the critical current this shift is nonuni-  FIG. 1. A portion of the film cross section showing a typical
form, contrary to previous calculations that find a uniform vortex-line configura_tion. _The primitive unit cell is _indic_ated by the
shift? It is found that if the vortex chains were forced to shift double arrow. The field is entering the papelb direction. The
uniformly, a critical current considerable larger than that ob-ransport current direction is indicated by the single arrow.
tained from the exact calculation would result. The second ) ) ] ) )
type of behavior is one in which, as the current grows past &€ vortex lines are straight and parallel to the field direction
certain value, smaller than the critical current, a transition tdP direction. (ii) Their distribution in theac plane is peri-
a configuration with one additional chain takes place. This i€dic in thea direction, with perioda, . This periodic struc-
similar to the transition that occurs by increasing the fieldture consists ot./a, identical primitive unit cells with di-
without a transport current and has not been predicted ifnensionsD xa, placed side by side. Each cell contaims
previous calculations. The critical current versus field curve/ortex lines located at XGj,Xcj), j=1,2,...n,, with
is found to be nonmonotonic with a structure that is a direc0@=<Xaj<a, and 0sx;;<D (Fig. 1. Even though these as-
consequence of the vortex-line-chain configurations that exsumptions allow for very general vortex-line configurations,
ist in the film. The zero-temperature equilibrium phase diathe calculations reported here find that the equilibrium ones
gram in the external field-transport current plane is obtainedconsist ofn, chains of vortex lines located 4k}, with
This paper is organized as follows. In Sec. Il the Londonvortex lines uniformly spaced from one another within each
theory results for the energy are briefly reviewed. In Sec. llichain bya, (Fig. 1).
the numerical method for energy minimization is presented. The solutions of London equations for the film with an
In Sec. IV the results obtained by this method are reported@rbitrary distribution of straight vortex lines parallel to the
and their physical significance is discussed. Finally, in Secfilm surface were obtained by several authors using the
V the predictions of this paper are compared to experimenfethod of image$:® One such vortex line, with vorticity

and its conclusions stated. g=1 and located atX,x;) (D=X.=0), generates two in-
finite sets of mirror images. One set has images with vortic-
ity —q located at—x;+2nD, n=0,£1,+2,... . The other
Il. LONDON THEORY has images with vorticity g located at x.+2mbD,
m==*x1=+2,....

Consider a film made of a type-Il superconducting mate- The total energy of an arbitrary distribution of such vortex
rial of thicknessD, lengthL, and widthL. The material is lines can be written as
assumed to be uniaxially anisotropic, with anisotropy axis
perpendicular to the film surfacéthe ¢ axis) and character-

ized by anisotropy parametey (=+m,,/m.). The other

material parameters are the penetration deptfor currents E=EintEsert EHtE;. 1)
flowing parallel to thea-b plane, and the coherence lengths
in thea-b planeé. In Eq. (1) E; is the energy of interaction of vortex lines with

The film is assumed to be subjected to an external field one another and with the images, excluding the self-images;
parallel to the film surface@long theb direction and to a  Eis the vortex line self-energy plus the energy of interac-
transport current flowing perpendiculartband also parallel  tion with their own imagesE,, is the energy of interaction of
to the film surfacesa direction), whose average current den- the vortex lines with the screening current generated by the
sity is J; (Fig. 1). external field, ande; is the energy of interaction of the vor-

The interest here is to obtain the equilibrium vortex-linetex lines with the transport current.
configurations and the critical currents at zero temperature For an isotropic film ¢=1), and in the limit where
for D<A\, in the London limit,\>¢. It is assumed thati)  (7#A/D)?>1, Ej,; andEg are given by

E 2= 1 E In coshm(na, + X, —Xaj)/D — €c0S 7(Xci+ Xj)/D
int 2a, arj  LCoshm(na,+Xa—Xaj)/D —CoSm(Xei—X¢j)/D |’

@
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where  e=(¢o/4m\)2  and Znilj runs  over rier separating the local minimum from the unphysical con-
n=0,x1,...,*L/a,, andi,j=1,2,...n,, excluding for figurations described above. By further increasihgby
n=0 thei=j term; small amounts new local minima configurations are found.
. _ The equilibrium configurations fad;>0 are determined as
, 1 &  [4sirf(mx/D)+(m¢/D)? in the case wherd,=0, described above, by comparing the
Eser/L“=€ > In ) i ini i i
2a, & (mélD) energies of the local minima for differeny, . It is found that

(3)  above a certain value of; the vortex lines accumulate at
X.=D, their number growing without limit. This mimics
The energies of interaction with the currents are given bywhat happens above the critical current, where vortex lines
enter the film atx,=0, are dragged by the transport current

n
E./L2= AmhH & [costixg—D/2)/\ 1|, (4 tothefim surface at,=D, and are annihilated. The small-
H boa, =1 coshD/2\ ' est value of ofJ; where this happens is interpreted as the
critical current].. This method allows the equilibrium con-
and figurations of interest to be determined accurately using
Ny o small values oh, and with modest personal computers.
E,/L2= 68”2)‘2D‘1t S'nl"(.XCi_ D/2)Ix } 5) In the results reported in Sec. Mandé are considered as
$o,C =1 sinh D/2\ fixed lengths. Films withé=10"2\ and D=\, \/2, \/4

) o . are investigated over a wide range of valuesHofand J; .
The total energy for an anisotropic filmy¢1) is related  According to Eq.(1), for these values ob, E is weakly
to that for an isotropic film =1), with the same\ andD,  dependent on.. The mathematical derivation of E() re-

by the following scaling relation? quires only that ¢A/D)2>1, which is satisfied.

E[£.a, {(Xa Xe)} HJe0 7] The natural units for the external field and for the trans-
1At Raj o Xej) e Y port current are the lower critical field ., and of the depair-
= yE[y€, 73, {(¥Xq; ,ch)},y—lHiy—l\]t;yz 1]. ing currentJy, respectively. For the films witb <A\ these

® quantities are given by

Thus the equilibrium configurations for an anisotropic super- H :@ In(2D/7¢) @)
conductor follow from the corresponding ones for the isotro- ¢t \? 4m(1-1/coshD/2\)’
pic material by scaling the parameters according to (Bq. d
In what follows the discussions will be limited to isotropic an
materials.

In order to obtain the equilibrium vortex-line configura- Jd:; Ci"z)_ 8
tion it is necessary to find the minimum &, Eq. (1), for 12372 &N

givenH andJ;. This is discussed next.
For the films studied here the values l8f; in units of
H.1(D=\/4)=28.37.
The energy minimization is carried out numerically using

simulated annealing. For a givéhandJ;=0, the following IV. RESULTS AND DISCUSSION
procedure is used. Assuming that there ayevortex lines
within the unit cell, a standard Monte Car®IC) procedure For J;=0, and forH just aboveH;, the equilibrium

that moves vortex lines within a single cell is used to find theconfiguration is a single vortex chaim(=1) located at the
positions ,j.X;;) and cell length a, at a given film center(Figs. 2 and 8 AsH increases the vortex lines in
“temperature.”* This fictitious temperature is used to over- the chain come close together, thahjsdecreases, as shown
come energy barriers. By lowering it the minimumEfL_?, in Fig. 4. Eventually a value dfl is reached where the single
Eg. (1), is found. The equilibrium configurations are ob- chain splits in two chainsn(,=2), located symmetrically
tained from this data by comparing the minimum energiesabout the film centefFigs. 2 and B This two-chain configu-
for differentn, and determining the lowest one. ration exists over a range ¢f values, above which the en-
For J,#0 it is necessary to search for a local minimum of ergy minimum corresponds to three chaimg = 3) (Figs. 2
E/L?, Eq.(1), at fixedn, . The reason is that for fixen, and ~ and 3. As H is further increased the pattern is as follows. A
for J;>0, E is unbound because vortex lines placedat D stablen,-chain configuration occurs over a rangehbf fol-
have zero interaction energy and self-energy, but negativlewed by an,+1-chain configuration a$l grows past a
E;. Thus the energy can always be lowered by putting moreritical value. At then,—n,+ 1-transitiona, increases dis-
and more vortex lines at.=D close together. The local continuously, with the amplitude of the discontinuity de-
minimum is, clearly, the physically relevant one. creasing with increasing, (or H), as shown in Fig. 4. Simi-
For givenH andn, the local minimum is determined as lar results are obtained for othBr values.
follows. Starting from the vortex-line configuration found for  In Fig. 5 the total number of vortex lines per unit length
these values oH, n,, and forJ,=0, a new configuration of the filmn,/a, is shown as a function dfl. It is seen that
that minimizesE is determined for small; by running the the number of vortex lines increases roughly linearly vith
MC procedure at very low “temperature.” This avoids with constant slope in the regions wherg is constant. At
“thermal” fluctuations that might overcome the energy bar-then,—n,+ 1 chain transition there is a discontinuous jump
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FIG. 4. Intrachain vortex-line spacing fa,=0 and D=\.
Thick line: full minimization of E/L2. Dashed curve: continuous
approximation. Inset: comparison with the centered triangular lat-
tice approximatiorithin line). Both approximations are described in
the text.

FIG. 2. Equilibrium configurations fod,=0 andD=\. The
field values are:H=2H., for n,=1; H=3H. for n,=2;
H=5H, forn,=3; H=7.2%, for n,=4; H=11H, for n,=5,
andH=15H, for n,=6.

structure, gives tha, X H curve with steps shown in Fig. 4.

In this approximatiora,=D/(n, sin 60), anch, depends on

H through the minimization oE/L2. Consequentlya, is

independent oH in the range where, is constant, in sharp
Isagreement with the results described above. However, it is

apparent from Fig. 4 that the triangular lattice prediction
grees well with the mean value af in the range where,

Is constant. At then,—n,+1 chain transitiond, and a,

Even for modest values of, , the equilibrium configura- decrease discontinuously to fit a centered triangular lattice

tions are found to be very close to a perfect triangular Iatticé"”th r_'v+ 1 c.hams. This .Ieads to anf/a,)XH curve with
centered with respect to the film's surfad€sg. 6), as pre- stepsn, /a, is constant n the range Wh?fe bc_nh anda,
dicted in Refs. 2 and 3. However, the vortex-line configura—are constant . and  increases . d|scon_t|nu_ously by
tions obtained by numerical minimization of E@L) show A(n,/a,)=2n, sin 60D at t_he traq5|t|on. Th|§ linear de-
important differences with this triangular lattice, as discussed??ndence om, of A(n, /a,) IS a!so In strong d|sa}greement
next. with the results of the full minimization of Eq1), discussed

In the centered triangular lattice the distance between ad’:}bove._ , .
jacent chains igl,=D/(n,+1), which is also the distance A Simpler way to estimata, anda, for largen, is as
from the first and last chains to the film surfacegat 0 and f°"°‘_’VS- First replace the discrete vortex dl_strlbutlon b)_/ a
x.=D, respectively, and, = d. /sin 60(Fig. 6). The results continuous onev,(X;) (=number of vortex lines per unit
of the present calculation show that the chain spacing in-

inn,/a,, by about 10% in the region covered by Fig. 5. The
relative size of the discontinuities in botly, and n, are
considerably largefFig. 4). However, these quantities in-
crease by about the same factor so that the relative increa
in their ratio is smaller. At higher values bf/H, than those
shown in Fig. 5 the number of vortex lines continues to
increase in the same fashion, but the discontinuity at th
transitions become smaller.

creases slightly towards the film center. Numerical minimi- 40 i ‘ '
zation of E, Eq. (1), assuming a centered triangular lattice st o
gl
1.0 —— T . C> I 20
<
n
\0 J——/f—/__J— 20
x
05 ]
T '
0
0.0 . L
10 20
H/H

FIG. 5. Number of vortex lines per unit length in the film for
J;=0. Inset: magnetization along tredirection for D=\/4 and
J;=0.

FIG. 3. Vortex-chain positions fod;=0 andD=\. The con-
tinuous lines are just guides to the eye.
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FIG. 6. Circles: vortex-line configuration fét=30H.,, n,=9,
J;=0, andD =N\, obtained from full minimization oE/L2. Tri-
angles: centered triangular lattice foy=9. The configurations are
symmetric with respect tg./D=0.5

areg. Minimization of Eq.(1) under this assumption gives

H coshix.—D/2)/\

ve(Xe)=—

o coshD/2n ©

(n,=9).

chain closest to the.=D film surface is about halfway be-
tween its position af;=0 and this surface.

A simple model to calculatd., proposed in Ref. 2, is to
assume that the vortex lines form a rigid triangular lattice. In
this case the effect of the force exerted by the transport cur-
rent on the vortex lines is to displace the lattice uniformly
towards the film surface. Equilibrium is reached when this
force is balanced by that exerted by the other vortices and by

This result shows that the vortex-line density is slightly the shielding current. Numerical calculations based on this
larger near the film's surfaces, in accordance with the resultg,odel and on Eq(1) show that above a critical value df

of the full minimization of Eq.(1), as discussed above. Next
we approximate the average vortex-line density,a,D, by
the average over the film thicknessgf(x3) which, accord-

ing to Eq.(9) is v_c=(H/¢0)(2)\/D)tanhD/2)\), and use for

the rigid lattice has no equilibrium position within the film.
However, this critical value is found to be considerably
larger than that calculated as previously described. This
shows that at least for the rangetdfvalues studied here, the

a, the centered triangular lattice approximation discussedubtle changes in the vortex-line configuration away from

above. Fom,>1 this givesn,=D/(a, sin 60) and

2\H sin 60 -2

D
*"|7 Dy, 2N
This prediction agrees well with the average a&f in the
interval wheren,, is constant, even for modest valuesmf,
as show in Fig. 4. It shows that this average value decreas
with H™ Y2 However, this approximation overestimaies
in the range shown in Fig. 4.

For D=\ the magnetic induction

a tanh (10

coshix¢;—D/2)/\

B= coshD/2\

b0 &
5 ]Zl 1 , (12)

a,

resulting from the vortex-line configurations in the
field is small. It follows from Eq. (11 that
B~ ¢o(n,/a,D)(D/\)?/12. ConsequentlyM =(B—H)/4m
deviates very little from the Meissner-state value
M= —H/4s.

For J,>0, and ifH is not too close to the field where the
n,—n,+1 chain transition takes place &t=0, the equilib-
rium vortex configuration has the samg as that forJ;=0
and the samél. The chain positions are shifted towards the
film surface located at.=D, a, decreases slightly and, con-

sequently, the number of vortex lines in the film increases a

little. The shift grows withJ; and is nonuniform, with the
chain closest to the film surface ®t=D shifting the most,
as shown in Fig. 7. In this figure it is seen thatlas>J.. the

the triangular lattice caused kly play an important role in
determining the critical current.

If H is close to the field for tha,—n,+1 chain transi-
tion atJ;=0, it is found that a similar transition takes place
by increasingl; at constanH. The vortex-line structure in
the film can be summarized in a zero-temperature equilib-

ium phase diagram, as shown in Fig. 8. o= \/2 and
=\/4 the phase diagram is similar. The critical currents for
theseD values are shown as a function léfin Fig. 9.

1020, Wy

=2
4

ny
v
v
v

FIG. 8. Zero-temperature equilibrium phase diagramOer \.
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‘1T o ? ha ?n' " tization has also & componentM « d)o(nvlavD—H/gbo).
n= v v v Thus,M. is a direct measure of number of vortex lines in the
gl i ) film. In Fig. 5 (insey m,=—(n,/a,D—H/$o)\? is plotted

1 —a— D=\/4 versusH. The peaks seen in this figure result from the in-
\ crease in the number of vortex lines in the film that take
' —A— D=)/2 place at the -2 and 2— 3 chain transitions. Similar results
are obtained for larger values Bf. Experiments on Nb/Cu
multilayers reported in Refs. 6—8 find that the. X H curve
4+ has peaks at field values approximately equal to those where
the n,—n,+1 chain transition takes place in the ideal
model. If these experiments measure the equilibrivimy,

1020/d4

VI —2* n,=3 *n , there is the following disagreement with the ideal model pre-
1 5 9 dictions. The experimentaM .| decreases in the range ldf
H/Hc1 wheren,, is constant, whereas the ideal model predicts that it

increases. If in the experimental setup the vortex lines in the
film are not in equilibrium, then it is unclear how thé
peaks are related to a transition that only takes place in equi-
librium.
V. CONCLUSIONS In Fhe experiments reported in Refs. 6MB is measured
asH is changed af,=0. According to the results reported

The calculations reported in Sec. IV describe the behavioabove, then,—n,+1 chain transition can also take place if
of an ideal model, that is, vortex lines in equilibrium at zero J; is increased at constaht. This suggests that if peaks in
temperature in films without imperfections under a field thatM are indeed related to the,—n,+ 1 chain transitions, it
is precisely parallel to the film surfaces. Even a very smalimay be possible to observe peaksMn by increasingl; at
angle between the field and the film surfaces, which is alconstantH.
ways present in experiments, invalidates these predictions, The measurements of the critical current in films under a
since dissipation occurs wheg 0. In such fields the vortex parallel field reported in Refs. 9—-12 can also be compared to
lines are tilted. The Lorentz force exerted hyon these lines the ideal model predictions. The main characteristics of these
has a component along tiedirection which will move the predictions are a nonmonotonigxX H dependence and val-
lines and dissipate energy. However, since the tilt is small, ities of J,~1—9%X10 2]4. The results reported in Refs.
takes only a small amount of pinning to prevent this motion.9—11 show nonmonotonic dependencerhnwith character-
Morever, it is reasonable to assume that the tilted vortex-lingstic features aH values comparable to those wherena
configurations are very close to those for untilted vortex lines—n, +1 chain transition takes place. However the critical
at the same field. That is, the vortex lines are nearly paralleturrents measured in Refs. 9 and 11 are one order of magni-
to theb direction and their average positions in theplane  tude smaller than those predicted by the present calculation.
coincide with those obtained for lines parallel to thelirec-  The results reported in Ref. 12 show only a monotonic de-
tion. Thus, the ideal model predictions are applicable to equipendence o, and findJ, values that are about one order
librium properties of films, provided only that pinning by of magnitude larger than those shown in Figs. 8 and 9.
imperfections is sufficiently weak and that the field makes a In conclusion then, the ideal model predictions are not
small angle with the film surfaces. fully supported by the experimental data. However, this

It has been usual to relate peaks in the magnetization datdodel is useful as a starting point to study the interesting
on films with then,—n,+1 chain transitions that occur in behavior of films with weak pinning under parallel fields.
the ideal modef® It is therefore interesting to discuss what Further work is necessary in order to incorporate into the
are the predictions of the ideal model for the behavior of themodel the effects that are neglected here.
magnetization.

As discussed in Sec. IV, the magnetization due to vortex
lines that are exactly parallel to the film surfaces deviates
very little from the Meissner value. If the vortex lines are
tilted with respect to thé direction the equilibrium magnetic It is a pleasure to thank Professor M. Doria for stimulat-
induction has a& componentB.. Assuming that the tilt is ing conversations. This work was supported in part by
uniform, B, is proportional to the number of vortex lines per FINEP/Brazil, CNPq-Bratia/Brazil and Fundga Universi-
unit area, that i, ¢o(n,/a,D). The equilibrium magne- taria JoseBonifacio.

FIG. 9. Critical currents. The arrows on the upglewer) axis
mark the range over which, has the value indicated fa =\/4
(D=A\/2).
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