PHYSICAL REVIEW B VOLUME 57, NUMBER 1 1 JANUARY 1998-|

Eliashberg equations of electrons on a square lattice: Interplay of strong electron-phonon
interactions and electron correlations
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We discuss vertex corrections to the Eliashberg equations of correlated electrons due to strong electron-
phonon interactions. Local electron correlations have been taken into account in the mean-field approximation
for slave-boson fields in the)—o limit of the two-dimensional Hubbard model. The modification of the
wave-function renormalization factor originating from vertex corrections has been evaluated in a self-
consistent way. We have considered both ionic and covalent parts of the electron-phonon interaction as
possible pairing mechanisms. For the ionic contribution at low dogstgng-coupling limit, inclusion of
vertex corrections leads to a decrease of the superconducting transition tempEgdturd-wave symmetry.

This decrease agrees with the experimentally observed dependefigeonfthe concentration of holes and
originates from the enhancement of the density of states near the van Hove singularities due to correlations.
Another important effect originating from inclusion of vertex corrections is a pronounced reduction of the
isotope shift exponent at optimal doping. This supports the view that experimentally observed small values

of a still allow for phonon-induced superconductivity in strongly correlated systems. We discuss the contro-
versial question with respect to the sign with which the vertex corrections contribute to the pairing kernels of
the Eliashberg equations of strongly correlated electron-phonon sy4t8@i63-18208)07101-X]

I. INTRODUCTION means that we need an extension of Eliashberg’s form&lism
which takes care of the interplay of electron-phonon interac-
It is generally accepted that the symmetry of the ordettions of strongly correlated electrons and of the hitherto ne-
parameter of high-temperature superconductors is related glected vertex corrections to the Eliashberg equations. Re-
the underlying pairing mechanism. There is evidence thalated investigations can be found in a few recent paffers.
strong electron-phonon interactfofi will lead to a modifi-  In particular the role of van Hove singularities in nonadia-
cation of phononic properties below the superconductingatic effects has been discusSéd.here are also some con-
transition temperatur&:® This supports the view that cou- tradictory results with respect to the question, whether vertex
pling of electrons to phonons is involved in the formation of corrections play a dominant role in the weak-couglfray in
the superconducting state. This possibility has also been cotthe strong coupling limff (see discussion in Ref. #9The
sidered in Refs. 2 and 9-21. On the other hand, the proximaim of the present paper is to clarify certain aspects con-
ity of the antiferromagnetic and superconducting phase indinected with vertex corrections for the case of phonon-
cates that Coulomb correlations can lead to a nonphononimediated anisotropic superconductivity in a strongly corre-
pairing mechanism originating from the exchange of antiferdated system described by the two-dimensional Hubbard
romagnetic spin fluctuatiorf$-2° The resulting gap function model. Local correlations will be considered in the mean-
with d-wave symmetry is in agreement with increasing ex-field approximation for slave-boson fields Although this
perimental datd’—33 However, the data do not exclude ad- approximation neglects dynamic features of correlated elec-
mixture of components wits-like symmetry*3®nor do the  trons, it allows us to compare the pairing originating from
data allow one to decompose the gap function into contributhe ionic part of electron-phonon interactiGmhich remains
tions due to phonon or correlation induced pairing. finite for vanishing concentration of holewith that from the
High-temperature superconductors can be characterizezbvalent parfwhich is strongly reduced close to half filling
as systems, where correlations are responsible for narroWsing this scheme we find thdtwave symmetry dominates
guasiparticle bands, lifetime effects of one-particle stategor small doping. We have found that vertex corrections of
close to the Fermi energy, and Fermi energies of the order dhe ionic part of the electron-phonon interaction lead to a
the Debye energy which are smaller than in conventionatemarkable decrease ®f at low doping. This is due to the
superconductor®®’ To some extent superconducting fact that contributions to the pairing kernel and wave-
fullerenes have similar propertié$3® Therefore, one has to function renormalization factor originating from the vertex
be careful when constructing a strong-coupling theory ofcorrections are of the same order as the contributions without
high-temperature superconductivity, since both electron corvertex corrections. This effect is connected with the enhance-
relations as well as electron-phonon interactions will be rement of the quasiparticle density of states near the van Hove
sponsible for strong-coupling features. Also there is no guarsingularities due to correlations at half-filling. The inclusion
antee that Migdal's theoreth is fulfilled a priori. This  of vertex corrections modifies the concentration dependence
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of the superconducting transition temperature making it similated case  — =) only intersite Cooper pairs will survive.
lar to experimental data. This is not the case when we onlyl'his allows us to approximate the momentum dependence of
consider contributions originating from the covalent part ofG, 4 by
electron-phonon interaction.

Vertex corrections play an important role when consider-
ing the isotope effect. We have found that the isotope shift
exponent takes on vanishingly small values at optimal dop-
ing. This feature remains in agreement with experimental _ 1

: 1 iR —R: :
Gk(lwn)nd:NiEj g Ry RJ)Gij(lwn)nd

data for high-temperature superconductors. N%:) NG (1 wn)nd
Il. ELECTRON-PHONON VERTEX CORRECTIONS :12 y(k— p)Gp(i On)nd> (5)
FOR THE TWO-DIMENSIONAL HUBBARD MODEL N*p

We describe correlated electrons by the two-dimensionaivhere we have neglected second- and higher-order neighbor
Hubbard model in the limit) —c including electron-phonon Cooper pairs. The relation
interactions. In the mean-field slave-boson approximation

e 16,18,19 1
the Hamiltonian takes the forth y(kp)= 207K ¥(p)+ 7(K) 7(p) = £(K)E(P)
H=Hy+H,, 1 _
ot H @ = L0 E(p)], ®)
where where
~ k)=2(cosk,a—cosk,a),
HOZ; SK\P:TQB\IIK—}_% qua—Bq, (2) 77( ) ( x Y )
é(k)=2(sink,a+sinkya),
and
{(k)=2(sink,a—sink,a), (7
Hi=> akk+q\lf,:’+q73\1fk(8q+ qu) (3)  enables one to distinguish between extendefly(k)] and
k.q d-wave [ 7(k)] contributions to singlet superconductivity.

. Co ok el Triplet superconductivity given by and ¢, is unlikely to
with the Nambu notation?', = (fy;f_)." The renormal- .., %, high-temperature superconductdr§ and will not
ized band energy ig=r’s—u with ex=—ty(k) and  pe considered here. The identity

y(k) = 2(cosk,a+coska) for nearest-neighbor hoppirig u

is the chemical potential which includes a Lagrange multi- 1 .

plier introduced to guarantee the exclusion of double occu- —22 Y(k=p")¥(p" = P)Gpli®n)ng

pancy of lattice site3?r?=1-n is the bandwidth narrowing N .’

factor with the average number of electrons per site given by 1 .

N=(1IN)Z(fofro)<1; Qu+q is the effective electron- :N% Y(k=p)Gp(i@n)ng; ®)
phonon interaction. We will separately consider two contri-

butions, (i) the ionic part for whichgy s =94 holds and indicates that the approximation in E¢p) corresponds to
which is thought to arise from the volume dependence of th@Tojecting out a given type of symmetry for the gap function.
on-site energy—t, of the correlated electrons, ari) the In order _to famhtgte calculations we have used Kresin's
covalent part due to the volume dependence of the twoM€thod of introducing an average phonon frequey

center integrak-t, for which we obtain'ékkm:rzgkkm in (Ref. 53
the mean-field slave-boson approximatidn®®1°In what (Q)
follows phonons will be modeled by an Einstein oscillator of v= ) 9
27TkBTC
frequencyw,.
We start the calculation by writing the Green’s function in which corresponds to the frequency of an Einstein oscillator
Wannier representation as wo. (wo=0.1t is used throughout this pap&’% When con-
sidering anisotropic superconductivity originating from
{FlFDy  (Firlfi ) nearest-neighbor Cooper pairs, one obtains two different
H + . .
Gij(iw) =((¥;| V")) = WETEEYY (CEE ] ) electron-phonon coupling functions and X, where the
HTT L first one determines the magnitude of the renormalization
=Gjj(iw)g+Gij(i)ng, (4) factor Z and the second one is responsible for anisotropic

superconductivity®°*®We do not know the actual momen-
where w, is the Matsubara frequency,=m/B(2n+1);  tum dependence ofi 4. Therefore, the electron-phonon
B=(kgT) 1. The superconducting order parameter can becoupling functions are parametrized by these two quantities,
evaluated from the nondiagonal part ¢(f\lfi|\lfj+>)(Gnd), as defined in Ref. 18. Note that in the— limit, the domi-
whereas the diagonal parG() determines the normal-state nating contribution which determines the symmetry of the
properties for vanishing gap function. In the strongly corre-order parameter comes from the form factidgs. (6)] which
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B2m N3 g vik=p "(I—n)?+ 12
2

X T sl enhnarGalion

X’Tng/(i(J)|+i(1)m_i(1)n)dT3, (14)
2
FIG. 1. Diagrammatic representation of diagonal and nondiago- 2¢; zi
nal contributions to the self-energy @t=T, including vertex cor- i (ion) 132%1 ppzq (k= p))\)\ ( —m)2+ 2
rections denoted b§ 22, 32°, 32¢, andS.29. The doubldthick) line
represents the norménomalous propagator and the wiggle line 2 ) )
stands for the phonon Green'’s function. mmGpr(l wm)deGp(l ®n)nd
originate from the intersite pairing. One should bear in mind X 13Gq(iw+iwp—iwn)gTs, (15

that in the uncorrelated case the rakip/\ depends on the

explicit form of gy ; 4 and determines the relative role @f 24 2
ands-wave symmetries. In generalandX ,, will depend on b w|)——2 E y(k=p)A ﬁ
the occupation numbéP, however, in order to simplify the 0 Npp g T(I=mP

numerical work, we will consider them as parameters and 2
use )\(y)(n) N(y=const for the ionic andX\(,(n)

=(1-n)? Ay (n=0) for the covalent part of electron-
phonon mteractloﬁl1 1819This simplification does not influ-
ence the qualitative aspects of our numerical resBits.

The matrix self-energy,,(iw,) is defined by Dyson’s The difference with respect to the usual form of the Eliash-
equation berg equatiorf§ originates from the fact that we have param-
etrized the actual momentum dependencggf. , by A and
N, . Here, we are dealing with a strongly correlated system
where only anisotropic superconductivifggs being brought
about by the nonlocal pairindgs possible. This shows up in
the presence of the form factes(k—p) which comes from

The lowest-order vertex corrections X (T=T,) (due to . _
multiphonon contributionswhich have been taken into ac- Fq' (fl)vigﬂ,e usual ansatz for the matrix self-energy is of the

count in this work, are sketched in Fig. 1. According to
Migdal's theorem, multiphonon contributions of this type are
of the order ofym/M and usually are neglected. However,
for the case of strong electron-phonon interaction and large
effective mass renormalization due to strong local Coulombiere ¢,(iw,) denotes the momentum-dependent gap func-
correlations, these contributions will play a non-negligibletion determined by Eqg12) and(14)—(16):

role. The different contributions to the matrix self-energy are

XngGp/(im-l-iwm—iwn)d
- 14

><7'3Gq(i‘J"m)d7-3(-?"p(i‘J"n)ndT?:- (16)
Siog)] L (10)

Gliwy) =[iwaTo— €T3~

2(iwg)=[1-Z(iw,) liwy7p+ ¢k(iwn)Tl+Xk(iwn)T(31-

given by d(iwn)=v(K)p (iwn)+ n(K)d,(iwp), (18
Z(iwy) is the wave-function renormalization factpEgs.
1 1 5 (11) and (13)] which can be considered as a momentum-
H H P ; 41,18,19
S1aen==S =S )\ G.(i ' independent quantity, (i w,)=Z(iw,)." > In what fol-
(o) ,3; sz (1—n)2+ 12 73Gp(lon)aTs lows we will neglect the energy shiff,(i®,) which has

(11 been proved to be a small quantity in the electron-phonon
problem**® This may not be the case when considering
fluctuations of the slave-boson fields over the mean-field

V2 value®® For simplicity we assume that this shift can be ab-
y(l—n)—2+v2 sorbed in the chemical potgntial with_out. changing the physi-
cal nature of the Cooper pairs. Substituting the above form of

1 1
2le) =52 g2 vk=pk

X 73G (i @) naTs, (120 (o) intq Eqs.(lO)—(l_G), one can easily obtain a system
of self-consistent equations for the gap functigy,, and
the renormalization factaZ. This system of equations con-
1 2 22 stitutes the Eliashberg equations which have been extended

to account for the lowest-order vertex corrections. Since ex-
tendeds- and d-wave symmetries separate B&T., both
cases can be investigated independently. The two-
dimensional band structure has explicitly been taken into ac-
count when integrating Eq$11)—(16).

1
Clio)=—2 —> \?

B2m N2, o (I—=n)%+v? (n—m)2+ 12
XT3Gp(iwn)dTSGp’(iwm)d

XT3Gk+p/,p(ia)|+i(1)m_iwn)dTg, (13)
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FIG. 2. The impact of vertex corrections to the wave-function  FIG. 4. The modification of the superconducting transition tem-
renormalization factor as a function of band filling for the ionic part perature @ wave due to vertex corrections for the ionic part of
of electron-phonon interaction. Hel (Z,) represents the contri- electron-phonon interaction as a function of band filling. HEtg
bution with (without) vertex corrections. The ratio (T.,) denotesT. with (without) vertex corrections. The inset shows
(Z,—2,)/(Z,—1) is plotted for the lowest Matsubara frequency, the dependence df.; and T, on band filling. In all cases we have
wy—o=mKT andkT=0.01t. The inset shows the dependenc&Zef taken\=0.6.
andZ, on band filling.

bation series when doping the system below half-filling. Fig-
ure 2 shows the variation of this quantity as a functiomof

: . for the case when the ionic part of electron-phonon interac-
The superconducting transition temperature and the renofjo, is responsible for pairing and Fig. 3 shows the same for

malization factoZ have been evaluated as functions of bandyhe coyalent case. One notes that already for moderate values
filling. Integrations over the momentum automatically take ¢ \ \ve have corrections for the ionic part at low doping
into account effects originating from the enhanced density o Fig. 2. This is not the case for the covalent part, as is

states near the van Hove singularities which means that thg, i s from Fig. 3. In the latter case there is no significant
influence of strong correlations essentially is a bandyjtterence betwee, andz,. This certainly is related to the

narrowing effect. In order to get satisfactory convergenceg;efactor of (:n)2 which enters the covalent part of
100 Matsubara frequencies have been used in the summ ectron-phonon coupling function as a result of the mean-

tions. . f . ¢ h field approximation for the slave-boson fields. This prefactor
Th_e Importance of vertex corrections for the wave-gu,qqrq oyt effects connected with the enhancement of the
function renormalization factor is illustrated in Figs. 2 and 3.van Hove singularities when approaching half-filling. There-
Z2 (Zl). represents th.e contribution with and without Verte.xfore, it is expected that superconductivity brought about by
corrections, respectively. We have plotted the ratioy,s olume dependence of the hopping integral will be less
(Z1=25)/(2,—1) for the lowest Matsubara freqUENCY geected hy vertex correction than pairing originating from
(wp=mkT andkT=0.01) as a function of band filling. This e |ong-range electron-phonon interaction. In order to see
ratio measures the convergence of the self-consistent pertyfsis e have evaluated the superconducting transition tem-

perature for both cases. Figure 4 shows the rati® g T,

Ill. DISCUSSION OF NUMERICAL RESULTS

phonon interaction. The values rfrefer ton=0.8.

0.3

(Z-Z)I(Zy-1)
o
[\>]

(=]
—

(with and without vertex corrections, respectivels a func-

tion of the occupation number for the case of the ionic
electron-phonon interaction as pairing mechanism. The
strong reduction ofl . due to vertex corrections can be ob-
served at low doping. Note, that this result has been obtained
for the d-wave channel. For small and moderate doping the
extendeds-wave component does not play any role as com-
pared to thed-wave contribution. It is remarkable that the
inclusion of vertex corrections leads to results which corre-
spond to the experimentally observed dependence of the su-
perconducting transition temperature on the concentration of
holes(see inset in Fig. ¥ The decrease of (for concen-
trations of holes exceeding optimal dopjragiginates from a
decrease of 7%(k))rs, Whereas the decrease at low doping
is caused by vertex corrections. Figure 5 shows the ratio
T.o/T¢ as a function of the occupation number for the case

FIG. 3. Same as in Fig. 2 but for the covalent part of electron-that now the covalent part of the electron-phonon interaction

is responsible for pairing. The decreaseTqf is less pro-



594 M. MIERZEJEWSKI, J. ZIELIi\SKI, AND P. ENTEL 57

1.0 0.6

— )\',y=0.24 I Withlout velrtex clon-.
-------- - )\,Y=0.36 I

I _ 0.5
e AF04 | _

0.4

$0.3 ¢

Te, 02t

0.1¢

05  n 10 [ X=06,2705 % \ 1]
0.0 : : : 0.0 ——

0.5 0.75 1.0 0.6 0.7 0.8 0.9
n n

FIG. 5. Same as in Fig. 4 but for the covalent part of electron-  FIG. 6. The isotope shift exponentoriginating from the ionic
phonon interaction. The values bf,) refer ton=0.8. In all cases  part of electron-phonon interaction as a function of the occupation
we have taken=0.4. number. Note the vanishingly small value @fat optimal doping.

nounced than in the previous case. However, in both cases IV. CONCLUDING REMARKS

the decrease is more pronounced for lower values of the \ye nave solved the momentum- and frequency-dependent
transition temperaturésmaller values of coupling function Egjiashberg equations for correlated electrons including ver-
\,). This feature is in agreement with observations in Refiay corrections caused by strong electron-phonon interac-
42. Note that for the covalent part of .electron-phono_n- intertions. The two-dimensional band structure has explicitly
action the dependence @ on n only is weakly modified  peen taken into account and strong local correlations have
when including vertex correctiorisee inset in Fig. 4 The  peen incorporated in the mean-field approximation for the
maximum around optimal doping is much broader than foryos0n fields. We have made use of a Gauss-Kronrod type of
the ionic case and, therefore, not comparable to experimentg) tine for the momentum integration and carried out the
data. For the covalent part of electron-phonon interaction thg ;mmation over 100 Matsubara frequencies. lonic and cova-
shape of Tc=Tc(n) predominantly is determined by the |ent parts of the electron-phonon interaction have been con-
competition of( 7°(k))es (which decreases with the increas- sidered separately. Considering the symmetry of the super-
ing concentration of holgsand\ ) which vanishes at half-  conducting state we have found that for low and moderate
filling. Important is that phonon-induced-wave supercon- doping the extended-wave component does not play any
ductivity in the presence of correlations can be characterizeghje in comparison to thd-wave contribution. Renormaliza-
by moderate or small values of optimal doping for both typesijon of T, due to vertex corrections is most important at low
(covalent or ioni¢ of electron-phonon interaction. However, doping and is caused by correlations which enhance the qua-
the value of optimal doping and details of the dependence dfjparticle density of states at the van Hove singularities.
T, onn are determined by thg relative weight by which theseStrong decrease @ at low doping occurs for pairing origi-
contributions enter the equations. nating from the ionic part of the electron-phonon interaction.
There are experimental indications that the isotope effeciyciusion of vertex corrections caus®s to peak at optimal
in the copper oxides is inversely correlated Wita.>"">  goping. This agrees with the experimental observation that
Small values of the isotope shift exponentmay suggest T depends in a specific way on the concentration of holes.
that the electron-phonon interaction plays a secondary role ifthere is no such effect when considering the covalent part of
the formation of the superconducting state. In order to 9V3|Uelectron-phonon interaction as being responsible for pairing.
ate« we assume that the pairing kernels dependdloonly  vertex corrections give rise to the pronounced reduction of

throughwo~M "2 Then the isotope shift exponent at optimal doping. This result sup-
ports the view that small values af do not eliminate

P @o ﬂ (19) electron-phonon interaction as a possible pairing mechanism

2T. dwg’ in high-temperature superconductors. In order to explain

small values ofa one has not to assume that the non-

Numerical results foer originating from the ionic part of phononic mechanism is switched on when approaching opti-
electron-phonon interaction are shown in Fig. 6. The inclumal doping. This effect arises within the electron-phonon
sion of vertex corrections leads to pronounced decrease @icture due to multiphonon processes contained in vertex
the isotope shift exponent. In particular,takes on vanish- corrections.
ingly small values at optimal doping, by far lower than the  Our results support the opinion that vertex corrections
BCS value of 1/2. This is a plausible feature which corre-have a negative influence on superconductifft{*¢ even
sponds to experimental resuffs>® For lower dopinga be-  for the case of anisotropic pairing. Note that in the present
comes negative but this may be related to the limited validitycalculation the vertex corrections have been incorporated in a
of the present theory fan>0.9 when vertex corrections are self-consistent way. The anomalous and normal parts of the
of the same magnitude as second-order contributions. Green’s function including the wave-function renormaliza-
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tion factor have been taken into account in all diagramdn order to bring this matter to an issue, one must consider
(standard Eliashberg contributions plus vertex corrections the numerically difficult problem of how to account for the

There are also views that vertex corrections as consideregependence on the scattering momentum in the self-
here, can have a positive influence on superconductivity ionsistent evaluation of vertex corrections. This would de-
the dynamical limit(small values of the scattering momen- cide whether a change from negative to positive influence of
tum and large values of the exchange frequefity®>*We  vertex corrections on superconductivity is possible some-

have neglected the explicit dependence on the scattering M@here between optimal doping and half-filling. In addition
mentum for the sake of a self-consistent evaluation of theyne would need to include correlation-mediated contribu-

wave-function renormalization factor and the superconducttions to the pairing function as well.

ing transition temperature. It is the self-consistent wave-

function renormalization which leads to the decreas€dh

the presence of vertex corrections. This renormalizatior_l will ACKNOWLEDGMENTS
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