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Eliashberg equations of electrons on a square lattice: Interplay of strong electron-phonon
interactions and electron correlations

M. Mierzejewski and J. Zielin´ski
Institute of Physics, University of Silesia, 40-007 Katowice, Poland

P. Entel
Theoretische Physik, Gerhard-Mercator-Universita¨t Duisburg, 47048 Duisburg, Germany

~Received 2 June 1997!

We discuss vertex corrections to the Eliashberg equations of correlated electrons due to strong electron-
phonon interactions. Local electron correlations have been taken into account in the mean-field approximation
for slave-boson fields in theU→` limit of the two-dimensional Hubbard model. The modification of the
wave-function renormalization factor originating from vertex corrections has been evaluated in a self-
consistent way. We have considered both ionic and covalent parts of the electron-phonon interaction as
possible pairing mechanisms. For the ionic contribution at low doping~strong-coupling limit!, inclusion of
vertex corrections leads to a decrease of the superconducting transition temperatureTc for d-wave symmetry.
This decrease agrees with the experimentally observed dependence ofTc on the concentration of holes and
originates from the enhancement of the density of states near the van Hove singularities due to correlations.
Another important effect originating from inclusion of vertex corrections is a pronounced reduction of the
isotope shift exponenta at optimal doping. This supports the view that experimentally observed small values
of a still allow for phonon-induced superconductivity in strongly correlated systems. We discuss the contro-
versial question with respect to the sign with which the vertex corrections contribute to the pairing kernels of
the Eliashberg equations of strongly correlated electron-phonon systems.@S0163-1829~98!07101-X#
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I. INTRODUCTION

It is generally accepted that the symmetry of the or
parameter of high-temperature superconductors is relate
the underlying pairing mechanism. There is evidence t
strong electron-phonon interaction1–4 will lead to a modifi-
cation of phononic properties below the superconduct
transition temperature.5–8 This supports the view that cou
pling of electrons to phonons is involved in the formation
the superconducting state. This possibility has also been
sidered in Refs. 2 and 9–21. On the other hand, the prox
ity of the antiferromagnetic and superconducting phase in
cates that Coulomb correlations can lead to a nonphon
pairing mechanism originating from the exchange of antif
romagnetic spin fluctuations.22–29The resulting gap function
with d-wave symmetry is in agreement with increasing e
perimental data.30–33 However, the data do not exclude a
mixture of components withs-like symmetry34,35 nor do the
data allow one to decompose the gap function into contri
tions due to phonon or correlation induced pairing.

High-temperature superconductors can be character
as systems, where correlations are responsible for na
quasiparticle bands, lifetime effects of one-particle sta
close to the Fermi energy, and Fermi energies of the orde
the Debye energy which are smaller than in conventio
superconductors.36,37 To some extent superconductin
fullerenes have similar properties.38,39 Therefore, one has to
be careful when constructing a strong-coupling theory
high-temperature superconductivity, since both electron c
relations as well as electron-phonon interactions will be
sponsible for strong-coupling features. Also there is no gu
antee that Migdal’s theorem40 is fulfilled a priori. This
570163-1829/98/57~1!/590~7!/$15.00
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means that we need an extension of Eliashberg’s formalis41

which takes care of the interplay of electron-phonon inter
tions of strongly correlated electrons and of the hitherto
glected vertex corrections to the Eliashberg equations.
lated investigations can be found in a few recent papers.42–51

In particular the role of van Hove singularities in nonad
batic effects has been discussed.51 There are also some con
tradictory results with respect to the question, whether ver
corrections play a dominant role in the weak-coupling42 or in
the strong coupling limit46 ~see discussion in Ref. 49!. The
aim of the present paper is to clarify certain aspects c
nected with vertex corrections for the case of phono
mediated anisotropic superconductivity in a strongly cor
lated system described by the two-dimensional Hubb
model. Local correlations will be considered in the mea
field approximation for slave-boson fields.52 Although this
approximation neglects dynamic features of correlated e
trons, it allows us to compare the pairing originating fro
the ionic part of electron-phonon interaction~which remains
finite for vanishing concentration of holes! with that from the
covalent part~which is strongly reduced close to half filling!.
Using this scheme we find thatd-wave symmetry dominate
for small doping. We have found that vertex corrections
the ionic part of the electron-phonon interaction lead to
remarkable decrease ofTc at low doping. This is due to the
fact that contributions to the pairing kernel and wav
function renormalization factor originating from the verte
corrections are of the same order as the contributions with
vertex corrections. This effect is connected with the enhan
ment of the quasiparticle density of states near the van H
singularities due to correlations at half-filling. The inclusio
of vertex corrections modifies the concentration depende
590 © 1998 The American Physical Society
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57 591ELIASHBERG EQUATIONS OF ELECTRONS ONA . . .
of the superconducting transition temperature making it si
lar to experimental data. This is not the case when we o
consider contributions originating from the covalent part
electron-phonon interaction.

Vertex corrections play an important role when consid
ing the isotope effect. We have found that the isotope s
exponent takes on vanishingly small values at optimal d
ing. This feature remains in agreement with experimen
data for high-temperature superconductors.

II. ELECTRON-PHONON VERTEX CORRECTIONS
FOR THE TWO-DIMENSIONAL HUBBARD MODEL

We describe correlated electrons by the two-dimensio
Hubbard model in the limitU→` including electron-phonon
interactions. In the mean-field slave-boson approximatio52

the Hamiltonian takes the form11,16,18,19

H5H01HI , ~1!

where

H05(
k

«̃ kCk
1t3Ck1(

q
vqBq

1Bq , ~2!

and

HI5(
k,q

g̃kk1qCk1q
1 t3Ck~Bq1B2q

1 ! ~3!

with the Nambu notationCk
15( f k↑

1 f 2k↓).
41 The renormal-

ized band energy is«̃ k5r 2«k2m̃ with «k52tg(k) and
g(k)52(coskxa1coskya) for nearest-neighbor hoppingt; m̃
is the chemical potential which includes a Lagrange mu
plier introduced to guarantee the exclusion of double oc
pancy of lattice sites;52 r 2512n is the bandwidth narrowing
factor with the average number of electrons per site given
n5(1/N)(ks^ f ks

1 f ks&<1; g̃kk1q is the effective electron-
phonon interaction. We will separately consider two con
butions, ~i! the ionic part for whichg̃kk1q5gq holds and
which is thought to arise from the volume dependence of
on-site energy2t0 of the correlated electrons, and~ii ! the
covalent part due to the volume dependence of the t
center integral2t, for which we obtaing̃kk1q5r 2gkk1q in
the mean-field slave-boson approximation.11,16,18,19In what
follows phonons will be modeled by an Einstein oscillator
frequencyv0.

We start the calculation by writing the Green’s function
Wannier representation as

Gi j ~ iv l !5^^C i uC j
1&&5S ^^ f i↑u f j↑

1 && ^^ f i↑u f j↓&&

^^ f i↓
1u f j↑

1 && ^^ f i↓
1u f j↓&&

D
5Gi j ~ iv l !d1Gi j ~ iv l !nd , ~4!

where vn is the Matsubara frequencyvn5p/b(2n11);
b5(kBT)21. The superconducting order parameter can
evaluated from the nondiagonal part of^^C i uC j

1&&(Gnd),
whereas the diagonal part (Gd) determines the normal-stat
properties for vanishing gap function. In the strongly cor
i-
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lated case (U→`) only intersite Cooper pairs will survive
This allows us to approximate the momentum dependenc
Gnd by

Gk~ ivn!nd5
1

N(
i , j

eik~Ri2Rj !Gi j ~ ivn!nd

.
1

N(
^ i , j &

eik~Ri2Rj !Gi j ~ ivn!nd

5
1

N(
p

g~k2p!Gp~ ivn!nd , ~5!

where we have neglected second- and higher-order neig
Cooper pairs. The relation

g~k6p!5
1

4
@g~k!g~p!1h~k!h~p!7j~k!j~p!

7z~k!z~p!#, ~6!

where

h~k!52~coskxa2coskya!,

j~k!52~sin kxa1sin kya!,

z~k!52~sin kxa2sin kya!, ~7!

enables one to distinguish between extendeds- @g(k)# and
d-wave @h(k)# contributions to singlet superconductivity
Triplet superconductivity given byj and z, is unlikely to
occur in high-temperature superconductors53,54 and will not
be considered here. The identity

1

N2(
p,p8

g~k2p8!g~p82p!Gp~ ivn!nd

5
1

N(
p

g~k2p!Gp~ ivn!nd , ~8!

indicates that the approximation in Eq.~5! corresponds to
projecting out a given type of symmetry for the gap functio

In order to facilitate calculations we have used Kresin
method of introducing an average phonon frequency^V&
~Ref. 55!

n5
^V&

2pkBTc
, ~9!

which corresponds to the frequency of an Einstein oscilla
v0. (v050.1t is used throughout this paper.18,19! When con-
sidering anisotropic superconductivity originating fro
nearest-neighbor Cooper pairs, one obtains two differ
electron-phonon coupling functionsl and lg , where the
first one determines the magnitude of the renormalizat
factor Z and the second one is responsible for anisotro
superconductivity.18,19,56We do not know the actual momen
tum dependence ofgkk1q . Therefore, the electron-phono
coupling functions are parametrized by these two quantit
as defined in Ref. 18. Note that in theU→ limit, the domi-
nating contribution which determines the symmetry of t
order parameter comes from the form factors@Eq. ~6!# which
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592 57M. MIERZEJEWSKI, J. ZIELIŃSKI, AND P. ENTEL
originate from the intersite pairing. One should bear in m
that in the uncorrelated case the ratiolg /l depends on the
explicit form of gkk1q and determines the relative role ofd-
ands-wave symmetries. In generall andlg will depend on
the occupation number,56 however, in order to simplify the
numerical work, we will consider them as parameters a
use l (g)(n)5l (g)5const for the ionic and l (g)(n)
5(12n)2l (g) (n50) for the covalent part of electron
phonon interaction.11,18,19This simplification does not influ-
ence the qualitative aspects of our numerical results.56

The matrix self-energySk( ivn) is defined by Dyson’s
equation

Gk~ ivn!5@ ivnt02 «̃ kt32Sk~ ivn!#21. ~10!

The lowest-order vertex corrections toSk(T5Tc) ~due to
multiphonon contributions! which have been taken into ac
count in this work, are sketched in Fig. 1. According
Migdal’s theorem, multiphonon contributions of this type a
of the order ofAm/M and usually are neglected. Howeve
for the case of strong electron-phonon interaction and la
effective mass renormalization due to strong local Coulo
correlations, these contributions will play a non-negligib
role. The different contributions to the matrix self-energy a
given by

S1a~ iv l !5
1

b(
n

1

N(
p

l
n2

~ l 2n!21n2
t3Gp~ ivn!dt3 ,

~11!

Sk
1b~ iv l !5

1

b(
n

1

N(
p

g~k2p!lg

n2

~ l 2n!21n2

3t3Gp~ ivn!ndt3 , ~12!

Sk
2a~ iv l !5

1

b2(n,m

1

N2(
p,p8

l2
n2

~ l 2n!21n2

n2

~n2m!21n2

3t3Gp~ ivn!dt3Gp8~ ivm!d

3t3Gk1p82p~ iv l1 ivm2 ivn!dt3 , ~13!

FIG. 1. Diagrammatic representation of diagonal and nondia
nal contributions to the self-energy atT5Tc including vertex cor-
rections denoted byS2a, S2b, S2c, andS2d. The double~thick! line
represents the normal~anomalous! propagator and the wiggle line
stands for the phonon Green’s function.
d

d

e
b

e

Sk
2b~ iv l !5

1

b2(n,m

1

N3 (
p,p8,q

g~k2p!llg

n2

~ l 2n!21n2

3
n2

~n2m!21n2
t3Gp~ ivn!ndt3Gq~ ivm!d

3t3Gp8~ iv l1 ivm2 ivn!dt3 , ~14!

Sk
2c~ iv l !5

1

b2(n,m

1

N3 (
p,p8,q

g~k2p!llg

n2

~ l 2m!21n2

3
n2

~m2n!21n2
t3Gp8~ ivm!dt3Gp~ ivn!nd

3t3Gq~ iv l1 ivn2 ivm!dt3 , ~15!

Sk
2d~ iv l !5

1

b2(n,m

1

N3 (
p,p8,q

g~k2p!llg

n2

~ l 2n!21n2

3
n2

~n2m!21n2
t3Gp8~ iv l1 ivm2 ivn!d

3t3Gq~ ivm!dt3Gp~ ivn!ndt3 . ~16!

The difference with respect to the usual form of the Elias
berg equations49 originates from the fact that we have param
etrized the actual momentum dependence ofgkk1q by l and
lg . Here, we are dealing with a strongly correlated syst
where only anisotropic superconductivity~as being brought
about by the nonlocal pairing! is possible. This shows up in
the presence of the form factorg(k2p) which comes from
Eq. ~5!. The usual ansatz for the matrix self-energy is of t
form41,18,19

Sk~ ivn!5@12Zk~ ivn!# ivnt01fk~ ivn!t11xk~ ivn!t3 .
~17!

Here fk( ivn) denotes the momentum-dependent gap fu
tion determined by Eqs.~12! and ~14!–~16!:

fk~ ivn!5g~k!fg~ ivn!1h~k!fh~ ivn!, ~18!

Zk( ivn) is the wave-function renormalization factor@Eqs.
~11! and ~13!# which can be considered as a momentu
independent quantityZk( ivn)5Z( ivn).41,18,19 In what fol-
lows we will neglect the energy shiftxk( ivn) which has
been proved to be a small quantity in the electron-phon
problem.41,19 This may not be the case when consideri
fluctuations of the slave-boson fields over the mean-fi
value.56 For simplicity we assume that this shift can be a
sorbed in the chemical potential without changing the phy
cal nature of the Cooper pairs. Substituting the above form
Sk( ivn) into Eqs.~10!–~16!, one can easily obtain a syste
of self-consistent equations for the gap functionfg(h) and
the renormalization factorZ. This system of equations con
stitutes the Eliashberg equations which have been exten
to account for the lowest-order vertex corrections. Since
tendeds- and d-wave symmetries separate atT5Tc , both
cases can be investigated independently. The t
dimensional band structure has explicitly been taken into
count when integrating Eqs.~11!–~16!.

-
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III. DISCUSSION OF NUMERICAL RESULTS

The superconducting transition temperature and the re
malization factorZ have been evaluated as functions of ba
filling. Integrations over the momentum automatically ta
into account effects originating from the enhanced density
states near the van Hove singularities which means that
influence of strong correlations essentially is a ba
narrowing effect. In order to get satisfactory convergen
100 Matsubara frequencies have been used in the sum
tions.

The importance of vertex corrections for the wav
function renormalization factor is illustrated in Figs. 2 and
Z2 (Z1) represents the contribution with and without vert
corrections, respectively. We have plotted the ra
(Z12Z2)/(Z121) for the lowest Matsubara frequenc
(vn5pkT andkT50.01t) as a function of band filling. This
ratio measures the convergence of the self-consistent pe

FIG. 2. The impact of vertex corrections to the wave-functi
renormalization factor as a function of band filling for the ionic p
of electron-phonon interaction. HereZ2 (Z1) represents the contri
bution with ~without! vertex corrections. The ratio
(Z12Z2)/(Z121) is plotted for the lowest Matsubara frequenc
vn505pkT andkT50.01t. The inset shows the dependence ofZ1

andZ2 on band filling.

FIG. 3. Same as in Fig. 2 but for the covalent part of electr
phonon interaction. The values ofl refer ton50.8.
r-
d

f
he
-
e
a-

-
.

ur-

bation series when doping the system below half-filling. F
ure 2 shows the variation of this quantity as a function on
for the case when the ionic part of electron-phonon inter
tion is responsible for pairing and Fig. 3 shows the same
the covalent case. One notes that already for moderate va
of l we have corrections for the ionic part at low dopin
~Fig. 2!. This is not the case for the covalent part, as
obvious from Fig. 3. In the latter case there is no signific
difference betweenZ2 andZ1. This certainly is related to the
prefactor of (12n)2 which enters the covalent part o
electron-phonon coupling function as a result of the me
field approximation for the slave-boson fields. This prefac
smears out effects connected with the enhancement of
van Hove singularities when approaching half-filling. Ther
fore, it is expected that superconductivity brought about
the volume dependence of the hopping integral will be l
affected by vertex correction than pairing originating fro
the long-range electron-phonon interaction. In order to
this, we have evaluated the superconducting transition t
perature for both cases. Figure 4 shows the ratio ofTc2 /Tc1
~with and without vertex corrections, respectively! as a func-
tion of the occupation number for the case of the ion
electron-phonon interaction as pairing mechanism. T
strong reduction ofTc due to vertex corrections can be o
served at low doping. Note, that this result has been obta
for the d-wave channel. For small and moderate doping
extendeds-wave component does not play any role as co
pared to thed-wave contribution. It is remarkable that th
inclusion of vertex corrections leads to results which cor
spond to the experimentally observed dependence of the
perconducting transition temperature on the concentratio
holes~see inset in Fig. 4!. The decrease ofTc ~for concen-
trations of holes exceeding optimal doping! originates from a
decrease of̂h2(k)&FS, whereas the decrease at low dopi
is caused by vertex corrections. Figure 5 shows the r
Tc2 /Tc1 as a function of the occupation number for the ca
that now the covalent part of the electron-phonon interact
is responsible for pairing. The decrease ofTc is less pro-

t

-

FIG. 4. The modification of the superconducting transition te
perature (d wave! due to vertex corrections for the ionic part o
electron-phonon interaction as a function of band filling. HereTc2

(Tc1) denotesTc with ~without! vertex corrections. The inset show
the dependence ofTc1 andTc2 on band filling. In all cases we hav
takenl50.6.
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594 57M. MIERZEJEWSKI, J. ZIELIŃSKI, AND P. ENTEL
nounced than in the previous case. However, in both ca
the decrease is more pronounced for lower values of
transition temperature~smaller values of coupling function
lg). This feature is in agreement with observations in R
42. Note that for the covalent part of electron-phonon int
action the dependence ofTc on n only is weakly modified
when including vertex corrections~see inset in Fig. 4!. The
maximum around optimal doping is much broader than
the ionic case and, therefore, not comparable to experime
data. For the covalent part of electron-phonon interaction
shape ofTc5Tc(n) predominantly is determined by th
competition of^h2(k)&FS ~which decreases with the increa
ing concentration of holes! andl (g) which vanishes at half-
filling. Important is that phonon-inducedd-wave supercon-
ductivity in the presence of correlations can be character
by moderate or small values of optimal doping for both typ
~covalent or ionic! of electron-phonon interaction. Howeve
the value of optimal doping and details of the dependenc
Tc on n are determined by the relative weight by which the
contributions enter the equations.

There are experimental indications that the isotope ef
in the copper oxides is inversely correlated withTc .57–59

Small values of the isotope shift exponenta may suggest
that the electron-phonon interaction plays a secondary ro
the formation of the superconducting state. In order to eva
atea we assume that the pairing kernels depends onM only
throughv0;M 21/2. Then

a5
v0

2Tc

dTc

dv0
. ~19!

Numerical results fora originating from the ionic part of
electron-phonon interaction are shown in Fig. 6. The inc
sion of vertex corrections leads to pronounced decreas
the isotope shift exponent. In particular,a takes on vanish-
ingly small values at optimal doping, by far lower than t
BCS value of 1/2. This is a plausible feature which cor
sponds to experimental results.57–59 For lower dopinga be-
comes negative but this may be related to the limited valid
of the present theory forn.0.9 when vertex corrections ar
of the same magnitude as second-order contributions.

FIG. 5. Same as in Fig. 4 but for the covalent part of electr
phonon interaction. The values ofl (g) refer ton50.8. In all cases
we have takenl50.4.
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IV. CONCLUDING REMARKS

We have solved the momentum- and frequency-depen
Eliashberg equations for correlated electrons including v
tex corrections caused by strong electron-phonon inte
tions. The two-dimensional band structure has explic
been taken into account and strong local correlations h
been incorporated in the mean-field approximation for
boson fields. We have made use of a Gauss-Kronrod typ
routine for the momentum integration and carried out
summation over 100 Matsubara frequencies. Ionic and co
lent parts of the electron-phonon interaction have been c
sidered separately. Considering the symmetry of the su
conducting state we have found that for low and moder
doping the extendeds-wave component does not play an
role in comparison to thed-wave contribution. Renormaliza
tion of Tc due to vertex corrections is most important at lo
doping and is caused by correlations which enhance the
siparticle density of states at the van Hove singulariti
Strong decrease ofTc at low doping occurs for pairing origi-
nating from the ionic part of the electron-phonon interactio
Inclusion of vertex corrections causesTc to peak at optimal
doping. This agrees with the experimental observation t
Tc depends in a specific way on the concentration of ho
There is no such effect when considering the covalent par
electron-phonon interaction as being responsible for pair
Vertex corrections give rise to the pronounced reduction
the isotope shift exponent at optimal doping. This result s
ports the view that small values ofa do not eliminate
electron-phonon interaction as a possible pairing mechan
in high-temperature superconductors. In order to expl
small values ofa one has not to assume that the no
phononic mechanism is switched on when approaching o
mal doping. This effect arises within the electron-phon
picture due to multiphonon processes contained in ve
corrections.

Our results support the opinion that vertex correctio
have a negative influence on superconductivity,42,44,46 even
for the case of anisotropic pairing. Note that in the pres
calculation the vertex corrections have been incorporated
self-consistent way. The anomalous and normal parts of
Green’s function including the wave-function renormaliz

- FIG. 6. The isotope shift exponenta originating from the ionic
part of electron-phonon interaction as a function of the occupa
number. Note the vanishingly small value ofa at optimal doping.
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57 595ELIASHBERG EQUATIONS OF ELECTRONS ONA . . .
tion factor have been taken into account in all diagra
~standard Eliashberg contributions plus vertex correctio!.
There are also views that vertex corrections as consid
here, can have a positive influence on superconductivity
the dynamical limit~small values of the scattering mome
tum and large values of the exchange frequency!.43,49,51We
have neglected the explicit dependence on the scattering
mentum for the sake of a self-consistent evaluation of
wave-function renormalization factor and the supercondu
ing transition temperature. It is the self-consistent wa
function renormalization which leads to the decrease ofTc in
the presence of vertex corrections. This renormalization
compete with the possible enhancement ofTc in the dynami-
cal limit and should be taken into account when discuss
the sign of the vertex correction function. Therefore, the
tual role of vertex corrections in the theory of hig
temperature superconductivity needs further investigatio
ys
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In order to bring this matter to an issue, one must consi
the numerically difficult problem of how to account for th
dependence on the scattering momentum in the s
consistent evaluation of vertex corrections. This would d
cide whether a change from negative to positive influence
vertex corrections on superconductivity is possible som
where between optimal doping and half-filling. In additio
one would need to include correlation-mediated contrib
tions to the pairing function as well.
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56K. I. Wysokiński, Phys. Rev. B54, 3553~1996!.
57M. K. Crawford, M. N. Kunchur, W. E. Farneth, E. M. McCarro

III, and S. J. Poon, Phys. Rev. B41, 282 ~1990!.
58J. P. Franck, J. Jung, M. A. K. Mohamed, S. Gygax, and G

Sproule, Phys. Rev. B44, 5318 ~1991!; Physica B169, 697
~1991!.

59H. J. Bornemann and D. E. Morris, Phys. Rev. B44, 5322~1991!.


