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Pressure and temperature dependence of the elastic constants of ammonium fluoroberyllate

K. Weishaupt,* M. Takesada,† A. Simon,* M. P. Gelfand, A. Onodera,‡ and H. D. Hochheimer
Department of Physics, Colorado State University, Fort Collins, Colorado 80523

~Received 19 June 1997!

We have studied the temperature and pressure dependence of the elastic constants of ammonium fluoro-
beryllate@~NH4) 2BeF4 or AFB# using Brillouin scattering. Combining the results of the Brillouin-scattering
study with those of the measurements of the isothermal compressibility and the volume thermal expansion
allows the determination of the anharmonicities, which play an important role in producing the observed
anomalies in certain elastic constants at the normal to incommensurate and commensurate to incommensurate
phase transitions. Furthermore, we have compared the results of our high-pressure Brillouin-scattering study
with the results of an ultrasonic study at high pressure, and have discussed our results based on theoretical
models developed to explain the elastic anomalies observed in K2SeO4. @S0163-1829~98!05710-5#
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I. INTRODUCTION

Compounds in theA2BX4 family have garnered much
attention because many of them exhibit structurally inco
mensurate phases. One of the best studied materials o
type is K2SeO4. In particular, the elastic anomalies in th
vicinity of the normal~N! to incommensurate~I! transition
and the incommensurate to commensurate~C! transition
have been studied extensively using ultrasonic resonance
Brillouin-scattering methods.1–4 Li et al.2 achieved a break
through in the analysis of its elastic anomalies using a L
dau free energy with coefficients determined by independ
experimental data rather than being considered as free fi
parameters. In the formulation of this theory, the anharmo
terms were treated in lowest order through cubic coupling
the strain to pairs of soft modes aboveTI or to pairs of
amplitudons and phasons belowTI . Higher-order anhar-
monic terms may, however, contribute significantly in the
phase, as noted in Ref. 2. A high pressure study could
principle, address that issue. K2SeO4, however, is not well
suited for such a study, because the anomalies in its so
velocities and damping are only weakly affected
pressure.5 Therefore we looked for another material in th
A2BX4 family which would better suited for such a hig
pressure study of its elastic anomalies, and which, we ho
could be analyzed in as much detail as had K2SeO4. We
excluded Rb2ZnCl4 and Rb2ZnBr4 from consideration be-
cause Liet al.2 had pointed out that their elastic anomali
are very weak6 compared to the strongC33 anomalies in K
2SeO4. We decided to study~NH 3)2Be4F ~ammonium fluo-
roberyllate, AFB!, since a Brillouin-scattering study by Kud
and Hikita7 revealed anomalies inC22 andC55 in that com-
pound comparable in strength to those ofC33 andC44 in K
2SeO4. However, AFB has the disadvantage that its I pha
modulated along thea axis, is stable only in the narrow
temperature interval from 183 K (TI) to 177 K (TC) at am-
bient pressure,8,9 in contrast with the I phase in K2SeO4,
which is stable from 93 to 130 K. The pressure dependen
of the transition temperatures in AFB are10 dTI /dp521.7
60.1 K/kbar, anddTC /dp522.260.1 K/kbar, and so at a
pressure of 10 kbar the temperature range of the I phas
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increased to 11 K. This is still so small that a detailed ana
sis along the lines of that carried out by Liet al. turns out to
be infeasible in the I phase of AFB. Nevertheless, we h
been able to obtain some information about the anharmon
ties in the N and C phases of AFB.

For AFB, the normal paraelectric phase aboveTI , as well
as the commensurate ferroelectric phase belowTC are ortho-
rhombic with space groupsD2h

16 ~Pnam! ~Refs. 11,12 andC2v
9

~Pn21a!,12 respectively. The lattice constanta is doubled
belowTC and a spontaneous polarization appears along thb
axis.13 The order parameter describing the phase transiti
belongs to a two-dimensional representation ofPnamat the
X point on the Brillouin-zone boundary, and a Lifshitz in
variant in the free energy is allowed by symmetry.14,15

In an previous paper,16 we have discussed differences
the values of the elastic constants for AFB as determined
Brillouin scattering7,16,17 and ultrasound18 techniques. We
also mentioned that a detailed analysis of the anomalie
the elastic constants would follow when suitable equation
state data for AFB were available. We subsequently p
formed an energy-dispersive x-ray-diffraction study at hi
pressure and different temperatures, which is reported in
19, and obtained the equation of state of AFB. That h
allowed the analysis which we present here.

II. EXPERIMENT

The experimental details of the Brillouin-scattering me
surements have been described elsewhere.16 In order to avoid
any ambiguity, we present in Fig. 1 the scattering geomet
used to determine the elastic constantsCii , i 51, 2, 3, 5, 6,
that are reported in the present work. The directions in Fig
refer to the choice of crystal axes for AFB which follows th
IRE ‘‘Standards on Piezoelectric Crystals’’~1949!: c,a
,b. No data are reported concerningC44 because the Bril-
louin scattering from the associated transverse mode wa
weak that the frequency of the peak could not be determi
with reasonable precision.

Brillouin measurements of other elastic constants~such as
C12) would have been desirable and feasible. Unfortunat
5693 © 1998 The American Physical Society
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FIG. 1. Scattering geometries used to determine the elastic constantCii , i 51,2,3,5,6. The arrows labeleda, b, andc denote the crystal
axes;q denotes the phonon wave vector;k i andks represent the wave vector of incident and scattered light, respectively.
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we exhausted our supply of AFB crystals and it has not b
possible to grow more, because the starting materials h
become practically impossible to obtain.

III. RESULTS

Any particular elastic constant can be expressed as
product of the mass densityr and the square of an appropr
ate sound velocityv. In order to calculatev from the Bril-
louin shift measured in the 90° scattering geometry~as done
here!, the index of refractionn has to be known at the pres
sure p and temperatureT of the measurement. Given th
isothermal equation of state and the volume thermal exp
sion one can determine thep andT dependence ofn using
the Lorenz-Lorentz equation or, equivalently, assuming
constant specific refractionr given by20

FIG. 2. Elastic constantsCii , i 51,2,3, versus temperature.~A!
C11 at 225 MPa.~B! C22 at ambient pressure~open circles! and 223
MPa ~solid circles!. ~C! C33 at 250 MPa. The vertical bars indicat
the transition temperaturesTI andTC .
n
ve

he

n-

a

r 5~n221!/r~n212!. ~1!

This approximation neglects changes ofn due to changes o
the polarizability caused by pressure and temperature. In
case of molecular crystals this approximation is justified,
the corrections21 are of order 0.01%.

Optical measurements by Kobayashiet al.22 showed that
n changes by about 0.2% in the temperature range fro
288 to 2100 °C. Based on x-ray data at ambient press
by Onodera and Shiozaki,12 we estimateDn/n,0.12% in
the temperature range from room temperature to2140 °C.
This variation in the index of refraction is smaller than t
error in the Brillouin shift measurements~about 1%! and has
therefore been neglected. Based on the equation-of-s
data, we estimate that pressure-induced changes inn can be
in the range 1–2 % in the course of our Brillouin-scatteri
measurements. Consequently, we have accounted for t
changes when extracting the elastic constants from the B
louin data.

Figure 2 shows the isobaric temperature dependenc
the elastic constantsC11 at 225 MPa~A!, C22 at ambient
pressure and 223 MPa~B!, and C33 at 250 MPa~C!. The
transition temperatures,TI and TC , indicated in the figure
are taken from the linear interpolation by Gesiet al.10 and
therefore do not always agree precisely with the transit
temperatures one would estimate based on our data.~This
caveat applies to all values of transition temperatures
pressures in all succeeding figures, as well.!

In Fig. 3 we display the isothermal pressure depende
of C11 at 178.9 K~A!, of C22 at 177.8 K~B!, and ofC33 at
170 K ~C!. The bars indicate the transition pressures from
I phase to the N phase at the corresponding temperature
Fig. 3~C! we have also plotted, as crosses, the elastic c
stants calculated assuming constantr and n over the pres-
sure range of the measurement. The effect of properly
counting for the pressure variation of those quantities
clearly evident.

In Fig. 4, isothermal pressure dependences of the s
modes as in the preceding figure are shown, but at temp
tures where the C phase is present at ambient pressure
increasing pressure causes a transition into the I phase
Fig. 5 we show the isobaric temperature dependence ofC55
at ambient pressure and 255 MPa~A! and ofC66 at 223 MPa
~B!. TI and TC are taken again from Ref. 10. In Fig. 6 th
isothermal pressure dependence ofC55 at 178.2 K~A! and
170.3 K ~B! is displayed. The transition pressures10 pI , in
Fig. 6~A! and pC in Fig. 6~B! are indicated by bars.~Note
that on increasingp one follows the sequence C to I to N.!
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The general features of the temperature dependence
the elastic constants, in particular the existence~or nonexist-
ence! of anomalies in the various elastic constants atTI and
TC , agree well with the results of the Brillouin-scatterin
measurements at constant pressures by Kudo and Hik7

However, our data do not agree quantitatively with the
this illustrates again the importance of accounting for va
tions in the index of refraction when extracting values of t
elastic constants from Brillouin shifts.

A comparison of our results with those of an ultrason
study at ambient and high pressure by Hikitaet al.18 shows
that in general the results are consistent, when one takes
account the greater precision of ultrasonic measuremen
elastic constants. Thus the ultrasonic measurements re
features inC22 at TI and inC33 andC55 at TI andTC which
are not evident in Brillouin measurements. An interest
exception to that trend is that the ultrasonic study reveals
clear anomalies inC66 at TI or TC , whereas our Brillouin
study@see Fig. 5~B!# as well as the one by Kudo and Hikita7

show an anomaly atTI .
The present measurements of the pressure dependenc

elastic constants at constant temperature~Figs. 3, 4, and 6!
are the only ones of this type for AFB, and they are qu
interesting. The pressure dependence at constant temper
appears to be completely smooth through the N-I transi
for Cii ( i 51, 2, 3!, while anomalies are clearly seen at t
I-C transition.C55 shows anomalies at both the N-I and I-

FIG. 3. Elastic constantsCii , i 51,2,3 versus pressure at co
stant temperature at the normal to incommensurate transition.~A!
C11 at 178.9 K. ~B! C22 at 177.4 K. ~C! C33 at 178.6 K ~solid
circles!. The crosses represent values of the elastic constants c
lated with constant density and constant index of refraction. T
bars indicate the transition pressures from the normal to the inc
mensurate phase at the above temperatures.
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transitions. It is not entirely clear what to make of the
findings. Compared to theCii ( i 51, 2, 3!, C55 exhibits a
somewhat stronger anomaly in its temperature depende
~at constantp) at the N-I transition. The small value o
dTI /dp'22 K/100 MPa suggests that the pressure dep
dence of all quantities that vary singularly at the transiti
should be weaker in the constantp scans than in the constan
T scans.@This follows from the simplest assumption for th
p and T dependence of the elastic constants near the
transition line: a sum of a smoothp-dependent term and
singular function ofT2TI

01(dTI /dp)p, where TI
0 is the

ambient pressure transition temperature.# Nonetheless, the
complete absence of any observable anomaly atpI for C11,
C22, andC33 seems surprising. Also note thatC55 exhibits a
‘‘knee’’ around pI in the constant-T scans, rather than a
single change of slope with smooth behavior on either s
of the transition, as one would ordinarily expect. A simil
knee is evident in the constant-p ultrasound measuremen
by Hikita et al.,18 particularly at pressures greater than a
bient.

IV. DISCUSSION

A. Anharmonic interaction analysis

A rather simple analysis of elastic constant data c
sometimes be informative of the nature of the anharmo
interactions among phonons. Anharmonicity leads to a p
non self-energy, the real part of which (D) shifts the phonon

cu-
e
-

FIG. 4. Elastic constantsCii , i 51,2,3 versus pressure at con
stant temperature at the incommensurate to commensurate tr
tion. ~A! C11 at 169.4 K.~B! C22 at 171.4 K.~C! C33 at 170.3 K.
The vertical bars indicate the transition pressures from the inc
mensurate to the commensurate phase at the above temperatu
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5696 57K. WEISHAUPT et al.
frequency from its ‘‘harmonic’’ value. Cowley23 and Ma-
radudin and Fein24 have calculatedD for cubic and quartic
anharmonicities. To lowest order in perturbation theory
may be expressed as

D5DE1DA , ~2!

whereDE is the frequency shift associated with thermal e
pansion~‘‘volume term’’! andDA accounts for the remainde
of the shift ~‘‘multiphonon term’’!. They showed that the

FIG. 5. Elastic constantsC55 and C66 versus temperature~A!
C55 at ambient pressure~open circles! and at 255 MPa~solid
circles!. ~B! C66 at 223 MPa. The vertical bars indicate the tran
tion temperaturesTI andTC .

FIG. 6. C55 versus pressure at constant temperatures.~A! 178.2
K. ~B! 170.3 K. The bars show the transition pressure at the nor
to incommensurate transition in~A! and at the incommensurate t
commensurate transition in~B!.
t

-

contribution of cubic anharmonicity toDA is always nega-
tive, while the contribution of quartic anharmonicity can b
of either sign.

In order to split the measured frequency shift for som
experimentally observed phonon mode into volume and m
tiphonon contributions, one looks at the frequency of t
mode as function of volume and temperature. The total
ferential of the mode frequencynB is given by

DnB5~]DnB /]V!TDV1~]DnB /]T!VDT. ~3!

If one takes the partial differential at constant pressure
divides by (DT)p andnB , one obtains21

~] lnnB /]T!p5~]V/]T!p~] lnnB /]V!T1~] lnnB /]T!V .
~4!

Elementary thermodynamics then yields

~] lnnB /]T!p52
b

kT
~] lnnB /]p!T1~] lnnB /]T!V ~5!

with b the volume thermal expansion andkT the isothermal
compressibility. Though this analysis is strictly true only f
cubic crystals, thermal-expansion measurements25 for AFB
indicate that changes in the aspect ratios of the unit cell w
temperature are about an order of magnitude smaller than
relative volume changes, so it is probably a go
approximation.21

It is possible to correlate the first term on the right side
Eq. ~5! with DE and the second one withDA . With presently
available experimental data, one can determine both the
side of Eq.~5! and the first term on the right side, and th
deduce the second term on the right side, for a variety
phonon modes and at several temperatures and pressure
shall be mainly interested in thesign of the second term on
the right side of Eq.~5!: a positive sign will indicate that
quartic anharmonicities are not negligible compared to cu
anharmonicities.

As noted by Cowley,23 this entire analysis is not appro
priate if the modes are strongly interacting, which would
indicated by short phonon lifetimes. Liet al.2,3 found that for
K 2SeO4 the damping of acoustic modes increases in narr
temperature intervals close to the phase transitions, and
linewidth data for AFB have similar character. The quasih
monic approximation would not apply in those temperatu
intervals. Nevertheless, outside that region the dampin
small and nearly constant, and the analysis described ab
gives physically meaningful results. We present, in Table
the terms in Eq.~5! based on Brillouin data in the C and N
phases which are close to the phase transitions~so that they
might be informative in constructing Landau theories for t
transitions! but not so close that the quasiharmonic appro
mation breaks down. The values forkT and b were taken
from Refs. 19 and 25, respectively.

One sees that (] lnnB /]T)V changes sign with increasin
pressure for the mode associated withC22, indicating that
quartic anharmonicities become dominant with increas
pressure for that mode. It is also clear that quartic anhar
nicities play a important role in the temperature dependen
of C33 and C55. In the case ofC11 such a statement is no
possible, because (] lnnB /]T)V is negative.

al



with
side of the

57 5697PRESSURE AND TEMPERATURE DEPENDENCE OF THE . . .
TABLE I. Values of terms in Eq.~5!. In each row, the value ofnB corresponds to the listed temperature and pressure, associated
either a normal-to-incommensurate or incommensurate-to-commensurate transition. The derivatives are evaluated on the normal
former transitions and on the commensurate side of the latter transitions.

Mode q vector T p nB (1/kT)(] lnnB /]p)T (] lnnB /]T)p5 2(b/kT)(] lnnB /]p)T 1(] lnnB /]T)V

~K! ~MPa! ~GHz! (1025/K! (1025/K! (1025/K!

Normal to incommensurate transition
LA ( C11) ~1,0,0! 178.9 225 17.9 1.17 286.5 24.1 282.4
LA ( C22) ~0,1,0! 177.4 0.1 10.3 3.52 222.3 212.4 29.9
LA ( C22) ~0,1,0! 177.4 223 14.8 3.52 54.5 212.4 66.9
LA ( C33) ~0,0,1! 178.6 250 18.0 2.27 13.9 28.0 21.9
TA (C55) ~0,0,1! 178.2 0.1 7.1 5.49 169.0 219.3 188.3
TA (C55) ~0,0,1! 178.2 255 7.5 5.49 159.0 219.3 178.3

Incommensurate to commensurate transition

LA ( C11) ~1,0,0! 169.4 225 18.1 1.93 258.0 23.1 254.9
LA ( C22) ~0,1,0! 171.4 0.1 10.4 0.79 2282 21.3 2280.7
LA ( C22) ~0,1,0! 171.4 223 14.7 0.79 221.8 21.3 220.5
LA ( C33) ~0,0,1! 170.3 250 18.0 1.71 124.0 22.7 126.7
TA (C55) ~0,0,1! 170.3 0.1 7.1 1.97 2325.0 23.2 2321.8
TA (C55) ~0,0,1! 170.3 255 7.4 1.97 2336.0 23.2 2332.8
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B. Other remarks

The standard Landau theory description of the N-I tran
tion in AFB ~see Ref. 18! implies discontinuities inCii ( i
51, 2, 3! and discontinuous derivatives inCj j ( j 54, 5, 6!
and eb ~the static dielectric constant associated with pol
ization along theb axis!. Though the theory works reason
ably well for C11 and C33 it fails to explain the peculiar
temperature dependence ofC22 in the N and I phases. Th
large softening ofC55 in the N phase is also not understan
able within that phenomenological theory. Recently,
et al.2 have demonstrated, in the context of K2SeO4, that
anharmonic fluctuation contributions from theS2 soft branch
can account for elastic constant softening in the N pha
Their analysis was facilitated by the existence of much d
for K 2SeO4 which does not exist for AFB; because of thi
and also the narrow temperature range of the I phase in A
an analogous analysis is not feasible for AFB. We sugg
that the softening ofC22 andC33 in the normal phase of AFB
may be due to such an anharmonic contribution. But note
further complication that, particularly at high pressures,
sign of (] lnnB /]T)V indicates that quartic anharmonicitie
need to be considered in modeling the temperature de
dence of those elastic constants, in contrast to the cubic
teraction considered by Liet al.

Li et al.3 have also analyzed the anomalies of t
transverse-acoustic modes in K2SeO4. They showed that the
anomaly in C44 can be explained by a bilinear couplin
a4QBe4, of the straine4 with a soft mode with amplitude
QB . They pointed out that this optic mode is not on theS2
soft branch, but is instead the lowest temperature-depen
B3g optical mode, which they have observed with Ram
scattering. If the softening ofC55 in the N phase of AFB is to
be due to such a coupling, one needs to look for
temperature-dependent mode ofB2g symmetry. There are no
Raman-scattering data for AFB, but group theory26 predicts
Raman-active modes ofB2g symmetry in the normal phase
Again, the sign of (] lnnB /]T)V for this mode indicates tha
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quartic anharmonicities play an important role in the te
perature dependence ofC55 in the normal phase upon ap
proachingTI .

The anomaly inC66 at TI in K 2SeO4 could be described3

by the interaction of the straine6 with the order paramete
through a quartic couplingg6e6

2QQ* . The corresponding
anomaly in AFB might be accounted for by the same type
coupling.

The temperature dependence of the elastic constant
AFB in the C phase can be accounted for straightforward
They all increase quite linearly with decreasingT, at least
close to the transition. This would be consistent with a co
pling of the strain to the order parameter which was q
dratic in both, assuming mean field@;(TC2T)1/2# behavior
of the order parameter. If we take the order parameter to
the polarizationPy , which has symmetryB2 in C2v , then all
the elastic constants can couple to the order parameter
coupling termsgie i

2Py
2 , becausePy

2 ande i
2 ( i 51, . . . ,6) all

haveA1 symmetry inC2v . Hoshinoet al.13 have found ex-
perimentally that the spontaneous polarization follows
mean-field behavior very well.

Finally, let us comment on the suggestion by Hiki
et al.,18 that the temperature dependence of the elastic c
stants at constant pressures can only be explained by as
ing a pressure dependence of the third-order coupling c
ficients. For K2SeO4, Benoit et al.5 derived an expression
for the pressure dependence of the velocity and damping
longitudinal-acoustic waves propagating along@001# on the
basis ofe3Q2 ande3

2Q2 couplings between strain and ord
parameter, and without any explicit pressure dependenc
the coupling coefficients. Their expression could account
many features of the experimental data. Due to the nar
temperature range of the I phase in AFB and the limi
precision of Brillouin-scattering data, it is not feasible
carry out fits to such a detailed model; however, it see
plausible that such a model would be appropriate.
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V. SUMMARY

We have measured the temperature and pressure d
dence of the elastic constantsCii , i 51, 2, 3, 5, 6. Our re-
sults indicate that quartic anharmonicities play an impor
role in determining the temperature dependence of the el
d

r

en-

nt
stic

constants in the normal and commensurate phase upon
proachingTI and TC , respectively. We have compared ou
Brillouin-scattering results with results from previous ultr
sonic studies, and discussed them in the context of vari
theoretical models.
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