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Quantum fluctuations in the incommensurate phase of CsCuCl3 in a transverse magnetic field
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In zero magnetic field, the stacked, triangular antiferromagnet CsCuCl3 has a helical structure incommen-
surate~IC! in the chain direction~normal to the planes!. A magnetic field applied transverse to the chains
distorts the helix, but the IC structure persists up to at least 0.43 times the saturation field. The IC wave number
q ~from neutron-diffraction experiments! decreases with increasing field, but then it has an unexpected plateau.
Classical theory explains the behavior at small fields, including the temperature dependence, but it fails to
explain the plateau, which we ascribe to quantum fluctuations. We find that linear spin-wave~LSW! theory
also fails to explain the plateau; in fact, LSW theory fails more severely than classical theory in describing the
IC phase. We introduce a phenomenological treatment of quantum fluctuations. After verifying that it describes
well some known results, we apply the phenomenological theory to the IC phase of CsCuCl3, finding that it
yields a plateau at approximately the observed value ofq and the observed fields; in addition, it predicts a
transition to the commensurate phase so far not observed. Results depend sensitively on a weak anisotropy: A
deviation of less than 1% from isotropy in the intrachain ferromagnetic exchange changes the phase diagram
completely at fields above about half the saturation value.@S0163-1829~98!08409-4#
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I. INTRODUCTION

Compounds of theABX3 family (A5Rb, Cs;B5Mn, Fe,
Co, Ni, Cu, V;X5Cl, Br, I! figure prominently in the study
of phase transitions in low-dimensional systems. Much of
interest in the magnetic-field behavior of compounds l
CsCuCl3 arises because they are physical realizations
models related to the triangular antiferromagnet~TAFM!.
Unlike the ground state of the square-lattice AFM, that of
TAFM is both continuously and discretely~twofold! degen-
erate, even in the presence of a magnetic fieldH ~with mag-
nitude H less than the saturation fieldHS); the continuous
degeneracy is nontrivial because it is not due to a symm
of the Hamiltonian. In a field, thermal fluctuations1–4 in clas-
sical TAFM models, and also quantum fluctuations,5,6 break
the continuous degeneracy in the same way, both selec
for example, the colinear structure atH'HS/3.

The magnetic properties of CsCuCl3 ~with a Néel
temperature7 TN510.7 K! arise from the Cu21 ions; to a
good approximation, these form a triangular lattice of par
lel chains, the other ions serving to define the structure.
major interactions, all nearest neighbor, are a ferromagn
exchange interaction in the chain (c) direction, a weaker,
frustrated, antiferromagnetic exchange interaction within
a-b planes, and a Dzyaloshinskii-Moriya8 ~DM! interaction
also in thec direction; both exchange interactions are nea
isotropic. Recent studies9,10 of the structure and of the phas
transition giving rise to the DM term cite earlier literature o
these topics. In the simplified structural model, the classi
zero-temperature, zero-field structure is a three-sublat
6120° TAFM structure in eacha-b plane; the spins lie in
the planes and rotate from plane to plane, forming an inco
mensurate~IC! helical structure11 with a pitch of'5.1°.

Fluctuation effects are likely large in CsCuCl3 for several
570163-1829/98/57~9!/5205~8!/$15.00
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reasons: The Cu spin is small (S51/2), the system is almos
one dimensional~the intrachain interaction is significantl
larger than the interchain interaction!, the interchain interac-
tion is frustrated, the exchange interactions are nearly iso
pic, and the structure is incommensurate. Experiments
magnetic fields~difficult becauseHS530 T! indeed find ma-
jor effects due to fluctuations, both quantum and therm
The quantum effects in CsCuCl3 are very large; to our
knowledge, they are exceeded in magnetic systems only
integer-spin vs half-integer-spin effects in nearly on
dimensional materials~including members of theABX3 fam-
ily !.

CsCuCl3 in a longitudinal field (Hic) appears to be wel
understood at low temperaturesT, but the transition atTN
has puzzling features.12 The discontinuity13–15 in the low-T
magnetization atH'0.4HS was shown by Shiba and
Nikuni16,17to be a novel, fluctuation-induced phase transiti
from the umbrella structure~optimal at smallH due to a
small, easy-plane anisotropy18 in the intrachain exchange! to
a coplanar structure~optimal at largerH due to quan-
tum fluctuations!. Further experiments,19–23 including
neutron-diffraction24 and specific-heat measurements12 near
TN , confirmed their analysis.

Properties for a field transverse to the chains (H'c) are
not well established; such fields deform the helix, increas
its period. Classical theory25,26 predicts that the IC wave
numberq decreases quadratically asH increases and that th
curvature increases withT, both in agreement with
experiment.21,24 It predicts also a transition to a commens
rate ~C! phase~a stacked TAFM phase! at H'0.5HS. Ex-
perimentally, CsCuCl3 is IC ~Ref. 21! for H&0.43HS; its
structure is unknown at largerH. Classical theory, which is
sufficient for many materials, fails, however, to describe e
perimental results at fields nearHS/3 where structure is ob
5205 © 1998 The American Physical Society
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served in the magnetization15 m, in the 133Cs NMR shift,23 in
q ~Ref. 21 finds a plateau!, and in electron spin resonanc
~ESR! measurements.22 The structure inm ~only loosely a
plateau! appears to result from quantum fluctuations; as
the TAFM,5,6 linear spin-wave~LSW! theory finds25 that the
C-state magnetization has a plateau nearHS/3. Quantum
fluctuations are surely responsible also for the plateau inq,
but this remains to be demonstrated. Recent specific-h
magnetization, and neutron-diffraction measurements27 near
TN suggest major effects due to thermal fluctuations as w
TN increases with field@as in the TAFM~Refs. 1, 3, and 28!#
and a new phase appears.

This article develops the theory of the IC phase
CsCuCl3 in a transverse field, with emphasis on the fie
dependence ofq. We show that the natural, standard me
ods used to study such systems, namely classical theory
LSW theory ~which adds the leading quantum correction!,
both fail to explain observed properties of CsCuCl3; we
know of few other systems for which both fail so badly. W
introduce a phenomenological method to treat quantum fl
tuations, establish its validity, show that it explains the p
teau, and find that it predicts an IC→C transition.

Section II A describes the Hamiltonian. Section II B d
scribes the classical~mean-field! theory, whose results ar
needed also for both the LSW and the phenomenolog
analyses. We include explicitly a small (,1%! anisotropy in
the intrachain exchange and we extend Ref. 25 also by
amining out-of-plane solutions. We find that results are
expectedly highly sensitive to the anisotropy, and that o
of-plane solutions can be optimal at intermediate fields~as
found also by Jensen29!. Section II C, which appears to be
technical advance~it describes LSW theory for a highly non
sinusoidal IC phase!, finds that LSW theory not only fails to
explain the plateau, it even worsens agreement with exp
ment. Going beyond LSW theory, to higher order in 1/S, is
out of the question. Section III introduces a phenomenolo
cal treatment of quantum fluctuations and shows that it
scribes some known properties of the TAFM and of the
states of CsCuCl3. The same approach applied to the IC st
yields a plateau inq ~at approximately the observed valu
over approximately the observed fields! followed by an IC
→C transition ~at a field well below the saturation field
likely below 0.5HS). See the note added at the end of t
paper.

The failure of both classical theory and LSW theory~to
describe the IC phase!, and more generally the large fluctu
tion effects ~both quantum and thermal!, promise that
CsCuCl3 will reward further experimental and theoretic
investigation.

II. HAMILTONIAN AND ANALYSIS

A. Hamiltonian

The Hamiltonian corresponding to the simplified structu
is
H5(

in
F2 2 J0Sin•Si ,n1112 hJ0Sin

~z!Si ,n11
~z!

2D ẑ•~Sin3Si ,n11!1J1(
k

8 Sin•Skn2gmBH x̂•SinG ,
~1!
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whereSin is the spin operator at thei th site in thenth a-b

plane,ẑ and x̂ are unit vectors in thec anda directions, and
the k sum is over the six, in-plane, nearest neighbors of
site in. The first term (}J0) is the isotropic, ferromagnetic
exchange interaction between spins in nearest-neigh
planes, the second is an anisotropic correction~of easy-plane
type! to the first, the third (}D) is the interplane DM inter-
action, the fourth (}J1) is the isotropic, antiferromagneti
exchange interaction between nearest-neighbor spins in
a-b planes, and the fifth is the Zeeman energy in a transve
field H. The coefficients have been estimat
previously;7,30,31,18,32 we use J0528 K, hJ050.24 K,
J154.9 K, andD55 K. We omit the dipole-dipole interac
tion ~which can induce an IC state modulated in t
planes33!, the anisotropy of the interchain interaction, a
several small, related effects~namely, the displacement o
the Cu ions from thec axis, the component of the DM vecto
perpendicular to thec axis, and thez component of the
magnetizations24,32!. The saturation fieldHS, above which
each spin is aligned with the field, is 30 T; for the isotrop
model (h50), HS518J1S/(gmB).

At the classical level, the intrachain exchange term (J0)
favors states with spins parallel in adjacenta-b planes while
the smaller DM term favors states with spins in the plan
and rotating byp/2 per plane. The small anisotropy term18

~responsible for the phase transition in longitudinal field16,17!
also favors spins in the planes. The result at zero field
helical structure: The spins lie in the planes, and the w
number isq0ẑ with q05arctan@D/(2J0)#'2p/71. At H50,
the continuous degeneracy of the classical TAFM grou
state corresponds to a mere shift in the origin of the coo
nate system; it will be important later that this degenera
remains in a field~as long asH,HS). A longitudinal field
(Hic) maintains the axial symmetry of zero field; a laye
dependent rotation16,17in spin space eliminates the DM term
producing an easy-plane anisotropy. In contrast, a transv
field (H'c) breaks the symmetry, and the DM term com
into full play.

B. Classical analysis

In the classical approximation, the spin operatorsSin be-
come classical vectors of lengthS51/2, and the Hamiltonian
of Eq. ~1! becomes the energy functionEcl($Sin%). As
found21,24 at smallH, the three-sublattice structure~indexed
by j 51,2,3) is assumed for allH,HS. The classical energy
of the N spins is then

Ecl~$Sj l %!5
N

3L (
j 51

3

(
l 51

L

@2 2 J0Sj l •Sj ,l 1112hJ0Sjl
~z!Sj ,l 11

~z!

2D ẑ•~Sj l 3Sj ,l 11!1 6 J1Sj l •Sj 11,l

2gmBH x̂•Sj l #, ~2!

where l 51, . . . ,L is the layer index. The correspondin
Euler-Lagrange equations are
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2 2 J0~Sj ,l 211Sj ,l 11!12hJ0~Sj ,l 21
~z! 1Sj ,l 11

~z! !ẑ

2D~Sj ,l 112Sj ,l 21!3 ẑ16 J1~Sj 21,l1Sj 11,l !

218J1Shx̂22 l j l Sj l 50, ~3a!

where thel j l are Lagrange multipliers for the constraints

Sj l •Sj l 2S250. ~3b!

These equations have many solutions. In the simpl
each layer has the same structure: The aligned state,
Sj l 5Sx̂, is stable forH>HS, and commensurate~C! states
~stacked TAFM states, with three sublattices! exist for
H,HS. These states and their energies are easily obtai
the C states are continuously degenerate at the classical l
as for the TAFM. In contrast, the study of incommensur
~IC! states requires, in general, numerical solution of Eq.~3!;
the Appendix provides details.

The simplest IC state occurs atH50: The spins lie in the
planes (Sj l'c), forming the 120° structure; the spins on th
three sublattices rotate uniformly in thez direction. Many
other IC states exist, particularly at intermediateH. Because
the classical results are needed for the LSW analysis, w
is possible only in wave number space, we retain the disc
model for the layer (l ) dependence~avoiding the continuum
approximation25 which is nonetheless valid!. We use peri-
odic boundary conditionsSj ,l 1L5Sj l , with the IC-state pe-
riod L limited to values&2000. In principle, the periodic
discrete model may miss some features of IC states, giv
perhaps pinned structures and spurious energy gaps. We
however, that the structures are not pinned~there are many
degenerate solutions with the same period!, and that the spin-
wave energies are gapless atk50. This degeneracy is no
the trivial one corresponding to a translation along thec axis,
which in the discrete model corresponds to incrementing
layer indexl .

For the IC states, it is natural to assume25 that the spins lie
in the planes at all fields, because then each term in
classical energy is either optimized~DM and hJ0 terms!
or neutral@J0 term and the sum of the interchain (J1) and
field terms#; that is, one assumes that the DM ter
confines the spins to the planes at allH ~as it does at smal
H) and ignores the anisotropy term. These in-plane soluti
were studied previously,25 in the continuum approximation
in the simplest, either two or all three of the sublattice pha
wind through 2p in one period, but there exist many oth
solutions which are composites of elementary solution25

The solutions are sinusoidal at smallH and solitonic at large.
In an effort to understand some LSW results~Sec. II C!, we
investigated also out-of-plane IC solutions; surprising
these exist and can even be optimal at intermediateH, as
found also in a study29 of the mean-field equations atT.0.
The Appendix argues that the out-of-plane solutions re
from the frustration, and indeed we verified that in-pla
solutions are optimal for allH in a model34 with a ferromag-
netic interchain interaction. Of course the anisotropy te
favors in-plane solutions, as do quantum fluctuations~Sec.
III !, and out-of-plane solutions appear to have no con
quences for CsCuCl3, at least atT50 .
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The main questions asked of the classical theory are~1!
does a C state intervene between the IC state~known to be
stable forH50) and the aligned state~known to be stable
for H.HS), and~2! do the spins lie in thea-b planes at all
H in the IC state? The answers depend crucially on the
of the anisotropy parameterh, a deviation of less than 1%
from isotropy changing results dramatically.

For isotropic exchange~h50), the structure is incom-
mensurate up toHS. For h&0.38, there are many solution
~as before25!, but they are well separated in energy; the o
timal ~in-plane! solution evolves continuously from the zero
field solution.25 For 0.38&h,1, out-of-plane solutions are
optimal; the IC phase is very complicated, however~see the
Appendix!, and is best described as glassy in much of
range.

The easy-plane anisotropy18 h58.631023 favors of
course in-plane solutions; it changes the phase diagram
stantially, opening a large window for the C phase and
stroying the glassy phase, but it is too weak to destabi
out-of-plane solutions entirely. In more detail, the same
plane IC solution is optimal for 0<h<0.41 ~it extends to
larger h because of the anisotropy!, a simple, out-of-plane,
IC solution is optimal for 0.42<h<0.50 ~but other solutions
are close in energy!, and the C state is optimal at largerh; all
transitions are second order. Likely anh value only slightly
larger would destroy out-of-plane solutions at allh, giving a
second-order IC→C transition25 at h'0.47 .

C. Linear spin-wave analysis

To our knowledge, the following LSW analysis of the I
phase of CsCuCl3 is the first study of quantum fluctuation
in highly nonsinusoidal IC states. Of course spin waves in
rare earths35,36have been studied for many years, and ther
a large literature~Refs. 37–40 and references therein! on
quantum effects in more general models of helimagn
Much of the latter literature deals with the role of quantu
fluctuations in breaking a classical degeneracy~to our
knowledge, this role was first demonstrated by Shender41!; in
the axial next-nearest-neighbor Heisenberg model, for
ample, a degeneracy with respect to the IC wave numbeq
exists in regions of parameter space, and quantum fluc
tions ~first examined in this context in Ref. 37! act to
selectq. Quantum fluctuations play a very different role
CsCuCl3. The IC states of CsCuCl3 are not classically de-
generate inq and therefore no quantum selection among
states occurs. In CsCuCl3, quantum selection occurs instea
for the C states, as in the TAFM. Part of the difficulty
treating CsCuCl3 is then that LSW theory, which finds th
leading correction (}S1) to the classical energy (}S2), does
not determine the IC-state and C-state energies to the s
accuracy. We argue below that the major effect of quant
fluctuations in the IC phase of CsCuCl3 is to reconfigure the
spins; this effect lies outside the scope of LSW theory.

We limit the analysis to in-plane spins and isotropic e
change (h50), and so the field is limited toh<0.38. LSW
theory is so unsatisfactory that a more general quantita
analysis is unwarranted; qualitatively,h.0 favors in-plane
spins and so results forh58.631023 would not differ sub-
stantially.

A Holstein-Primakoff transformation42 to boson operators
~using a local coordinate system25! and an expansion abou
the classical solutions give the Hamiltonian as
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H5Ecl1H11H21O~AS!; ~4!

the classical spins are not colinear, and so the expan
parameter is 1/AS ~rather than 1/S), as in previous
studies.36,38,40,25,43The classical anglesf j l between the spins
and the field are determined by minimizing the classical
ergy Ecl (}S2):

Ecl5S2
N

3L (
j 51

3

(
l 51

L

@2 2 J0cos~f j ,l 112f j l !2Dsin~f j ,l 11

2f j l !1 6 J1cos~f j 11,l2f j l !218J1hcosf j l #. ~5!

The termH1 (}S3/2) is linear in the boson operators; it van
ishes for the classical anglesf j l and so is omitted. The LSW
HamiltonianH2 (}S) has the standard form~quadratic in the
boson operatorsb andb†)

H252
S

2

N

3L(
j l

Cjl 1
S

2(k
(
j l

(
j 8 l 8

$Aj l , j 8 l 8~k!

3@bjl
† ~k!bj 8 l 8~k!1bjl ~2k!bj 8 l 8

†
~2k!#1Bj l , j 8 l 8~k!

3@bjl
† ~k!bj 8 l 8

†
~2k!1bjl ~2k!bj 8 l 8~k!#%. ~6!

Thek sum in the second term runs over theN/(3L) points in
the first Brillouin zone; the 3L33L Hermitian matricesA,
B, and C, the last diagonal (Cj l , j 8 l 85Cjl d j j 8d l l 8) and inde-
pendent ofk, are

@A~k!1B~k!2C# j l , j 8 l 8

522J0cos~f j l 82f j l !d j 8 j~eikzd l 8,l 111e2 ikzd l 8,l 21!

2Dsin~f j l 82f j l !d j 8 j~eikzd l 8,l 112e2 ikzd l 8,l 21!

16J1cos~f j 8 l2f j l !

3d l 8 l~nkd j 8, j 111nk* d j 8, j 21!, ~7!

@A~k!2B~k!2C# j l , j 8 l 8522J0d j 8 j~eikzd l 8,l 11

1e2 ikzd l 8,l 21!16J1d l 8 l~nkd j 8, j 11

1nk* d j 8, j 21!, ~8!

Cjl 52 J0@cos~f j ,l 112f j l !1cos~f j l 2f j ,l 21!#

1D@sin~f j ,l 112f j l !1sin~f j l 2f j ,l 21!#

26 J1@cos~f j 11,l2f j l !1cos~f j 21,l2f j l !#

118J1hcosf j l , ~9!

wherenk is the in-plane structure factor,

nk5 1
3 $exp~ ikx!1exp@ 1

2 i ~2kx1A3ky!#

1exp@ 1
2 i ~2kx2A3ky!#%. ~10!

Note thatH2 is determined by the classical anglesf j l . A
standard transformation42,44 to creation and annihilation op
eratorsg j l

† andg j l for the spin-wave excitations gives

H25E21S(
k

(
j l

e j l ~k!g j l
† ~k!g j l ~k!, ~11!
on

-

where the ground-state valueE25^0uH2u0& is

E252
S

2

N

3L(
j l

Cjl 1
S

2(k
(
j l

e j l ~k!. ~12!

The excitation~spin-wave! energiese (>0) are found from

det@~A2B!~A1B!2e21̂#50; ~13!

this eigenvalue problem fore j l
2 (k) is Hermitian, but the re-

sult for e j l (k) can be imaginary~as when in-plane solution
become unstable at intermediate fields!.

The LSW analysis of quantum fluctuations in the C st
is straightforward;25 of course the antisymmetric DM term
does not appear, and so quantum selection occurs just
the TAFM.6 For the IC state~the 111 state of Ref. 25!, the
total energyEcl1E2 was found as a function of the periodL
and minimized with respect toL to give the optimal wave
numberq52p/L; the Brillouin-zone integration in Eq.~12!
was performed using 500–1000 points. In the relevant fi
region, the optimalL ranged from'70 a-b plane spacings
to '150, large enough to justify use of the discrete mo
and small enough that the diagonalization was practicab

Figure 1 shows that LSW theory~like classical theory25!
fails to describe the experiment results21 for q, although the
LSW results may flatten slightly with increasing field. F
more seriously, LSW theory predicts an unobserved tra
tion to the C phase ath'0.32, and so its predictions at large
h are irrelevant. That is, LSW theory provides a worse d
scription than does classical theory, by predicting a C phase
to exist for fields where experiment finds, and classi
theory predicts, an IC phase.

The failure of LSW theory to describe the IC phase
CsCuCl3 at intermediate fields deserves further comme
There are two points here. First, LSW theory predicts
premature IC→C transition~at h'0.32) because it finds the
C-state energy more accurately than it does the IC-state
ergy. The C-state energy is found by choosing the class
configuration ~for example, the colinear state ath51/3)
which minimizes the total energyEcl1E2, but such a choice
is not possible for the IC state. Second, LSW theory fails
the more profound reason that the classical IC state is a p
approximation to the quantum IC state: LSW theory does
take into account the breaking of the continuous degene
in determining the spin structure of the IC phase. Conv

FIG. 1. Dependence of the reduced wave numberq/q0 on the
reduced fieldh. The solid circles are the experimental results
Ref. 21. Both the classical result~solid line, from Ref. 25! and the
linear spin-wave result~diamonds! were found for in-plane spins
and isotropic exchange (h50); the latter were obtained only fo
h<0.38, as described in the text.
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tional IC phases have domain walls where the order par
eter passes rapidly through commensurately forbidden
ues, from one commensurately allowed value to another.
classical, in-plane IC structure of CsCuCl3 is very
different;25 it can be described instead as a sequence of
generate C states~loosely, a ‘‘spatially varying commensu
rate state’’!; domain walls are well defined only very close
the IC-C transition.25 But quantum fluctuations destroy th
continuous degeneracy and so the quantum IC state at
small fields will have the conventional IC structure describ
above. The quantum structure is very different from the cl
sical one, and thus is difficult to obtain by the perturbat
approach of the 1/S expansion.

We believe that extension of the analysis to higher or
~including the spin rearrangement due to quantum fluct
tions, as in Refs. 38, 40, and 43! would be futile; for ex-
ample, it would still be difficult to find the two energies t
the same accuracy. Further, the extension is computation
out of reach, entirely without appeal, and even not possib
h50 ~the classical ground state cannot be found
h*0.38).

A very different approach is required.

III. PHENOMENOLOGICAL TREATMENT
OF QUANTUM FLUCTUATIONS

The most important effect of quantum fluctuations in th
problem is the breaking of the TAFM classical degenera
The TAFM part of the Hamiltonian of Eq.~1! contributes to
the energy at both the classical level~previous section! and
the quantum level. The following describes an innovat
method to treat the quantum contribution, establishes its
lidity, and applies it to CsCuCl3 in transverse field.

The innovation is to represent the quantum contribut
phenomenologically by the term

Efluct52
J2

S2(̂i j & (
n

~Sin•Sjn!2, ~14a!

where the first sum is over nearest-neighbor pairs; for
plane spins,Efluct simplifies to

Efluct52J2S2
N

L (
j 51

3

(
l 51

L

cos2~f j 11,l2f j l !. ~14b!

The total energy, a function of the classical vectorsSin , is
Etotal5Ecl1Efluct . The classical energyEcl is proportional to
S2; the fluctuation energyEfluct contains, in principle, all
higher-order terms in the 1/S expansion. The coefficientJ2 is
positive~quantum fluctuations reduce the energy of, say,
colinear state nearh51/3 in the TAFM! and is essentially a
free parameter, although it can be estimated as descr
below; it vanishes as 1/S asS→`, but contains in principle
higher-order terms as well.

Note that we do not add a biquadratic coupling term to
Hamiltonian; such a term cannot contribute for aS51/2 sys-
tem like CsCuCl3, and its appearance in the expression
the total energy is therefore at the phenomenological le
Of course such terms appear in the Hamiltonians of syst
with S.1/2; they have been studied previously~as in the
classical theory45 of the plateau46 in the magnetization of the
-
l-
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S57/2 system C6Eu!, and Ref. 6 pointed out that such
term may have the same consequences as quantum flu
tions. More to the point, a biquadratic coupling ter
has appeared explicitly in analytical treatments of quant
~and thermal! fluctuations.41,47–51

The following tests the phenomenological theory by co
paring its predictions with those of the 1/S expansion, for the
TAFM. We minimized the total phenomenological energy

Etotal5N(
j 51

3

@2 J1Sj•Sj 112gmBH•Sj /32J2~Sj•Sj 11!2/S2#

~15!

to determine the spin configurations and the energies for
five high-symmetry TAFM states of Fig. 2; recall that th
classical TAFM states are continuously degenerate, also
respect to the direction ofH. We omit the expressions~easily
obtained! for the energies, quoting only the following result

~a! The umbrella state: The anglef between the spins an
the field is found from

18J1Scosf29 J2Scosf~3cos2f21!5gmBH. ~16!

This state exists for allH,HS; it is optimal at no field.0.
~b! The coplanar statef15p, f352f2 with sinf2Þ0:

The anglef2 is found from

6 J1S~2cosf221!26 J2Scosf2~112cos2f2!5gmBH.
~17!

This state exists, and is optimal, for 0,H,H1
56(J123J2)S/gmB .

~c! The colinear statef15p, f25f350. This state is
optimal at intermediate fields,H1,H,H256(J11J2)S/
gmB ; the magnetization is one-third the saturation value.

~d! The coplanar statef35f2 with sinf2Þ0: The angles
f1 andf2 are determined by

FIG. 2. The five states, the umbrella state~a! and the four co-
planar states~b!–~e!, used in the examination of the phenomen
logical energyEfluct .
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12J1Ssin~f12f2!26 J2Ssin~2f122f2!5gmBHsinf1 ,
~18a!

sinf112sinf250. ~18b!

This state exists, and is optimal, forH2,H,HS
518(J12J2)S/gmB .

~e! The coplanar statef150, f352f2 with sinf2Þ0:
The anglef2 is found from

6 J1S~2cosf211!26 J2Scosf2~112cos2f2!5gmBH.
~19!

This state exists for allH,HS; it is optimal at no field.0.
The phenomenological theory then predicts the follow

phase sequence asH is increased: state~b! → state~c! →
state~d! → aligned state (f j50); it predicts also a platea
in the magnetization forH1,H,H2. These results agree i
all respects with those of the microscopic (1/S) theory6 for
quantum fluctuations in the TAFM. There are some diff
ences with respect to the transition fieldsH1, H2, andHS:
First, quantum fluctuations do not renormalize6 HS, which
remains 18J1S/(gmB) in the isotropic model. Second, th
phenomenological theory givesH1 /HS'(122J2 /J1)/3 and
H2 /HS'(112J2 /J1)/3, whereas LSW theory6 gives
H1 /HS'(120.084/S)/3 and H2 /HS'(110.215/S)/3; the
first are symmetrical about 1/3, the second not. Compar
of the expressions forH1 and H2 gives the rough estimat
2SJ2 /J1'0.1–0.2, but comparison of the energies may g
a different value; in any case, these estimates apply to
TAFM only, and the value appropriate to other models m
be significantly different.

Having shown that the phenomenological theory provid
a good qualitative description of quantum fluctuations in
TAFM, we next test it quantitatively for the energies of th
five C states of CsCuCl3 derived from the TAFM states o
Fig. 2. The phenomenological energiesEfluct are the same a
for the TAFM and are independent ofJ0. The LSW energies
E2 (}S), which depend onJ0, were found17 by standard
methods@see Eq.~12!# using the parameter valuesJ0528 K,
h50, J154.9 K andS51/2 ; a separate comparison shou
really be made forh58.631023 but this seems unwar
ranted. To make a fair comparison (E2 is only the leading
quantum correction!, we foundEfluct to only first order inJ2;
this means, for example, that cosf5h5gmBH/18J1S for the
umbrella state. Figure 3 plots the two energies for sta
~a!–~d!, relative to state~e! ~which exists over the entire
range 0<H,HS and so makes a convenient reference sta!.
Good agreement is obtained forJ250.2 K (2SJ2 /J1'0.04)
and so we expect that the phenomenological termEfluct cap-
tures well enough the breaking of the classical degenerac
quantum fluctuations.52 Our previous investigation25 of the
C-state spin configurations gave the resultsH1 /HS'0.31
andH2 /HS'0.37; these correspond to 2SJ2 /J150.035 and
0.055, respectively, in reasonable agreement with the ab
value ~0.04!. BecauseE2 is only the first-order correction, a
moderate adjustment ofJ2 is acceptable; in fact, an effectiv
J2 smaller than 0.2 K is suggested by the next correction53 at
fields just belowHS.

The phenomenological approach was then applied to
IC phase of CsCuCl3 in a transverse field. The Euler
Lagrange equations for the total energyEcl1Efluct are
-
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by

e

e

2 2 J0~Sj ,l 211Sj ,l 11!12hJ0~Sj ,l 21
~z! 1Sj ,l 11

~z! !ẑ2D~Sj ,l 11

2Sj ,l 21!3 ẑ1 6 J1~Sj 21,l1Sj 11,l !2gmBH x̂22 l j l Sj l

2 6 J2S22@~Sj 21,l•Sj l !Sj 21,l1~Sj 11,l•Sj l !Sj 11,l #50,

~20!

plus the constraints of Eq.~3b!; for in-plane spins, these
simplify to

2 2 J0S@sin~f j l 2f j ,l 21!1sin~f j l 2f j ,l 11!#2DS@cos~f j l

2f j ,l 11!2cos~f j l 2f j ,l 21!#1 6 J1S@sin~f j l

2f j 21,l !1sin~f j l 2f j 11,l !#2gmBHsinf j l

2 3 J2S@sin~2f j l 22f j 21,l !1sin~2f j l 22f j 11,l !#50.

~21!

Scores of solutions of these equations were studied, as
scribed in the Appendix. We useJ250.13 K, as discussed
below, and define the reduced field ash5gmBH/(18J1S);
note that saturation occurs slightly belowh51. The phe-
nomenological term has no effect atH50 and only weak
effects at smallH, but major differences are found fo
H*HS/3 .

For isotropic exchange (h50), the ground state is incom
mensurate up toHS. The in-plane solution25 is optimal for
0<h<0.38 ; above this field, two out-of-plane solution
compete, their energies crossing several times. That is, q
tum fluctuations destroy the glassy phase of Sec. II B.

More appropriate for CsCuCl3 are results for the experi
mental anisotropy (h50.0086). Including quantum fluctua
tions at the best level presently possible, by means of
phenomenological theory, we find the results of Fig. 4 for
IC wave numberq. The agreement with experiment21 is
moderately good: The plateau occurs at about the obse
value of q/q0 and over about the correct field range; a
though measurements are available only toH513 T or
h50.43, it appears, however, that the theoretical value dr
prematurely. As before,25 the IC→C transition ~here at
h'0.44) occurs because in-plane spins must pass thro
high-energy~commensurately forbidden! configurations as
they wind; out-of-plane spins are disfavored by the ani

FIG. 3. Comparison of the linear spin-wave resultE2 ~squares!
and the phenomenological energyEfluct ~lines, with J250.2 K, to
first order inJ2) for the five commensurate CsCuCl3 states corre-
sponding to the states of Fig. 2. The figure gives the ener
Ea2Ee, etc., of states~a!–~d! relative to that of state~e!; the energy
of state~b! is plotted only forh,1/3, that of~c! only for h51/3,
and that of~d! only for h.1/3.
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tropic exchange and the quantum fluctuations, as well as
the DM term. The magnetization is moderately rounded n
h51/3 , as in experiment,15 but the agreement is not quant
tative. The valueJ250.13 K was chosen because it gives
plateau inq, but neither the level of the plateau nor the fie
range over which it occurs is adjustable; no plateau is fo
for significantly smallerJ2, andq is nonmonotonic for sig-
nificantly largerJ2 (0.17 K for example!.54 In more detail,
the in-plane IC solution25 is optimal forh<0.42, and the C
phase is optimal fromh>0.44 up toH5HS; an out-of-plane
IC solution is optimal over a small field range (Dh,0.013)
abouth50.43, but we consider that it should not be tak
seriously, given the sensitivity to the value ofh.

Note added. Six months after submitting this manuscrip
we were informed that neutron-diffraction experiment55

~with both pulsed field and pulsed neutrons! have observed
the IC→C transition predicted by the phenomenologic
theory; differences are that, experimentally, the wave nu
ber drops less precipitously, and the transition occurs
H'0.58HS, ‘‘well below the saturation field’’~as in the
Introduction!, but larger than our 0.44HS or ‘‘likely below
0.5HS.’’ Likely the phenomenological theory can be im
proved.
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APPENDIX

The following provides details regarding the solution
the Euler-Lagrange equations~3! and the extension~20!.

For given periodL and reduced fieldh5H/HS, the 12L
equations~for Sj l andl j l ) were solved by linearization abou
trial solutions and solution of the resulting linear equatio
repeated to convergence; the trial solutions were obta
from solutions at nearby fields, by interpolation in solutio
at nearby periods, and by other means. Because the IC
tions are not pinned~and the equations have many nontriv
ally degenerate solutions!, an additional condition such a
ŷ•S1150 must be imposed; without it the linear equatio
are indeterminate. The extra condition results from

FIG. 4. Dependence of the reduced wave numberq/q0 on the
reduced fieldh. The circles are the experimental results of Ref. 2
the structure is unknown beyondh'0.43. The line gives the theo
retical results based on a phenomenological treatment of quan
fluctuations (J250.13 K!, for weak easy-plane anisotrop
(h58.631023); the commensurate state is stable forh.0.44 .
by
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-
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ed
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e

method used to solve the Euler-Lagrange equations; it is
necessary when the energy is minimized directly. Beca
the period is discrete (L is an integer!, the accuracy to which
the energy and the wave numberq52p/L can be deter-
mined is limited, but better values are easily found by int
polation or by generating composite solutions~join two or
more identical solutions to get a new solution and minim
its energy with respect to the new period!.

In general, the number of out-of-plane IC solutions i
creases enormously forh*0.4, and the question arise
whether one can be reasonably confident that the opti
~lowest-energy! solution has been found; guides are wheth
the solution is simple, whether it is optimal for a reasona
large range of field, and whether other solutions are w
separated in energy. Too often we found the optimal solut
to be neither simple nor obvious, and so it was necessar
generate and investigate scores of solutions. These were
erated at various values ofh and L as follows: Random
values were assigned to the phase angles; approximate
tions were found by conjugate-gradient minimization of t
energy; refined solutions were obtained from the Eul
Lagrange equations. A solution found in this way was op
mized with respect toL, at fixedh. It was then followed as a
function of h, the solution at one periodL and reduced field
h being used as a trial solution at the sameL and a field
h60.01; at eachh, the energy of the solution was minimize
with respect toL.

For isotropic intraplane exchange (h50), and without the
term representing quantum fluctuations, the IC phase
glassy in most of the rangeh.0.38; the optimal solution
cannot be identified with any confidence. The solutions
far more numerous than at smaller fields; they differ on
slightly in energy for the most part; the solution optimal
one field is often not optimal at nearby fields; solutio
stable at one field are often unstable at nearby fields;
energies of solutions often cross as the field is changed;
given field, the optimal solution is often complicated; a
many new solutions are found with additional random sta
ing configurations at different values ofh andL.

The existence of out-of-plane IC solutions, and that th
can be optimal, can be traced, it appears, to the class
degeneracy of the TAFM. Recall that the TAFM conditio
( j 51

3 Sj53 SH/HS for H<HS gives only three conditions
for the six variables needed to specify the spins on the th
sublattices; some of this great freedom may carry over to
classical IC structure of CsCuCl3. This interpretation sug-
gests that spins should remain in the planes if the interch
interaction is not frustrated; we verified this for a particu
model.34 Because quantum fluctuations in the TAFM fav
coplanar states~with the spins and the field in the sam
plane! over noncoplanar states~such as the umbrella state!,
the interpretation suggests also, as found by the phenom
logical treatment of Sec. III, that quantum fluctuatio
~treated at the proper level—this means going beyond L
theory for the IC phase of CsCuCl3) should disfavor out-of-
plane solutions. The anisotropy and quantum fluctuati
combine to eliminate out-of-plane solutions almost entire
Finally, we mention that the argument~Sec. II B! for in-
plane solutions fails because the in-plane IC structure for
the spins to wind through high-energy configurations wh
h.1/3; for out-of-plane solutions, some spins can inste
oscillate about a commensurate value, giving a rippled co
mensurate state.
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