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Behavior of URu2Si2 in an applied magnetic field
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Institute of Theoretical Physics, University of Lausanne, CH–1015 Lausanne, Switzerland

~Received 11 September 1997; revised manuscript received 1 December 1997!

Electrical resistivity, thermal expansion, and magnetization of URu2Si2 in an applied magnetic field are
analyzed within a model based on quadrupolar ordering of U ions with localizedf electrons. This model,
which had been shown to be consistent with macroscopic properties in a field tending to zero, can be used to
account for the observed behavior in a finite field.@S0163-1829~98!02610-1#
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I. INTRODUCTION

Actinide compounds possess extremely rich and comp
physical properties, many of which result fromf electrons
being close to the localization-delocalization transition. It
usually difficult to determine on which side of this transitio
each compound is located. While direct measurements o
volume and topology of the Fermi surface and their comp
son with band calculations may sometimes be decisive, m
physical properties are often compatible with both locali
tion or itineracy. For instance, an enhanced specific heat
efficient may be due to the formation of heavy quasiparti
bands, but also to various effects not related to itinera1

including the formation of a single-ion-type Kond
resonance2 or the effect of local moment fluctuations on no
f conduction electrons.3 Sharp crystal-field excitations re
vealed by inelastic neutron scattering~INS! are a sufficient
but not necessary condition for localization, since even
insulating compounds with unambiguously localizedf elec-
trons, such as NpO2, crystal-field excitations may be unex
pectedly broad.4 In USb, a model based on localizedf elec-
trons in a crystal-field gives excellent results5 in spite of the
fact that crystal field excitations are so broad as to be un
tectable by inelastic neutron scattering.6

The properties of URu2Si2 are exemplary of this ambi
guity. De Haas–van Alphen measurements of the Fermi
face properties are not conclusive,7 while the Fermi-surface
topology measured by positron annihilation techniques8 dis-
agrees with that calculated by assuming itinerantf electrons.
The compound displays a characteristic temperature s
TM of about 50 K~see Ref. 9 and references therein!, which
is sometimes attributed to a loosely characterized hea
fermion state developing belowTM . However, the macro-
scopic behavior is certainly not prototypical of such a sta
while it is reminiscent of that of localizedf -electron com-
pounds with a singlet crystal electric field~CEF! ground
state. For instance, in PrNi5 a temperature scale of about 2
K characterizes macroscopic properties such as suscep
ity, resistivity, specific heat,10 and thermal expansion11 in a
similar way as in URu2Si2, and is related to the energy o
the first excited CEF state. Indeed, it was shown in Re
that a satisfactory interpretation of the behavior of URu2Si2
may be given by a localizedf -electron model, wherekBTM
is identified with a CEF energy gap.

At TN517.5 K the compound undergoes a phase tra
570163-1829/98/57~9!/5191~9!/$15.00
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tion, marked by strong anomalies in macroscopic obse
ables. BelowTN , f -electron localization is evidenced b
sharp excitations observed in INS, while aboveTN excita-
tions are broad.12

The strong increase ofTN as a function of an applied
pressure~it reaches 35 K with a pressure of 80 Kbar! ~Ref.
13! suggests the phase transition to involve local degree
freedom of the U ions rather than itinerant electrons. Also
Doniach’s picture14 of the magnetism of Kondo-lattice com
pounds as resulting from the competition between inter
interactions and Kondo-type fluctuations, URu2Si2 would be
located on the extreme left-hand side of the phase diagr
where Kondo fluctuations are negligible.

The transition has been attributed to a type-I antifer
magnetic~AFM! ordering along thec axis, with an ordered
momentm;0.03mB at saturation.12,15 However, the correla-
tion length is finite and sample dependent,16 so that the order
is not truly long ranged. No way has been found so far
reconcile the tiny value of the moment with the large ma
roscopic anomalies observed atTN . Moreover, the sample
dependence of them(T) curve16 contrasts with macroscopi
anomalies occurring always sharply atTN .

The only way to overcome these difficulties is to adm
that macroscopic anomalies are not associated withm, but
rather with a hidden order parameter~OP! not yet observed
directly in elastic-scattering experiments. Various ideas h
been put forward.17–19 In Ref. 9 it was shown that by iden
tifying this OP with one of the electric quadrupolesQ5Qxy
or Q5Qx22y2, the value ofTN , the anomalies in the linea
and nonlinear susceptibilities, the gap and the oscilla
strength measured in inelastic scattering, and the value o
entropy atTN are reproduced at a semiquantitative lev
Recently, point-contact experiments have also been show
agree with this model.20 The fact that, belowTN , no ortho-
rhombic macroscopic distortion either ofxy or x22y2 sym-
metry takes place21 rules out ferroquadrupolar order. On th
other hand, the weak, but highly uncommon softening of
(c112c12) elastic constant below 70 K~Ref. 21! is an indi-
cation ~but not a proof! that antiferroquadrupolar order ma
take place.

The opposite behavior ofm and Q with respect to time
reversal implies that two accidentally close, but distin
phase transitions exist.22 In view of the smallness ofm, the
macroscopic anomalies originate entirely from the quadru
lar ordering. For instance, in UPt3 a tiny moment state very
5191 © 1998 The American Physical Society
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5192 57P. SANTINI
similar to that of URu2Si2 is observed by neutron scatterin
but no macroscopic signs of this state are seen. On the o
hand, of these two transitions only the magnetic one may
seen easily in neutron-diffraction experiments, since n
trons do not couple directly with electric quadrupoles. A
though an antiferroquadrupolar order may produce local
tice distortions, such distortions may be too small to
detected. For instance, in CeB6 the antiferroquadrupolar stat
is not directly detected by neutron diffraction, while it can
detected indirectly by diffraction in an applied magne
field.23 In fact, the magnetic moments induced by the fie
display a modulation reflecting that of the electric quadru
lar moments of Ce ions. Similarly, when a field is applied
the ab plane of URu2Si2, the induced moments should po
sess a modulation if the order is antiferroquadrupolar. M
precisely, a modulation is obtained by applying the fie
along thea or b axes if it is Qx22y2 which orders, and by
applying the field along the diagonals of the two-dimensio
cell if it is Qxy which orders. However, since the magne
susceptibility to a field applied in the basal plane is very lo
detecting the modulation by diffraction would require a fie
much stronger than that used for CeB6 ~;7 T!.

That a quadrupolar and a magnetic phase transition h
similar transition temperatures is not unusual, since in
tinide and in some rare-earth compounds one does not ex
the interion multipolar couplings to decrease with increas
multipole rank. This is the case when such couplings or
nate mainly from virtual phonon or virtual hybridization pro
cesses. Examples exist of compounds possessing a do
quadrupolar-magnetic transition with transition temperatu
of the same order~see Ref. 24 for a review!, such as CeB6,
with transition temperatures ofT153.2 K ~antiferroquadru-
polar! and T252.4 K ~antiferromagnetic!; CeAg, with
T1515.9 K ~ferroquadrupolar! andT255.2 K ~ferromagnet-
ic!; TmZn, with T158.55 K ~ferroquadrupolar! and
T258.12 K ~ferromagnetic!; TmGa3, with T154.29 K ~an-
tiferroquadrupolar! andT254.26 K ~antiferromagnetic!; and
UPd3, with T157 K ~antiferroquadrupolar! and T255 K
~antiferromagnetic!. In this latter the magnetic moment
even smaller than in URu2Si2. Even in an insulating com
pound, such as UO2, the quadrupole coupling via virtual pho
non exchange is as large as the magnetic exchange, o
order of 40 K.25 Of course, the pure electrostatic interacti
between quadrupoles is much smaller, of the order of 1
but it is not the relevant interaction mechanism.

The existence of two different phase transitions
URu2Si2 is demonstrated by the difference in behavior ofm
and of the macroscopic anomalies when a magnetic fiel
applied along thec axis. While TN as deduced from thes
anomalies reduces to zero at a field of about 40 T~in corre-
spondence with metamagnetic transitions!, m seems to dis-
appear around 14 T.26,27

In this paper, the model developed in Ref. 9 is analyz
with a finite magnetic fieldH applied alongc, and shown to
be consistent with experiment. The magnetic~linear and non-
linear! response to a field tending to zero has already b
considered in Ref. 9.

II. MODEL AND RESULTS

The mean-field~MF! Hamiltonian is

H5(
k,q

Bk
qOk

q2lQ^Q&2gmBJzH, ~1!
er
e
-

t-
e

-

e

l

,

ve
c-
ect
g
i-

ble
s

the

,

is

d

n

where Ok
q @(k,q)5(2,0),(4,0),(4,4),(6,0),(6,4)# are

Stevens operator equivalents forJ54, andBk
q are the CEF

parameters.Q5Jx
22Jy

2 or Q5Jx Jy1JyJx depending on
whether the OP hasG t3 or G t4 symmetry, respectively.̂Q&
is the self-consistent mean value ofQ ~the OP!,28 l is the
MF constant, andg50.8.

The tiny moment AFM state is disregarded, since it
expected to give negligible macroscopic effects. Moreov
we think that this unusual state is not contained in MF mo
els analogous to Eq.~1!, and is lost in some of the man
approximations one implicitly makes to use these mod
such as neglecting disorder, short-range correlations,
small charge fluctuations in the 5f shell ~these latter were
considered in Ref. 19!.

The determination of the parameters and the correspo
ing CEF spectrum are described in Ref. 9. We recall~see Fig.
1! that there are three CEF singlets~u1&, u2&, and u3&! at low
energy belonging to representationsGQ , G t1 , andG t2 (GQ is
the representation to which the OP belongs, eitherG t3 or
G t4), with gapsD12;3.8 meV andD13;9.6 meV in the
paramagnetic phase and with zero applied field. The abo
mentioned energy scalekBTM is identified withD12. While
Q connectsu1& and u2&, Jz connectsu2& and u3&. Below TN ,
and withH50, u1& and u2& are mixed by the molecular field
l^Q&, andJz connects the ground state withu3&, too, with a
strength dependent onl. Identifying ^1uJzu3& with the ma-
trix element probed by INS led to choosingl;0.185 meV.

Note that the two possibleQ operators coincide with the
O2

2 andO2
22 Stevens operator equivalents of the CEF lite

ture. Thus the termlQ^Q& may be seen as a local ortho

FIG. 1. Qualitative picture of the energy spectrum for vario
temperatures and fields. Only the three low-lying levels are rep
duced in~b!, ~c!, and ~d!. Dashed vertical lines represent nonze
matrix elements forJx , Jy , Jz , andQ, with Q5Qx22y2 or Q5Qxy

depending on whether the ground singlet hasG t3 or G t4 symmetry,
respectively. The explicit form of the states is given in Ref. 9.
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57 5193BEHAVIOR OF URu2Si2 IN AN APPLIED MAGNETIC FIELD
rhombic CEF with an effective CEF parameterl^Q&. The
two effective single-ion HamiltoniansHA and HB corre-
sponding to the two possible symmetries of the OP are
lated to each other by a rotation ofp/4 about thec axis,
HA5exp(iJzp/4)HBexp(2 iJzp/4).

A. Transition temperature

When the fieldH increases,u2& and u3& mix and repel,
and eventuallyD12 vanishes and a crossing~below TN an
anticrossing! of levels occurs. In the paramagnetic phase,H
changes the single-ion quadrupolar susceptibilityxQ conju-
gated to the OP by decreasingD12, with u^1uQu2&u remaining
approximately constant~this would lead to an increase o
xQ and TN) and by decreasing the contribution toxQ com-
ing from the coupling with high-lying CEF states. The n
result, not obviousa priori, is a monotonic decrease o
TN ,which, within model~1!, is related toxQ by the relation
xQ(TN)5l21. The calculatedTN(H) shown in Fig. 2 corre-
lates well with experiment, and reduces to zero around 4
a value consistent with that extrapolated from experime
data.26,27 In addition to the model of Ref. 9, for which
l50.185 meV givesTN(0)522 K, we also consider the
same model withl50.175 meV which, giving the righ
TN(0)517.5 K, makes comparison with experiments eas
although it compares somewhat worse with INS.TN(H) is
seen to be similar in both cases.

B. Resistivity

Within this model, a major source of resistivityr is found
in scattering processes of conduction electrons due to cry
field excitons and to thermal fluctuations of the U multipo
moments.29 Processes involvingJz ~the usual spin disorde
scattering!, Q, andO2

053Jz
22J(J11) ~electric quadrupole

disorder scattering! are expected to be relevant.29 A full cal-

FIG. 2. Transition temperature vs field from Eq.~1!. Upper
inset: gapD[D12 vs field atT50 from Eq.~1!. Lower inset: order
parameter vs field atT50 from Eq.~1!, and measured height of th
anomaly in resistivityr for field and current along thec axis, di-
vided by r„TN(H)…. Circles and diamonds: experimental valu
from Refs. 26 and 27, respectively. Dashed curves:l50.185 meV
~giving TN0522 K, D056.6 meV, and^Q&055.1). Full curves:
l50.175 meV ~giving TN0517.5 K, D055.2 meV, and
^Q&053.76). Experimentally,D054.4 meV. Subscript 0 refers to
H50.
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culation of the resistivity would require fixing too many p
rameters to be meaningful. Even by making unrealistic
proximations for conduction electrons, such as assuming
spherical band, one should fix the value of the three~possibly
field-dependent! coupling constants of conduction electro
with the mentioned U moments. Moreover, there is a c
pling between dipoles and quadrupoles on different io
which makes the excitations dispersive, i.e., not purely CE
like. Because of these complications we prefer to consi
only those properties of the resistivity which we expect n
to depend on details. These are the field-dependent en
scale of the inelastic excitations which scatter conduct
electrons belowTN , the sign of the magnetoresistivity abov
TN , and the field dependence of the jump in the resistivity
TN .

At zero or small applied field belowTN the spectral
weight of magnetic excitations concentrates at energies
the order of 6–13 meV.12 This energy scale is set byD13

within the present model@see Fig. 1~c!#, with the width of
the observed spectral weight being due to dispersion. On
other hand, since the energy scale of quadrupole excitat
is lower, being set byD12, quadrupole scattering is expecte
to dominate here at low applied field. WhenH increases, the
mixed quadrupolar-magnetic susceptibility becomes nonz
belowTN , and magnetic and quadrupolar excitations can
longer be separated@Fig. 1~d!#. In this case, both magneti
and quadrupole scattering are expected to contribute siz
to the resistivity, with an energy scale set again byD12.
Indeed, fitting the measuredr(T) for T→0 ~Ref. 26! yields
an exciton-type contribution with a gapD whose value at
H50 compares well with the value ofD12 at T50. Also, the
calculatedD12(H) correlates well with the measuredD(H)
~see Fig. 2!.

Two other peculiar features characterize the measu
r.26 First, the magnetoresistivityDr(H) is positive for
T.17.5 K ~below 17.5 K it may be nonmonotonic inH, and
with both signs, due to the contribution of the anomaly a
sociated with the phase transition, which shifts withH). That
Dr(H).0 in the paramagnetic phase is unusual since dis
der is usually quenched by a magnetic field. More precis
this is expected to hold in the case of magnetic metals
metals containing magnetic ions, because magnetic sca
ing decreases with the field. For instance,Dr(H),0 for the
Kondo, Coqblin-Schrieffer and Anderson models,30 for the
two-channel Kondo model,31 for heavy-fermion-type
models,32 for models based on scattering by paramagnon33

or for CEF models based on two low-lying singlets~such as
the model used in Ref. 12 to fit the neutron inelastic sp
trum! or on a doublet ground state. On the other hand
positive contribution to the magnetoresistivity is expected
a lattice-periodic Fermi liquid because of the cyclotron m
tion of conduction electrons.34

So, in magnetic metals and heavy-fermion compoun
the sign of the total magnetoresistivity may change fro
negative to positive when the temperature is lowered, if
cyclotron contribution begins to exceed the spin fluctuat
contribution. However, this positiveDr(H) is usually ob-
served in the low-temperature range, typically below 10 K
transition-metal compounds@such as ZrZn2 ~Ref. 35! or
MnSi ~Ref. 36!#, and below 1 K in heavy-fermion com-
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5194 57P. SANTINI
pounds@such as UBe13,37 CeAl3,38 CeCu2Si2 ,39 or CeCu6

~Ref. 40!#, with the exception, however, of UPt3, for which
the change of sign takes place somewhere between 4 an
K,41 and of CeRu2Si2, which, up to about 50 K and at low
field has a positive magnetoresistivity, which passes thro
a maximum atH;8 T ~where a Mott transition off elec-
trons from itinerant to localized occurs!, and becomes nega
tive for H*12 T.42

In URu2Si2, the magnetoresistivity is still positive forT
as high as 25 K~and monotonically increasing for fields a
high as 25 T!, and it does not appear to be nearing a cha
of sign.26 So, it seems unlikely that this positive value be d
to cyclotron orbital effects. However, one cannot rule oua
priori a scenario similar to that of CeRu2Si2, with H driving
a localization off electrons, seen by a positive magneto
sistivity.

In any case, invoking these effects is unnecessary wi
the present model, since it correctly yields apositive
magnetoresistivity29 in all ~magnetic and quadrupolar! scat-
tering channels. The mechanism is simple: since the gapD12
diminishes withH @Fig. 1~b!#, elastic scattering from stati
thermal disorder of theO2

0 quadrupole moments increas
with H because of an increased thermal population of
first excited singlet. Also, with a lowerD12 the importance of
inelastic scattering processes involvingJz and Q increases
~the former processes involve transitions between the
excited singlets!.

A second peculiar feature is that althoughTN decreases
with H, the anomalies observed atTN do not, and they even
increase. The model correctly yieldsincreasing OP and
anomalies in spite of a decreasingTN(H). The value of
^Q&(T50, H) is given in Fig. 2, and compared with th
height of the anomaly measured inr. Within the present
model, this anomaly is to be attributed to a decrease in
density of states at the Fermi level. This presumably follo
a folding of the Brillouin zone due to a modulation of^Q&,
which would yield an increase of the resistivity by a fact
proportional tô Q& to leading order.43 Another indication of
a reconstruction of the Fermi surface taking place atTN is
given by the effective carrier concentration estimated
Hall-effect measurements,44 which decreases by about a fa
tor of 10 acrossTN . The above scenario is also in agreeme
with the measured low-T magnetoresistivity near 40 T,45

where it displays an abrupt decrease by an amount com
rable with the height of the anomaly atTN , and which is
reminiscent of the decrease of^Q& evident in Fig. 2.

C. Thermal expansion

The thermal expansion also shows anomalies atTN(H)
whose size strongly increases withH ~Ref. 46! ~see Fig. 3!.
The thermal expansion coefficients (1/a)(da/dT) and
(1/c)(dc/dT) are proportional tod^O2

0&/dT through two in-
dependent magnetoelastic coefficients.47 Since^O2

0& is a to-
tally symmetric secondary OP, nearTN d^O2

0&/dT
}(d^Q&2/dT1background terms).48 So, while the height of
the anomaly inr approximately reflects the value of the O
the jump in the thermal expansion probes the rate of gro
of the OP nearTN . As can be seen in Fig. 3, this rate in
creases withH, in agreement with experiment.
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The calculatedc/a ratio vsT for H50 is compared with
experiment49 in the inset. Thec/a ratio is roughly propor-
tional to ^O2

0&. This quantity indicates in fact whether th
charge distribution on U ions is prolate or oblate with resp
to thec axis. In particular, since the coefficient relating th
quadrupole momentQ2

05( i@3zi
22r i

2# within the 3H4 mul-
tiplet to its equivalent operatorO2

0(J) is negative, a negative
^O2

0& means a prolate charge distribution and an increas
the c/a ratio is expected aŝO2

0& decreases. The increase
c/a on cooling and the change in slope atTN are well repro-
duced.

In the above discussion the thermal expansion was
tirely attributed to the magnetoelastic coupling of the latt
to theT-dependent quadrupolar moment of U ions. The p
lattice contribution to the thermal expansion was omitted.
fact, anharmonic lattice effects can usually be neglected
low ;20 K in intermetallic compounds.50 Measurements of
the thermal expansion of the homologous non-f compound
ThRu2Si2 ~Ref. 51! indeed indicate that the lattice contribu
tion is small forT&20–30 K. The contribution of the OP to
the thermal expansion was neglected too, since for antife
quadrupolar ordering the effect on uniform lattice propert
is expected to be small.

D. Magnetization for weak magnetic exchange

The model is compatible with the observed metamagn
transitions atH;35– 40 T.45 Multistep metamagnetic transi
tions in f -electron compounds are usually thought to be
result of competing exchange interactions,52 with a zero-field
state of AFM type. By applying an external field the magn
tization increases in discontinuous steps, corresponding
reversal of some of the spins. Eventually, the fully polariz
state, having all moments pointing in the direction of t
field, is produced. In Ref. 45 a model of this type is propos
for URu2Si2. It is assumed that U ions carry a pseudosp

S5 1
2 , to which is associated a momentgS51mB . These

FIG. 3. Temperature derivative of^O2
0& vs T from ~1!, with

l50.175 meV. The five curves correspond toH50, 10, 14, 18, and
25 T in order of decreasingTN . Lower inset: measured therma
expansion alonga for the same values ofH ~Ref. 46!. The lines are
a guide to the eye. Upper inset: calculated normalizedc/a ratio vs
T. Circles: experiment~Ref. 49!.
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57 5195BEHAVIOR OF URu2Si2 IN AN APPLIED MAGNETIC FIELD
spins interact through first-, second-, and third-near
neighbor exchange interactions. The free energy for vari
spin configurations is calculated in mean field. By prope
choosing the strength of the exchange interactions,
lowest-energy spin configuration in zero external field is
antiferromagnetic state of the type observed in URu2Si2.
When an external field is applied, this state evolves int
ferromagnetic state through three metamagnetic transiti
in which some of the spins are reversed. As usual with m
els assuming only AFM order to occur in URu2Si2, one has
the problem that an AFM order much stronger than obser
is necessary to explain the macroscopic behavior. Indeed
staggered moment of the zero-field state isgS, much larger
than the observed moment of 0.03mB .

In the present model, the U ions in zero field have
average magnetic moment. The microscopic process a
basis of the metamagnetic transition is not a spin reversa
rather a crossing of levels, which occurs in the single-
CEF Hamiltonian at a critical fieldHc;37 T @corresponding
to D12(Hc)50]. For the single-ion CEF Hamiltonian@i.e.,
Eq. ~1! with l50], at T50 the moment jumps from abou
0.3mB for H,Hc to about 2.8mB for H.Hc . By taking into
account the quadrupolar ordering (lÞ0), the crossing be-
comes an anticrossing and the transition is smeared~full line
in Fig. 4!.

In a lattice of U ions, the transition can acquire a mu
step character as a result of magnetic exchange interact
That such interactions exist, and are of AFM type, is de
onstrated by the strong dispersion observed in the magn
excitations, with a minimum at the wave vector of the tin
moment AFM state,12 and by the negative Curie-Weiss co
stantl0 translating the inverse uniform susceptibility.9

Because of the AFM character of exchange interactio
there is competition between CEF and Zeeman interact
on the one hand~these would favor a high-moment state
all U ions for H.Hc), and exchange interactions on th
other ~for these latter a high-moment ferromagnetic state

FIG. 4. MagnetizationM at T50 vs field from the two-
sublattice mean-field approximation of Eq.~3!. Inset: staggered or
der parameter. Full lines:JQ50.022 meV,JM50, andJ150 @cor-
responding to Eq.~1! with l50.175 meV#. Dash-dotted lines:
JQ50.022 meV, JM50.056 meV, andJ150. Dashed lines:
JQ50.022 meV,JM50.178 meV, andJ150.037 meV.̂ Q&053.76
for the three sets. Circles: experiment~Ref. 45!.
t-
s

y
e

n

a
s,
-

d
he

o
he
ut
n

ns.
-
tic

s,
ns

s

costly!. This competition is resolved by a compromise, i.
only some of the U ions undergo the level crossing atHc .
AboveHc there are intermediate phases with inhomogene
magnetization. This effect cannot be studied within mo
~1!, which is a one-sublattice model, and a multisublatt
calculation is necessary.

The minimal model is a two-sublattice model, with on
sublattice representing the corners, and the other the ce
of the body-centered-tetragonal cell. This implies choos
for the unknown ordering wave vectorKW Q , giving the modu-
lation of the sign of̂ Q&, either zero~ferroquadrupolar struc-
ture! or the same value as for the tiny-moment AFM sta
with ^Q& having opposite signs on the two sublattices. T
same results are obtained with the two choices ofKW Q .

To minimize the number of parameters, only couplin
between nearest neighbors on different sublattices are
sidered. The Hamiltonian is

H5(
i

(
k,q

Bk
qOk

q~ i !1JQ (
i P1, j P2

Q~ i !Q~ j !

1JM (
i P1, j P2

Jz~ i !Jz~ j !2(
i

gmBJz~ i !H. ~2!

Making the MF approximation in Eq.~2! and allowing for
two sublattices leads to two effective single-ion Hamilt
nians, with four linked self-consistency conditions for^Q&1,
^Q&2, ^Jz&1, and ^Jz&2 to be imposed. This is equivalent t
minimizing the corresponding MF free energ
FMF(^Q&1 ,^Q&2 ,^Jz&1 ,^Jz&2), as given by the Bogolyubov
variational principle.53

If JM50, the state minimizingFMF has u^Q&1u5u^Q&2u,
and ^Jz&15^Jz&2. In this case, Eq.~2! is equivalent to Eq.
~1!, with JQ related to the molecular field constantl appear-
ing in Eq. ~1! by JQ56l/8560.022 meV~only the model
giving TN517.5 K will be considered in the following!. The
positive and negative sign correspond to antiferroquadru
lar and ferroquadrupolar ordering, respectively. IfJMÞ0,
u^Q&1u5u^Q&2u and ^Jz&15^Jz&2 only for H,Hc , while
aboveHc the state which minimizesFMF does not have the
same magnetization on the two sublattices.

The actual value ofJM can be related to the Curie-Weis
constantl0}JM translating the inverse uniform susceptib
ity. The valuel0;269 mole/emu, which was estimated
Ref. 9, gives a positive~antiferromagnetic! JM;0.18 meV.
With this choice ofJM one has the correct value of the su
ceptibility, i.e., the correct slope of the magnetizati
M5gmB(^Jz&11^Jz&2) at low fields.

We would like now to comment about the type of interio
couplings considered in Eq.~2!. In principle, at the MF level
one should consider interion couplings in the calculat
for all those multipoles whose expectation value is no
zero. Thus, beyond the interion couplings involvingJz and
Q, one should also consider couplings involving symmet
electric multipoles~the Ok

q appearing in the CEF Hamil
tonian!. Interion interactions involving these multipoles a
expected to originate from the mechanism~whichever it is!
producing the couplingJQ in Eq. ~2!, and to be of the same
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order of magnitude asJQ . Couplings involvingJx or Jy , as
well as nonsymmetric multipoles belonging to a represen
tion different from that ofQ or Jz , do not play any role at
the MF level, since their expectation value is zero for a
value of the field. In principle, couplings involving high ran
(>3) magnetic multipoles belonging to the same repres
tation asJz (G t2) as well as high rank (>4) electric multi-
poles belonging to the same representation asQ (G t3 or G t4)
should also be considered. These latter should also have
considered in Eq.~1!. However, to a great extent these hig
order couplings may be taken into account implicitly throu
a renormalization of the coupling constants for the cor
sponding low-rank multipoles. They will therefore be n
glected to avoid proliferation of parameters, and because
level of the calculation is only intended to be semiquant
tive. To minimize the number of parameters, we also neg
for the moment couplings involving theOk

q , although these
are not expected to be small.

Only T50 is considered, andFMF is minimized with re-
spect to the four variational parameters by the simp
method. The equivalence of Eqs.~1! and ~2! for JM50 is
seen by comparing the staggered OP^Q&5(^Q&12^Q&2)/2
~Fig. 4!, with ^Q& calculated from~1! ~Fig. 2!.

The magnetization forJM50 is shown in Fig. 4 . Above
the metamagnetic transition it is about twice as large as
measured one. However, ifJM.0 the transition occurs in
two steps, since one sublattice undergoes the transitio
H1;35– 40 T, and the other atH2.H1, with H22H1 in-
creasing with increasingJM . For instance, the dash-dotte
line in Fig. 4 corresponds toJM50.056 meV. This low value
of JM gives already a highH2;75 T, above the maximum
field used in the experiment.

It must be stressed that we are not trying to reproduce
three-step structure of the transition observed forH between
35 and 40 T, which within our two-sublattice model collap
in the single transition occurring atH1.

E. Magnetization for strong magnetic exchange

For JM*0.11 meV, there is a problem with model~2!,
since the zero-field quadrupolar state becomes metast
and a Blume-type54 first-order transition towards an AFM
state withm;3mB takes place, with the moments pointing
opposite directions on the two sublattices~the wave vectorKW
of this AFM state would be the same as for the tiny-mom
state!. The parameter controlling this transition is the val
JM(KW ) of the Fourier-transformed exchange couplings atKW .
On the other hand, the Curie-Weiss constantl0 used above
to fix the value ofJM is proportional toJM(0). Since, within
Eq. ~2!, JM(KW )52JM(0), onecannot reduce the value o
JM(KW ), and eliminate in this way the instability, withou
worsening the comparison with the susceptibility. A pos
bility is to introduce intrasublattice exchange, with coupli
constantJM

1 , in addition to intersublattice exchange, wi

coupling constantJM
2 . In this way one decouplesJM(KW ) and

JM(0), sinceJM(0)}JM
1 1JM

2 , while JM(KW )}JM
1 2JM

2 . So,
by properly choosingJM

1 andJM
2 one can reduce the value o

JM(KW ) enough to eliminate the instability, with no effect o
the susceptibility.
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We do not find the scenario outlined above satisfying.
fact, the parameterJM(KW ) also controls the energy of mag
netic excitations with wave vectorKW . The fact that these
excitations are particularly soft,12 suggests thatJM(KW ) is not
small, or at least not small enough for the instability to
eliminated.

It must be stressed that this type of instability is not
lated to the specific form of model~2! nor to the type of OP
proposed. For high enoughJM(KW ) it would be found in any
model based on local degrees of freedom in a molec
field, whose nonlinear susceptibility is positive and who
linear susceptibility decreases with decreasingT, as observed
in URu2Si2.

We show in the following that even ifJM(KW ) is not small,
a mechanism removing the high-moment AFM state may
found in the couplings involving symmetric electric mult
poles, theOk

q , which were neglected in Eq.~2!. These inter-
actions may compete with exchange by raising the energ
the high-moment AFM state. For instance, since the hi
moment AFM state induces a stronguniform increase of
^O2

0&, antiferroquadrupolar couplings involving the axi
quadrupolar momentO2

0 would disfavor the AFM state. In
other words, there is one~or more! secondary OP associate
with the staggered moment, for which the high-mome
AFM state is costly in energy.

In the following we consider Hamiltonian~2!, to which a
coupling involving theOk

q and raising the energy of the high
moment AFM state is added:

H5H01J1 (
i P1, j P2

O~ i !O~ j !, ~3!

whereH0 is given by Eq.~2!, andO is a symmetric multi-
pole ~i.e., one or a linear combination of theOk

q) whose
average value is higher in the high-moment AFM state th
in the paramagnetic or quadrupolar-ordered state. In
way, if J1.0 the new coupling tends to make the AFM sta
less favorable~a Landau-type formulation of this situation
given in the Appendix!.

As said above,O2
0 might be a good candidate forO. Un-

fortunately, studying the MF problem with six coupled se
consistent fields is difficult. Just to illustrate how this inte
action may work, we study the MF problem withou
imposing self-consistency onH15J1( i P1,j P2O( i )O( j ), i.e.,
by keeping the same four variational parameters as with
~2!, with H1 acting only as an energy shift. To minimize th
error,O is chosen so that loss of self-consistency is minim
and even zero forH50: O5(J2)u3&^3u, with u3& the second
excited state of the CEF Hamiltonian@G t2 ; see Fig. 1~a!#.
This operator corresponds to the projection onto the th
low-lying singlets of a suitable linear combination ofO2

0,
O4

0, and O6
0. Loss of self-consistency is minimal with thi

choice ofO because the weight of stateu3& in the MF ground
state tends to zero for small values of the applied field.

ChoosingJ1*0.03 meV removes the first-order trans
tion, and~in view of the approximations made! gives a rea-
sonably good description of the magnetization~see Fig. 4!.
Loss of self-consistency is appreciable only above the m
magnetic transition, where the calculatedM (H) is only
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qualitative. Note thatJ1 is of orderO(JQ), which is expected
if the origin of J1 andJQ is common.

Models ~2! and ~3! treated in a MF approximation usin
more than two sublattices are expected to yield a multis
transition in the region around 40 T if a suitable choice of
exchange couplings is made, as in Ref. 45. This expecta
is supported by calculations we made for finite clusters oU
ions with various geometries. The exact ground state
Hamiltonians analogous to Eqs.~2! or ~3! can be calculated
by the Lánczos method55 for clusters containing 6–8 sites
The magnetization is found to possess multistep transit
when the exchange couplings introduce frustration.

Putting JM ,J1Þ0 is not expected to affect appreciab
the quantities calculated above with Eq.~1! ~see, for in-
stance, the staggered OP in Fig. 4!. In fact, the effect ofJM
andJ1 is qualitatively important only for high values of th
field, above the metamagnetic transition.

III. INELASTIC NEUTRON SCATTERING
IN AN APPLIED FIELD

The peculiar behavior of URu2Si2 in a magnetic field
discussed in this paper originates from the existence of
distinct energy scalesD12 and D13. For T,TN , if H50
only D13 can be probed by INS, while for finiteH they
shouldboth be seen. In this case, in fact, a nonzero ma
element ofJz betweenu1& and u2& exists@Fig. 1~d!#.

If the dispersion of excitations is neglected, the oscilla
strength isu^1uJzu2&u250 for H50, ;1022u^1uJzu3&u2 for
H;3 T, ;0.2u^1uJzu3&u2 for H;14 T. Thus it would be
interesting to perform INS in a field of the order of 15
alongc to see directly whether this second energy scale
tually exists. This would also be interesting in relation to t
OP proposed in Ref. 19, i.e.,QxyQx22y2, an electric multi-
pole of rank 4 belonging to representationG t2. This repre-
sentation is the same as that to whichJz belongs, but the
properties of the two multipoles under time reversal are
posite.

The molecular field associated with this OP would p
sumably mix a ground CEF singletuG t1& with uG t2&, since
G t25G t13G t2 ~see also Ref. 9, where this model is call
‘‘schemeA’’ !. The only remaining possibility is that groun
and excited CEF singlets belong toG t3 and G t4, since
G t25G t33G t4. However, this second possibility seems u
likely. In fact, the matrix element̂G t3ugmBJzuG t4&51.6mB
for any choice of the CEF parameters. BecauseJz is odd
under time reversal, this value remains the same~in modu-
lus! if the two singlets are mixed by the time-even molecu
field. However, the measured value of the matrix elemen
Jz is 1.2mB in zero applied magnetic field.12 This value can
only be reproduced withuG t1& and uG t2& low-lying states,
since^G t1ugmBJzuG t2& may range from zero to 3.2mB when
CEF parameters vary.

Although it is possible in principle that the value o
^G t3ugmBJzuG t4& be smaller than 1.6mB due to corrections to
the Russel-Saunders coupling scheme~such asJ-mixing ef-
fects or orbital reduction factors!, one could not explain the
fact that the magnetization in an applied field reaches;2mB
at 60 T~see Fig. 4!. In fact, withG t3 andG t4 low-lying states
the magnetization would saturate to^G t3ugmBJzuG t4&. On the
p
e
on

r

s

o

x

r

c-

-

-

-

r
f

other hand, withG t1 andG t2 low-lying states there is not this
problem, since the magnetization would saturate to 3.2mB .

If H50, the INS experiment would detect the transitio
between the two singlets (u18& and u28&) resulting from the
mixing of uG t1& anduG t2& by the electric-multipole molecula
field. Unless the localized picture is completely wron
~which does not seem to be the case, at least belowTN), it
can be shown that this model necessarily leads to the p
ence of a third singletu38& ([uG t1

2 & aboveTN) a few meV
above u28&.56 This is estimated from the ga
E(28)2E(18);10 meV and from the matrix elemen
^18ugmBJzu28&51.2mB measured in INS.12

By applying a magnetic field, the third singlet would als
become visible by INS. Our estimates for the oscilla
strengths areu^18uJzu38&u250 for H50, ;0.1u^18uJzu28&u2
for H;3 T, and;0.2u^18uJzu28&u2 for H;14 T. Therefore
this second energy scale should be seen by making INS i
applied field even more easily thanD12.

In all the above estimations of oscillator strengths, disp
sion has been neglected. Since in reality both gaps and
cillator strengths are wave vector dependent, these est
tions are merely to be taken as order of magnitud
Measuring at a wave vector not too close to the zone ce
or to the zone boundaries should make dispersion eff
lower.

IV. CONCLUSIONS

The compound URu2Si2 displays a number of peculia
properties, which are difficult to understand, even qual
tively, on the basis of a heavy-fermion or Kondo-lattice-ty
of picture. While such a picture is probably appropriate
UPt3, where a tiny-moment state similar to that of URu2Si2 is
observed, the macroscopic behavior of the two compound
profoundly different. In Ref. 9 it was shown that a mod
based on quadrupolar ordering of localizedf electrons is
able to reproduce the macroscopic behavior of URu2Si2 in
zero or infinitesimal applied magnetic field at a semiquan
tative level. In particular, the model can explain why t
magnetic susceptibilityx is strongly anisotropic, andx(T)
has a pronounced maximum aroundT;50 K for a field ap-
plied along thec axis. It can also explain the specific he
maximum atT;30 K; the value of the transition tempera
ture; the value of the oscillator strength of magnetic exc
tions measured by INS, and the polarization alongc of these
excitations; the value of the entropy atTN ; that the suscep-
tibility for a field applied along thec axis has a discontinu
ous increase of the slope in lowering the temperature thro
TN ; that the nonlinear susceptibility has an unusuall-type
anomaly atTN ; that the~C112C12! elastic constant soften
below T;70 K ~Ref. 21!; and the point-contact spectros
copy results.20

In the present paper, the behavior of URu2Si2 in a finite
applied magnetic field along thec axis has been analyzed
Experiments have shown that the transition temperature
determined by macroscopic anomalies decreases with
field, and reduces to zero at a field close to 40 T; that
resistivity contains a contribution due to scattering from
calized excitations, whose energy scale decreases with
field similarly to the transition temperature; that the magn
toresistivity is positive aboveTN ; that the anomaly in the
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resistivity atTN increases slightly with increasing field; th
the anomaly in the thermal expansion increases strongly
increasing field; that the zero-fieldc/a ratio increases with
decreasing temperature aboveTN , and it has a discontinuou
increase of the slope atTN ; and that there are metamagne
transitions for a field between 35 and 40 T, with the mag
tization passing from about 0.4mB to 1.4mB . It has been
shown that all these properties may be understood in
framework of the model. It is clear that since none of t
observables considered probes the antiferroquadrupolar
directly, but only through its effect on other~measurable!
quantities, there is still in principle the possibility that th
agreement obtained is fortuitous, and that the OP be diffe
than supposed. The proposed INS experiment in a high fi
should enable a further test of the model to be made.
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APPENDIX

A qualitative Landau-type model for the free energy
Eqs. ~2! and ~3! is given in the following. We neglect fo
simplicity the quadrupolar OPQ and the external field, i.e.
we consider the caseJQ50, H50. In fact these do not affec
qualitatively the AFM instability, on which we focus her
Calling m the staggered moment (^Jz&12^Jz&2), and z the
symmetric secondary OP (^O&11^O&2), a minimal Landau-
type model for the MF free energy of Eqs.~2! and ~3! is

FL5
a~T2TC!

2
m21

b

4
m41

c

6
m61d~z2z0!21em2~z2z0!

1 f m2~z2z0!2, ~A1!

with a.0, d.0, and f .0. If m50 one hasz5z0, the
‘‘background’’ value of the secondary OP@actually in the
an
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literature it is sometimes (z2z0) which is called secondary
OP#.

Minimizing FL with respect toz one gets an effective free
energy form of the form

FL5
a~T2TC!

2
m21

b̃

4
m41

c̃

6
m6, ~A2!

with renormalized parameters b̃5b2e2/d and
c̃5c13e2f /(2d2).

Model ~2! in the mean field approximation is qualitative
similar to Eqs.~A1! and ~A2!, with b̃,0 and c̃.0, which
for m gives a standard Landau-type model for a first-ord
phase transition. More precisely, forT.T25TC

1 b̃2/(4 c̃a) the phase withm50 is stable, forT2.T.T1

5TC13 b̃2/(16c̃a), the phase withm50 is stable, but a
metastable phase withmÞ0 appears; forT1.T.TC the
phase withmÞ0 is stable, but the phase withm50 remains
metastable; and forT,TC , only the stable phase withm
Þ0 remains.

For JM&0.11 meV, model~2! corresponds to Eq.~A2!
with TC , T1,0. At T50 the stable state is paramagnetic~or
quadrupolar for the assumed nonzeroJQ), and the AFM state
is metastable~or even unstable forJM→0). The case
JM*0.11 meV corresponds to the situation whenTC,0 and
T1.0. At T50 the AFM state is stable, with a metastab
paramagnetic~or quadrupolar! state. Only forJM*0.35 meV
one hasTC.0 and does the metastable paramagnetic s
disappear.

Introducing the couplingJ1 in Eq. ~3! is analogous to
modifying the values ofd, e, f , andz0 in Eq. ~A1!. Note that
the modification ofz0 may be seen effectively as a renorma
ization of the CEF parametersBk

q . The elimination of the
first-order transition toward the AFM state may be und
stood as due to an increase off . This leads to an increase o
c̃ which makesT1 negative. All the above is only qualitativ
because the high value ofm andz2z0 in the AFM state is
expected to make higher-order terms inFL important.
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