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Disorder effect on melting transitions of vortex lattices with periodic pinning
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Employing molecular-dynamics simulations, we study the melting transitions in driven vortex lattices with
commensurability between arrays of vortices and defects. It is shown that the largest pinning effect can be
obtained for periodic pinning arrays at zero temperature, and either thermal fluctuation or disorder of pinning
array plays a significant depinning role in the melting transitions of the driven vortex lattices. As the pinning
sites deviate from the periodic array, the intervortex interaction is found to produce an additional depinning
effect on driven vortex lattices. Furthermore, enough disorder will result in a crossover from a first-order
melting transition to a continuous phase transition.@S0163-1829~98!09509-5#
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Many efforts have been made to increase the critical c
rent densityJc of high-Tc ~type-II! superconductors by intro
ducing pinning centers into superconductors.1 An effective
flux-pinning mechanism is essential in order to minimize
resistive losses through Lorentz-force-induced vortex m
tion. The quenched defects, such as point pinning defe
columnar defects, and twin boundaries, usually form rand
pinning arrays, which can pin down vortices against the L
entz force exerted on vortices by an electric current. W
increasing the Lorentz force, there is a melting transition
vortices from a solidlike pinning state to a liquidlike flo
state. It was recently reported that the regular arrays of
ning sites can be produced in high-Tc superconductors by
using lithographic techniques to make periodic submic
holes,2 or by using well-controlled irradiation with high en
ergetic heavy ions to create linear tracks in regular array3,4

Such periodic pinning arrays are found to produce higheJc

than an equal number of randomly placed pins.5

Experimental3 and numerical works6 show that the effec-
tiveness of pinning depends strongly on the commensura
ity between arrays of vortices and defects, the vortices be
difficult to move due to matching effect in the the comme
surate cases of specific applied magnetic fieldsH. At
H/Hf51 whereHf is the field at which the number of vor
tices Nv is equal to the number of pinning sitesNp , the
vortex lattice locks into periodic pinning arrays and the p
ning force is maximized. In real systems, however, suc
matching effect may be weakened by two types of disord
static, due to deviation from the ordered pinning lattice, a
dynamic, associated with thermal fluctuation. Both the d
tribution of pinning centers and the thermal fluctuation are
great importance in practical applications for obtaining la
Jc of high-Tc superconductors, as well as in studying t
dynamic phase transitions of the vortex lattice in the mix
state. Much work has been done on dynamic phases in
tems with random pinning arrays. In the case of perio
pinning, although several dynamic phase diagrams were
tained as a function of commensurability, pinning streng
and spatial order of the pinning sites,6 the effect of thermal
fluctuation on the melting transition of a matching vort
lattice has not been addressed.
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In this work, using molecular-dynamics simulations, w
investigate the disorder effect on the melting transitions
driven vortex lattices interacting with triangular arrays
columnar pinning centers. A rich variety of dynamical plas
flow phases have been reported for periodic pinn
systems.6 To see clearly the disorder effect on the melti
transition, we focus our attention on the commensurate c
of H/Hf51, in which there exist only two phases: pinne
and flowing,7 with the onset of flow as the signature of th
vortex melting transition. It is found that, for a periodic pin
ning system atT50 ~without thermal fluctuation!, the criti-
cal Lorentz force for which the vortex lattice starts to melt
maximized, and the vortex melting transition from a solidli
pinning state to a liquidlike flow state is a first-order pha
transition accompanied by a resistivity hysteresis. The ap
cation of either static or dynamic disorder to the period
pinning system plays an important role in depinning the v
tex lattice. We show that the critical Lorentz force decrea
with increasing disorder, no matter whether it arises from
thermal fluctuation or the deviation from the ordered pinni
arrays. When the degree of disorder is large enough,
resistivity hysteresis disappears and the first-order mel
transition is replaced by a continuous glass phase transi
It appears that the static and dynamic disorders have
similar effect on the melting transition. The difference b
tween them is that enough thermal fluctuation can make
vortex lattice melt, while the static disorder alone cann
The increase of static disorder leads to a crossover from
riodic pinning arrays to random pinning arrays. It is foun
that following such a crossover, depinning effects are
hanced due to the intervortex interaction.

First, we consider two-dimensional~2D! interacting vor-
tices in the presence of triangular pinning arrays and ther
fluctuation. The quantized vortices due to penetration of
applied magnetic field are perpendicular to the 2D plane.
model the columnar pinning centers as Gaussian pote
wells with a decay lengthRpin .8–10 The pinning force is
taken as

Fpin~r i !52Fp0f 0(
k

Np r i2Rk

Rpin
expS 2Ur i2Rk

Rpin
U2D , ~1!
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where r i represents the location of thei th vortex andRk
stands for the location of thekth pinning site in the 2D
system.Fp0f 0 denotes the intensity of the individual pinnin
force. In our simulations all forces are taken in units off 0

5F0
2/8pl3 with F0 the flux quantum andl the supercon-

ducting penetration depth. The repulsive intervortex inter
tion has a logarithmic form in the 2D case11 and the inter-
vortex interacting force is given by

Fvv~r i !5Fvv0f 0(
j Þ i

Nv ~r i2r j !/l

u~r i2r j !/lu2
, ~2!

whereFvv0f 0 denotes the intensity of the intervortex inte
acting force and the cut length for this long-range force
taken as 4l. The applied driven force acting on the vortic
is the Lorentz force,FL5J3F0, whereJ is the applied cur-
rent. Finally, the Brownian force due to Gaussian therm
noise is taken as9,10

Fth5F th0f 0(
j

d~ t2t j !G~ t j !Q~p2qj !. ~3!

HereF th0f 0 stands for the intensity of the thermal fluctuatio
force, which is proportional to the square root of tempe
ture.G(t j ) is a random number chosen from a Gaussian
tribution of mean 0 and width 1, wheret j labels thej th time
step.p5D/t is the probability that the noise term acts on
given vortex, whereD is the discrete time step andt is the
mean time between two successive random noise pulses
qj is a random number uniformly distributed between 0 a
1. Q(x) is the unit step function withQ51 for x.0 and 0
for x,0. As a result, the overdamped equation of the vor
motion is given by

hvi5FL1Fvv~r i !1Fpin~r i !1Fth , ~4!

whereh is the viscosity coefficient and taken to be unity.
In our simulation the equation is solved using the discr

time stepD in a 2D rectangular sample of the same num
of vortices and pinning sites (Nv5Np5320! with periodic
boundary conditions. The sample under consideration is
sumed to have perfect triangular lattice of pinning sites
the spacing between the neighboring pinning sites is take
the unit of length, the sample size is 16310A3. The other
fixed lengths and forces used in the simulations areRpin
50.2, l54.0, Fvv050.25, andFp054.0. The external cur-
rent is applied along thex direction in thex-y plane, so the
driving Lorentz forceFL acting on vortices is always paralle
to the y axis, i.e.,FL5FLy . We have also employed th
same numerical simulations on a sample of size 32320A3
with Nv5Np51280. The calculated result is found insen
tive to the sample size provided the densities of vortices
pinning sites remain unchanged.

We now study the influence of thermal fluctuations on
dynamic phase transition of the driven vortex lattice in t
commensurate case ofH/Hf51. In the present simulation
the initial distribution configuration of the vortices is th
same as that of the pinning sites, as shown in the left to
Fig. 1 where each vortex is attached to one pin. Figur
shows the resistivities as functions of the driving Loren
force FLy for different values ofF th0. The r vs FLy curves
exhibit several remarkable features. At low drivingFLy the
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vortices remain pinned, forming a solidlike pinning phas
The absence ofr reflects the pinned nature of the vorte
solid. AsFLy is increased beyond a threshold valueFc , the
vortices depin and there is a sharp jump up inr as seen in
Fig. 1. The dissipation arises from flux flow of the depinn
vortex lattice. It is interesting to note that as the temperat
is increased~increasingF th0), the jump ofr occurs at lower
values ofFc and the magnitude of jump also decreases. A
other salient feature is the resistivity hysteresis which
pears at low thermal fluctuation (F th0<3.0). The increasing
and descreasing branches of the hysteresis exhibit asym
ric behavior: a sharp jump in the former and a smooth
crease in the latter. The width of the hysteresis is maxim
at F th050, it decreases gradually with increasingF th0 and
vanishes atF th0.3.0.

The sharp jumps inr and the resistivity hysteresis ob
served in type-II superconductors have been considere
the characteristic of the first-order melting phase transition
the vortex lattice.12,13 The present calculated results indica
that in the weak dynamic disorder limit (F th0<3.0), the
phase transition is a first-order melting transition of the v
tex lattice, while in the strong dynamic disorder limit (F th0
.3.0), the transition is a continuous vortex-gla
transition.14 It then follows that there should be a tricritica
point that separates the first-order transition from the c
tinuous one. In Fig. 2 we show the dynamic phase diagr
of the driving Lorentz force vs the thermal noise force,
which the tricritical point ~solid square! lies between the
phase boundaries of the first-order and continuous tra
tions. With the increase ofF th0, the threshold driving force
Fc for the onset of the vortex motion decreases, indicat
that the thermal fluctuations are favorable to the depinn
and melting of the vortex lattice. Such a simulated result i
system with periodic pinning arrays is qualitatively cons
tent with the theoretical15 and experimental study13 on sys-
tems with random pinning arrays. It is seen from Fig. 2 th
as the temperature is high enough, (F th0 is increased beyond
a critical value!, the vortex lattice may undergo a continuo
glass transition in the absence of any external Lorentz fo
In the present simulation this critical force (F th0'6.3) is

FIG. 1. Resistivity vs driving Lorentz force characteristics
various thermal fluctuation forces for increasing and decreasingFLy

as indicated by solid and open symbols, respectively. Distributi
of pinning sites (d) and vortices (s) in the solidlike pinning state
are shown in the left top.
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found greater than that for a system with random pinn
arrays. It may be understood by the fact that the intervor
interaction always impels vortices to have a homogene
distribution; for a periodic pinning system, this trend w
partly counteract the depinning and melting effect due
thermal fluctuation. This indicates that the periodic pinni
arrays have more effective pinning effect so that they m
increase the critical current of high-Tc superconductors.

In what follows we study influence of the disorder in pi
ning distribution on the melting transitions of driven vorte
lattices. Particular attention is paid to the crossover from
first-order melting transition to a continuous phase transit
with increasing disorder of the pinning sites. In order to d
scribe the disorder degree of the pinning distribution we
troduce a dimensionless parametercL

p defined as

cL
p25^uRi2Ri0u2&. ~5!

Here Ri is the location of thei th pinning site in the rea
system andRi0 is the position of corresponding site on
perfect triangular pinning lattice, as shown in the left top
Fig. 3. Both Ri and Ri0 are taken in units of the lattice
constant of the triangular lattice, and the random differen
(Ri2Ri0) are assumed to satisfy the Gaussian distributi
Evidently,cL

p characterizes the magnitude of deviation of t
real pinning distribution from the triangular array. We em
ploy molecular-dynamics simulations at zero temperature
using the overdamped equationvi5FL1Fvv(r i)1Fpin(r i),
where the thermal noise force has been neglected.

In Fig. 3, we show the resistivity vs the driving force fo
cL

p50, 0.1, and 0.2. In the case of periodic pinning, i.e.,cL
p

50, the threshold driving force at which the vortices start
move along the direction ofFL is the largest. With increasing
cL

p , the threshold valueFc becomes gradually small. Th
sharp jump inr at Fc and the hysteresis ofr shown in Fig.
3 suggest that the melting transition of the vortex lattice is
the first order. ForcL

p50.2, however, there is only a ver
small jump inr and the resistivity hysteresis tends to vanis
It implies that with further increasingcL

p , both the resistivity
jump and hysteresis will disappear and the first-order mel

FIG. 2. Dynamic phase diagram with a triangular pinning l
tice. FLy is the Lorentz force andFth0 is the thermal fluctuation
strength.L denotes the tricritical point separating the first-ord
melting transition~solid line! from the continuous glass transitio
~dashed line!.
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transition will give way to a continuous phase transition. T
tricritical point is found atcL

p.0.25, as shown in Fig. 4. I
separates the first-order melting transition~solid line! from
the continuous glass transition~dashed line!. As seen in Fig.
4, the slope of the phase boundary for the former (cL

p

,0.25) is much greater than that for the latter (cL
p.0.25).

WhencL
p is large enough, the pinning sites can be regard

as being randomly distributed6 so that the threshold driving
force tends to that in a system with random pinning arr
The simulated result shows that the regular array of the p
ning sites has the strongest pinning effect, especially in
commensurate cases. This conclusion is in good agreem
with the experiments.3

An important difference between Figs. 2 and 4 is that
threshold driving force can be decreased to zero in Fig
while it is saturated to a finite value in Fig. 4. This differen
stems from the fact that the thermal fluctuation alone c

-

r

FIG. 3. Resistivity vs driving Lorentz force characteristics
variouscL

p for increasing and decreasingFLy as indicated by solid
and open symbols, respectively. Distributions of periodic pinn
sites (d) and disordered ones (s) for cL

p52.0 are shown in the left
top.

FIG. 4. Dynamic phase diagram with a triangular pinning l
tice. FLy is the Lorentz force andcL

p stands for the disorder degre
of pinning sites deviating from the ordered lattice position.L de-
notes the tricritical point separating the first-order melting transit
~solid line! from the continuous glass transition~dashed line!. The
dot-dashed line stands for the phase boundary in the absenc
intervortex interaction.
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melt the vortex lattice, but the disorder in pinning distrib
tion cannot. In fact, the latter does not play a direct dep
ning role and its effect is to transform the periodic pinni
array into a random pinning array. For a system with rand
pinning array, the vortex melting still requires a thresho
Lorentz force which must overcome the pinning force e
erted on vortices by random pinning centers. In the pres
simulation this threshold value is about 0.35.16

We wish to point out here that the intervortex interacti
plays an important role in depinning the vortex lattice.
see clearly this point, we numerically integrate the ov
damped equation of motion by neglecting the intervortex
teraction~taking Fvv050!. It is found that in the absence o
Fvv the threshold Lorentz force remains unchanged with
periodic pinning array being changed into a random one
shown by the dot-dashed line in Fig. 4. It strongly sugge
that the intervortex interaction is the origin of the enhan
ment of the depinning effect due to the disorder of pinn
array. This can explain why the pinning effect of a period
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pinning array is the strongest and that of a random pinn
array is relatively weaker.

In summary, we have shown that either the thermal fl
tuation or the disorder of the pinning distribution plays
significant depinning role in the melting transitions of drive
vortex lattices with periodic pinning. Unlike the therm
fluctuation, the disorder of pinning array does not direc
produce a depinning force. However, we find that in th
disorder case the intervortex interaction provides an ad
tional depinning force exerted on the vortices. This give
reasonable explanation why the driven vortex lattices w
periodic pinning have the strongest pinning effects. The
namic phase diagrams obtained indicate that with increa
disorder, regardless of being static or dynamic, the thresh
driving force decreases gradually and the first-order melt
transition is replaced by the continuous glass transition a
tricritical point.
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