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Nature of the driving force on an Abrikosov vortex
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From an energy and force analysis based on known calculations on one and two Abrikosov VaNisgs
using the London equation, it is found that the driving force on an AV is not a magnetic Lorentz force as
widely believed. In the low&/\ limit, the force is dominated by a kinetic rather than magnetic interaction, and
is proportional to the local densities of AV current and the driving current around the hard core. Some
simulated and experimental results published in the literature on vortex depinning in Josephson-junction arrays
can be interpreted in terms of this concd80163-182@8)01510-0

Soon after the critical-state model was proposed by Beawide audience; the sign change mentioned above was made
for hard superconductofst was used for the volume super- even after their work, and in some recent books on supercon-
currents in type-ll superconductors by Kiet al.? and the  ductivity, the conventional meaning of the Lorentz force is
mechanism of critical-current densityy was explained by clearly stated and applied, as can be seen, for example, in
Anderson and Kim’'s theory of Abrikosov vortexAV) Ref. 10. Thus, the question is still open.
depinning®* According to this theory, when a volume cur-  The present paper is devoted to further dealing with this
rent flows in a sample containing AV’s, an AV of unit length problem. In contrast with Ao and Thouless’s geometric
will experience a driving Lorentz forcg&x @, from the cur-  phase approach on the Magnus force, we will concentrate on
rent of mean density and a pinning forcep from the de- the Lorentz force itself, assuming the AV to be well pinned
fects, andJ, at O K is calculated from the following force so that the more general Magnus force is reduced to the

balance equation just before depinning: Lorentz force and there is no effect from normal currents.
We will review well-accepted solutions of a single AV and
J X Do+ Pra=0, (1) twoAV's in the low-¢/\ limit, £ and\ being the coherence
length and the London penetration depth, respectively, from
whered, is the total flux carried by the AV. which the energy of AV’s and the nature of the driving force

Over the years, on the one hand, the correctness C(f]Eq aCting on an AV are discussed. For this purpose, we will
has been well proved experimentally in many type-1l supermainly follow de Gennes’ classical bogkee Ref. 11, where
conductors, but on the other hand, the nature of the drivingelevant page numbers are listed corresponding to our notes
force has long been a question. In electrodynamics, the Lofn the text below. We will show that although this force can
entz forceqvx B is defined as the force experienced by abe formally expressed as that in Hq), it is not a Lorentz
moving Chargaq W|th a Ve|ocityv in a f|e|d B. Translating f0rce, so that the contradiction mentioned above becomes
qv and B into J and &, in the AV case, one will find that understandable. _ _ .
JX®, is the force acting on the current, and therefore, the For a superconductor in which the supercurrent denlity
driving force on the AV should b&,x J, which has the and magnetic fielH have a slow variation in space, the
opposite direction to that in Eq1). Related to this, when London equation is derived from minimizing the free energy
using Eq.(1) in their theoretical treatments, some authorswhich includes the condensation, kinetic, and magnetic field
have changed the sign of the first term without necessargnergies. The magnetic energy density=uoH?/2 and
argumentssee, e.g., Refs. 5}8After such a change, how- the kinetic energy densitg,=nmv®/2, wheren, m, —e,
ever, Eq.(1) will no longer be qualitatively consistent with andv are the number density, mass, electrical charge, and
all the well-known experimental results. For example, aftefvelocity of superconducting electrons, respectively. Since
the first AV’s enter, the screening current will push them outis related toJ by
but not in, as it should be.

Thus, there must be something unusual behind the driving J=—nev 2
force on the vortex. In 1993, Ao and Thouless pointed ouandJ is related toH by the Amp\ee law, both energies can
that the name “Lorentz force” was improper because thepe expressed in terms of. Thus, a variational minimum of

Magnus force(which included the Lorentz forgevas not a  the free energy leads to the London equdtton
consequence of electromagnetic effects on a voridrw-
ever, this statement has apparently not been accepted by a H+\2VXVXH=0, 3
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where the penetration depth follows: D, Ir—r]
o Hi(r)= D ogh 2 Ko( X ) (11)
2_
A _Moezn' “ After expressing the total energy like in the first equality of

) ~ Eq.(9), whereH is replaced byH,+H, and the integration
~ In an extreme type-Il superconductor, the field distribu-js made over the entire volume outside both cores, and con-
tion in an AV with a hard core of very small radigdocated  sjdering the smallness of radi we obtain the interaction

H+ N2V X VXH=®,5(r)/ uo, (5) Lo\
where d, is a vector in the field direction of the AV and 1= J ds; HpX VX Hy - dsy Hy XV XH,
8(r) is the two-dimensional delta functidh Equation(5) is (12

obtained from Eq(3) with a singularity at the core. Integrat-
ing Eq. (5) over the interior surface of a circle of radiusr
and using the curl formula, we have

where the integration is made over the tubular surfaces of the
cores of both AV’s. Since, similar to Eq7),

27N[r =i [VXHi|= Do/ po([r —ri| = &), (13

2 —
J H-ds+\ é VXH-dI=®o/w,. ©) Eq. (12) can be written as
Since H is finite, the first integral of Eq(6) is negligible Epo=DPoHqo, (14)
whenr = ¢ compared with the second, and we have
where
27N | VXH|=Dglpng  (r=§). (7)
b Xo—X
If the superconductor is a long cylinder coaxial with the Hy,=H(ry)=Hy(ry)= 0 -Ko 2 1), (15
axis, the solution to Eq(5) for the onlyz component oH 27 pok A
under the boundary condition, E(), is E,, is a repulsive energy since it decreases with increasing
P ] the AV distancex,—Xx;. The force experienced by the sec-
H(r)=s———Kol =/, (8 on as arx component only, which is calculated using
0 d AV h ly, which i Iculated usi
27 poh A the Ampee law as

where K, is the zero-order second-kind modified Bessel
funCtlonO F2X: - 8E12/0-'X2: - (I)Oo"H 1(I’2)/(9X2= q)ole(rz) .
Having thisH and neglecting the contribution within the (16)
core, the energ§ of the AV of unit length is calculated as In Eq. (16), J;,(r,) is the density of the current of the first
5 AV at r,, where the small tubular core of the second AV is
E:J @Hz+ '“027‘ (VXH)Z}dV located. Checking the relation among the directions of the

2 force, current, and,, we find that Eq(16) can be written as
2
_ MM f ds HX VX H Fo=J1(r2) X @y, (17)
2 which agrees formally with the driving force on an AV ex-
q)g & pressed in Eq(l). We say the agreement to be formal since
= WKO(X Ji(r,) here has a different meaning from thgin Eq. (1);
Ji(r,) is the local densityof the current of the first AV
cpg Y around the core of the second AV, wherelass the mean
= W'” E) ©) densityof the driving transport current over the entire AV.

We should emphasize that although Ef7) has been de-
where the volume integration is performed outside the corgived in the case of the interaction between two AV’s, when
with the first and second terms corresponding to the fieldan AV in an external current is considered, the force of the
energy and the kinetic energlfy, andE,, respectively, and current on the AV can be generally expressed by this equa-
the surface integration is performed over the tubular surfacéion with the density of the external current being the local
of the core withds directed inwards. In deriving the second one around the AV core. Another example can be found in
equality, Eq.(5) has been usetf;in deriving the last equal- the calculation of the surface barrier to an AV, where the
ity, Eq. (7) and the lowr/\ limit of Eq. (8) have been used. force on the AV equaldx®,, J being the local density

We next calculate in a large superconductor the interacaround the AV core of the sum of both the screening current
tion between two AV’s parallel to the axis located at and image current

ri=(x4,0) and r,=(x,0) with x,>x;>0 for Up to now, ®, has been introduced as a constant which
conveniencé’ In this case, the field distribution is deter- signifies the singularity at the AV center, so that the physical
mined by meaning of the driving force expressed by Efj7) is still

H4 N2V X VX H= [ 8(r— 1)+ 8(r— 1)1/ g (10) incomplete. Therefore, the origin df, has to be discussed

first.
Its solution H(r) is the superposition of two fields Rewriting Eq.(5) in terms of the vector potentidl and
H;(r), i=1 and 2, of both AV's, in the direction: the current density, we have
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VX A+ o2V X I=®y5(r). (18)  ergy Ey. The same situation occurs for the interaction en-

s . ergy E;,. Because this energy is now dominated by the ki-
Replacing\® andJ in Eq. (18) by Eq.(2) and the quantum-  hetic energy but not the magnetic one, the nature of the

mechanicall considering the Cooper pairs, driving force should also be mainly kinetic. Accordingly, the
relevant meaning of thé, appearing in Eq(17) should be
hen 2e o 0
J=——Vy——A]|, (19 the second, which is kinetic.
2m h This fact was overlooked in Anderson and Kim'’s deriva-

where y is the phase of superconducting order parametertion; they thought that the interaction energy was practically
and considering the single valuedness of the order parametéfven by “the naive expression for the magnetic energy,” so
we make an integration over the interior surface of the circlghat the driving force was the Lorentz forte.

C as done for Eq(6) and obtain the vorticity of the phase ~ The kinetic nature of the driving force on an AV is sup-
variable y, ported by recent studies on a planar Josephson-junction array

with a centered Josephson vortg¥). Such an array can be
1 regarded as a discrete version of the type-Il superconductor
o fﬁ Vy-di=1, (20) studied above. When the field produced by currents is ne-
. glected so that the JV carries a zero flux, the energy in such
if an array is totally kinetic. A numerical simulation based on
. B _ the Josephson equation and the current continuity was made
Go=mhi/e=2.07<10"" Wb. 2D for this case when a transport current was fed in the
yarray.13'14 It was found that the simulated depinning current

Eq. (21). Its meaning can be understood in different simple@dreed well with Eq(1) if the maximum depinning force
physical situations. For our case, it can correspond in the fir@Wing to the discreteness was correctly calculated. This the-
instance to the total flux carried by a complete AV. In fact, if Orétical finding was also indirectly verified experimentally
the integration made for E5) is over the interior surface of by thi reS|Ist|ve tfransmon of large Josephson—Junctlon
a circle C of large radiusr>\, the line integral in Eq(6) As already found by Dang and Gyorffyjt was not

arrays.
becomes negligible owing to the high-degree small boundar mediately obvious how the Lorentz force arose in a model
current, and we have the total flux of the AW,y H-ds

here the magnetic effects of the circulating currents had
—®,. For this reasond, is commonly referred to as the been neglected. From the present work, we can make another
flux Oduantum“ As a rés?ult the driving force in Eq17) statement about this extreme case: The fact that the driving
seems to be electromagnetic.

force can be calculated using a formula containdngeven
However, if the radius of the circl€ is very small, Eq though the vortex does not carry any flux just shows that the
(6) leads to Eq(7). This means tha® is also the circula- natFlQJre IO@O '5] Eq'd(%'s_noé ma%negc t:EUt klnzetlc. 421
tion of the current density aroun@ multiplied by wo\2. ﬁp f':lc't?]g é an fO in Eq. (17) by Egs.(2) and (21)
Given this meaning tab, the driving force in Eq(17) is resufts in the driving force

Thus, &, is a quantum-mechanical constant defined b

exefrtﬁd between two currents. This can be displayed clearer F=—mhnvxKk, (24)
as follows.
Using Egs(12) and(13) and the Ampee law, we rewrite Wherek is the unit vector along the axis. This equation
Eq. (16) as indicates that the driving force is dynamical and proportional
to the electron velocity and depends on the electron number
Fox=— poN22mE| VX Hy|dH 1 /9%, density and the Planck constant without an explicit relation

) to e andm. We notice that, except for a sign difference, this
=N 2mE([r=12|=8)Ji(Ir=ra|=8). (22 s consistent with Eq(9) in Ref. 9 for the Magnus force,
From Eq.(22) we see that the driving forde,, on the sec- Which was derived in terms of the geometric phase. Thus, we
ond AV does not explicitly depend on the total fldx, it ~ ¢@n generally say that the driving force is a dynamical
carries. It is proportional to the circulation of its own current duantum-mechanical force on the AV. It can be expressed
density along the border of the corez@J,(|r—r,|=¢), and  €lectromagnetically as E@L7), but as described above, this

the current density of the first AV on the same border Will mask the actual nature of the driving force and even give
Ji(fr=r,|=¢). rise to a sign confusion. It can also be expressed kinetically

Since the current density is related to the electron ve- (hydrodynamically as
locity v py Eq. (2_),.the force between two currents should F=—nmvXxQy, (25)
have a kinetic origin. ) i .
In order to decide the actual nature of the driving force,where{}, is the vectorial quantum of the electron-velocity
we calculate the field energy of an AV from E(g). The circulationcloselyaround the AV core,

result is Qo= mhilm=de/m=3.637x10"* m¥s.  (26)
(I)S o, CDS Equation(25) exposes directly the actual kinetic nature of
Eh:—ZJ xKo(x)dx=g—-, (23)  the driving force; Eq.(26) explains precisely the kinetic
477#0)\ £IN 8’77'#0)\ . .
meaning of®, mentioned above.
when ¢/A<1. In comparison with the total enerdy ex- Finally, we should explain that although the driving force

pressed by Eq9), this E;, is negligibly small in the lowg/\ is kinetic but not magnetic in the lo@kn limit, the magnetic
limit. Thus, the total energy is dominated by the kinetic en-field does have its own function. Singé\x cannot be zero in
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any real case and/A>0, the energy will have both the their theory by transport or force measurements should also
kinetic and magnetic contributions. Although the Ginzburg-be basically relevant to our worf:*’

Landau equations are more relevant than the London equa- In conclusion, the driving force on AV expressed in Eq.
tion in this case, we still use Eq&) and (23) to estimate (1) has a direction opposite to that predicted by the conven-
roughly the magnetic contribution to the total energy. It istional Lorentz force. It is usually dominated by the kinetic
about 1%, 10%, and 20%, g\ =1/1000, 1/100, and 1/ interaction between the transport current and the vortex cur-
10, respectively(We note here thaf/\ ~1/20 for conven-  rent and is proportional to the product of both local current
tional A15 superconductors such asJ@e and NgSn and  densities around the AV core without an explicit relation to
~1/100 for most highF, sup(_arconductor%‘?) Thus, the field  the flux carried by the AV. Therefore, it is illogical to call
also plays its role, though minor, in the total energy and so iRy force the Lorentz force. In order to avoid confusion with
the driving force. Actually, different from conventional hy- o conventional Lorentz force in electrodynamics, a relevant
drodynamics ), in Eq. (25) is not a circulation of the elec- unambiguous name may be the “London force” since it can
tron velocity around the AV core in general but one closelybe derived and understood from the London equation in the

around the core, since this circulation is radius dependent. Aﬁ)w-gl)\ limit with quantum effects being considered. Some

a quantum constant, it includes the contribution of the mag-; . . ) !
netic flux as can be derived from E@.8). Equation(25) is simulated and experimental results published in the literature

. : on vortex depinning in Josephson-junction arrays can be in-
reduced to a conventional hydrodynamical force only whe P 9 P ) Y

T . : L “Nerpreted in terms of this concept.
the low-¢/\ limit is considered, since in this case the contri- P P

bution of the flux is negligible and the circulation is indepen- We are grateful to P. Ao and R. B. Goldfarb for sending
dent of the radius. us Refs. 17 and 6 with inspiring discussions. One of us
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