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Electrical transport in a superconducting niobium nitride ultrathin granular film:
A disordered two-dimensional Josephson-junction array

Mark W. Johnson* and Alan M. Kadin
Department of Electrical Engineering, University of Rochester, Rochester, New York 14627

~Received 22 May 1997!

A granular ultrathin niobium nitride~NbN! film, 10 nm thick, was patterned into long narrow lines ranging
from 1 to 20mm wide. The film can be modeled as a two-dimensional array of Josephson junctions, with
junctions on the scale of 30 nm, as supported by dc and rf electrical measurements~resistance, inductance, and
critical current! in the absence of an applied magnetic field, both above and below the superconducting critical
temperatureTc;6.5 K. The analysis confirms the standard model of vortex unbinding in a regular two-
dimensional junction array, with no free parameters. However, atomic-force-microscopy topographic images
show substantial inhomogeneity, and this is also evident in reduced values of critical current densityJc in the
narrowest lines. These are consistent with a simple model of film variations up to the 1mm scale. Finally,
observations are reported of an anomalous decrease in the rf kinetic inductance of the films with increasing dc
current, which may also be a consequence of the Josephson-junction array.@S0163-1829~98!05606-9#
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I. INTRODUCTION

There have been a considerable number of investigat
into two-dimensional arrays of Josephson junctions~2D JJ
arrays!, from both experimental and theoretic
perspectives.1–12 In addition to uniform junctions in a regula
lattice, effects of local defects and disorder have also b
addressed.13–23 In addition, there have been many studies
granular and disordered, superconducting ultrathin films,24–28

which in certain respects can be modeled as disordered 2
arrays. A diverse set of physical phenomena involving sup
conducting vortices can be studied in such systems, inc
ing unbinding of vortex-antivortex pairs and vortex-latti
melting.

Here we present a systematic study of the transport p
erties of ultrathin granular niobium nitride~NbN! films in
zero applied magnetic field, and show that these may ind
be modeled as 2D JJ arrays. This is despite a signific
degree of inhomogeneity on several length scales, as sh
by topographic images obtained by atomic-force microsc
~AFM!. In addition to the resistive transition above the s
perconducting critical temperatureTc , we also measure th
critical current and the rf kinetic inductance in the superc
ducting state belowTc . These are all determined for th
same film, patterned into lines of different widths. This e
ables us to explore effects related to scaling and inhomo
neity, which have not previously been fully addressed.

II. EXPERIMENT

A. Sample fabrication and characterization

The NbN samples reported here were designed and fa
cated by the TRW Space and Technology Group in Redo
Beach, CA. The 10 nm thick film was deposited on an u
oxidized Si wafer using reactive dc magnetron sputtering
an argon/nitrogen plasma.29 This was patterned using argo
ion etching into a series of meander lines of different wid
~1, 2, 5, 10, and 20mm! but constant total area (0.01 mm2),
570163-1829/98/57~6!/3593~9!/$15.00
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all contained on the same 0.5 cm square chip~see Fig. 1!.
The leads on-chip were also NbN, but a much thicker fi
with a higher value ofTc . It is noteworthy that these ultra
thin films are surprisingly robust; they have not degraded
ambient conditions in air over a period of several years.

One sample was selected for examination of microstr
ture by atomic-force microscopy~see Fig. 2!, using a Digital
Instruments Nanoscope AFM~at Eastman Kodak Researc
Laboratory!. This clearly shows a highly granular structur
with a wide range of apparent grain sizes down to about
nm, comparable to the thickness. In addition, there appe

FIG. 1. Layout of patterned NbN film~detail! on Si wafer. The
cross-hatched meander lines are the ultrathin NbN~10 nm thick!
with Tc'6.5 K, which are the subject of the present study; t
single-hatched lines~20 mm wide! are thicker NbN leads withTc

511 K. Lines shown have dimensions 20mm wide30.5 mm long,
10mm31 mm, 5mm32 mm, 2mm35 mm, and 1mm310 mm,
each for a total area of 0.01 mm2.
3593 © 1998 The American Physical Society
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to be some clustering of grains on a larger scale~up to about
1 mm!, so that despite the accurate microlithography, o
would expect to observe measurable effects of this inho
geneity, particularly for the narrower lines.

B. Electrical measurements

The chip was mounted in a ceramic chip carrier
vacuum, thermally anchored to a temperature-contro
stage in a liquid helium dewar, with a silicon diode the
mometer and a Lake Shore Cryotronics controller. Electr
contact was made to a set of gold bonding pads, using u
sonically bonded 25mm Al wires. We will focus primarily
on the measurements from four lines on the same chip: 2mm
wide35 mm long, 5mm wide32 mm long, 10mm31 mm
long, and 20mm wide30.5 mmm long. These measuremen
were taken during a recent study of the photorespons
these structures to visible and infrared radiation.30–32No ex-
ternal magnetic field was applied, and no effort was mad
screen out the earth’s magnetic field ('0.5 G). ~This small
background field does not significantly alter the results,

FIG. 2. Atomic-force-microscope images~reprinted with per-
mission of Eastman Kodak Company! of patterned ultrathin NbN
film on Si wafer, made using Digital Instruments NanoScope AF
in tapping mode.~a! Image of portion of 1mm wide meander line
~10 mm full scale!, with NbN bright on dark Si background.~b!
Line scan of the image in~a!, showing film thickness and surfac
roughness.~c! Close-up view of NbN line,~100 nm/div. horizontal
scale, 30 nm/div. vertical scale!, showing a random distribution o
grains on;30 nm scale, but with clusters of grains on larger sca
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d

l
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discussed in Sec. IV.! For dc measurements, current w
supplied using either a battery or a Keithley model 224 p
grammable current source, and the voltage was meas
using a Keithley model 182 sensitive digital voltmeter.
measurements~for kinetic inductance! were made using an
HP-8753A vector network analyzer connected across the
ander line with a 50V coaxial line.

In Fig. 3, we show the dc resistance vs temperature fo
meander line 10mm31 mm long. Note that the resistanc
rises sharply as the temperature is cooled below 250 K.
room-temperature resistance reflects the shunt conduct
from the NbN line through the Si substrate~the oxide was
deliberately etched off this sample before depositing
NbN!. The carriers in this intrinsic semiconductor freeze o
below around 200 K, leaving the resistance of the NbN l
itself. Below 200 K, the temperature coefficient of resistan
is still slightly negative, showing partially activated condu
tion indicative of weakly coupled grains. The low
temperature behavior exhibits two distinct critical tempe
tures. The higherTc , at 11 K, is due to the thick
('100 nm) NbN bias lines. This is somewhat below that
ideal NbN ~up to 17 K!, and may reflect the granular natu
of the material and/or nonideal stoichiometry.33–35The lower
Tc , at 6.5 K, is that of the ultrathin meander line structu
and is depressed further due to being so thin~10 nm!. The
peak resistivity of this ultrathin film at the peak~at 9 K! is
about 750mV cm, much greater than that of pure NbN, a
greater than the maximum metallic resistivity;200mV cm,
due to the granular microstructure.

Figure 4 shows the critical current density for seve
lines on the same chip, as a function of temperature.
illustrated schematically in the inset,I c is defined by a sharp
rise in voltage in a curve that is typically hysteretic due
self-heating. Because of the hysteresis, it was important
the input and output lines be properly filtered to preve
premature switching by digital noise that is often presen
modern instruments. Note thatJc is somewhat reduced fo
the narrower lines, and thatTc ~the extrapolation toJc50! is

.

FIG. 3. Temperature dependence~on a log scale! of the dc sheet
resistance Rs5R/100 of ultrathin NbN line,
10mm wide31 mm long. Note the Si carrier freezeout at 200
the drop at 11 K due to the thicker NbN leads, and the approac
R50 at 6.5 K.
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57 3595ELECTRICAL TRANSPORT IN A SUPERCONDUCTING . . .
also slightly depressed. We believe that both are real eff
related to inhomogeneity, as discussed further in a later
tion.

To determine the kinetic inductance of the film,36 we
measured the complex reflection coefficientr5Vr /Vi of an
rf signal from the meander line, treating the meander line
a lumped element~valid at the frequencies of interest!. This
is a standard measurement using an rf vector network
lyzer, and permits determination of the impedanceZ using
the expressionZ/Z05(11r)/(12r), where Z0550V is
the characteristic impedance of the transmission line lead
to the device. This is the same transformation that forms
basis of the Smith Chart. This provides a highly accur
measurement ofZ when it is within a factor of 10 ofZ0 , so
that the operating frequency~typically 1–100 MHz! was
chosen to makeuZu on the same order asZ0 . We were also
able to compensate for the phase shift in the input l
through a standard calibration procedure built into the n
work analyzer. The calibration was verified by ensuring t
the meander line appears open (Z;100 kV@50V) when in
the fully normal state. In the superconducting state,Z5R
1 ivL, whereR includes any series resistance in the w
bonds and contacts~believed to be negligible!, L5Lm1Lk
includes both the total magnetic inductance and the kin
inductance of the superconducting film, andv52p f is the
angular frequency. It was critical to reduce the signal pow
so that it was truly the small signal impedance that was be
measured. This corresponded typically to a current amplit
of a fewmA or less. The complex value ofr is shown in Fig.
5~a! for a range of temperatures nearTc , for the 10mm NbN
line at 50 MHz, together with the Smith Chart lines th
identify R and L. The inductance is diverging asTc is ap-
proached, andR begins to rise sharply close toTc . We es-
timate an excess contribution to the magnetic inducta
;m0* ~1 cm!513 nH, associated with the wire bonds a
leads, and we subtract this off the measured inductance
ues for all the lines. This is a significant correction for t
wide lines at low temperatures; otherwise, it is a small effe
In Fig. 5~b!, the values~per square! of 1/Ls and Rs thus

FIG. 4. Temperature dependence of the critical current den
Jc for NbN lines of several widths~as labeled!. The critical current
is defined here as the current at which the voltage starts ri
sharply~and generally hysteretically!, as indicated schematically in
the inset.
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inferred are plotted againstT. Note that 1/L appears to ex-
trapolate to about 6.5 K, whileR goes to zero at about 6.3 K
This difference is due to 2D vortex effects, as described
the next section. We also examined the rf reflection coe
cient for fixed temperature as a function of dc current~Fig.
6!, and found thatL(I ) exhibits a surprising decrease asI
approachesI C .

III. DATA ANALYSIS

A. Uniform JJ array model

Consider a regular 2D JJ array, of identical Joseph
junctions, each with critical currentI c0 and normal state re
sistanceRn , separated by a distancea, as shown in the inse
of Fig. 7. ~We assume that the junction capacitance can
neglected.! From the supercurrent relationI 5I c0sinf and
the voltage relationV5(\/2e)df/dt, we obtain in the stan-
dard way the Josephson inductance for small ac currents~and
I dc50!: L j5\/(2eIc0cosf)5\/(2eIc0). If current flow is
uniform across the widthw of the array, then the total critica
current of the array isI c5(w/a)I c0 and the kinetic induc-
tance per square~the ‘‘sheet inductance’’! is Ls5L j ~ne-
glecting renormalization effects associated with vortice!.

ty

g

FIG. 5. rf impedance measurements of 10-mm wide NbN line in
superconducting state, using reflection measurements at 50 M
for zero dc bias current and small rf current.~a! Smith chart repre-
sentation of impedance values, forT as labeled.~b! Temperature
dependence ofRs and 1/Ls ~per square!, from rf impedance data in
~a!. Values of Ls have been corrected for an estimated 13nH
5m0* (1 cm) associated with series magnetic inductance of lea
Also included~solid squares! are dc resistance data, confirming th
proper calibration and consistency of the rf impedance. Note thaLs

appears to diverge at about 6.5 K, whileRs goes to zero at about 6.3
K. The theoretical lines for the kinetic inductance and the ‘‘unive
sal resistive transition’’ of a 2D superconductor~both for a normal
sheet resistance of 750V! are also shown.



for
in

al-
duc-

pth

en-
As
d is

de-
e of

e
mp-
re.
y

se
te
.

s.

le
s
the
the

r
et
ote
o-

ld

,
on,
f a
ular

e

s

wer

s to
s-

n

-

u
or

n
n

ce

e
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FIG. 6. rf impedance measurements of 20-mm wide NbN line,
using reflection measurements at 150 MHz, as the dc bias curre
increased for several fixed values of temperature.~a! Smith chart
representation, forT as labeled.~b! Corresponding current depen
denceL(I ).

FIG. 7. Temperature dependence of single-junction critical c
rent I c0(T)5\/2eLs inferred from rf impedance measurements, f
NbN lines of several widths~solid symbols!. The inset shows a
schematic of the uniform 2D Josephson-junction array model o
square lattice of constanta. Each junction is assumed to have shu
resistanceRn , critical current I c0 , and Josephson inductanceL j

5\/2eIc0 . The solid line follows from the theoretical dependen
of an ideal Josephson junction, forRn5750V ~the same as the
sheet resistance of the film at 9 K!. Also plotted~open symbols! are
the measured values of totalJc from Fig. 4, assuming a single valu
of the lattice constanta5I c0 /Jcd532 nm.
We refer to kinetic inductance, since this is conventional
a thin film, but the basic physical mechanism is the same
either case.

The current distribution is determined in general by a b
ance between the kinetic inductance and the magnetic in
tance. As shown by a more complete analysis,3 the charac-
teristic length is the effective transverse penetration de
l'5Ls /m05\/(2em0I c0). If the film width w!l' , then
the current distribution should be uniform and we can g
erally neglect the magnetic portion of the inductance.
indicated in Fig. 5, the measured inductance is large an
strongly dependent on temperature nearTc . This confirms
our belief that it is dominated by the kinetic~or Josephson!
inductance, since the magnetic inductance should be in
pendent of temperature. Taking a typical sheet inductanc
order 1 nH for the line, we obtainl''1 mm, and even for
the lowestT, l'.200mm, much greater than any of th
linewidths in the samples we have studied. So our assu
tion of uniform current flow should be valid in all cases he
We can also comparel' to the corresponding quantit
l(T)2/d for a thin nongranular film, wherel(T) is the bulk
magnetic penetration depth.37 A typical value forl(T50)
for bulk NbN is 0.2mm, which would give a value ofl'

'4 mm. Although this would be somewhat enhanced clo
to Tc in the dirty limit, the measured values clearly indica
that we are well into the regime of weakly coupled grains

From our measurements ofLs , we can determineI c0
5\/2eLs , as is done in Fig. 7 for several different width
By superimposing this with our direct measurements ofI c
5(w/a)I c0 , we can infer the value of the array lattice sca
a. The best single-parameter fit for the entire data set ia
532 nm, which is quite reasonable given the nature of
films and the observed topography. We can also compare
temperature dependence ofI c0 with that theoretically ex-
pected for a tunnel junction37 with Tc56.5 K: I c0
5(pD/2eRn)tanh(D/2kT), where D(T) is the BCS gap
function andD(0)51.76kTc . The line fit to the data~shown
in Figs. 7 and 5~b!, corresponding to the linear behavio
close toTc!, is for Rn5750V, the measured value of she
resistance in the normal state at 9 K. It is interesting to n
that this is not a unique indicator of a 2D JJ array; a hom
geneous 2D superconducting film in the dirty limit wou
exhibit exactly the same dependence ofLs on T and Rn .
However,I c would go as (Tc2T)1.5 for a homogeneous film
in contrast to the linear behavior, appropriate to a juncti
observed in Fig. 4. So it would appear that our picture o
2D JJ array is a self-consistent representation of this gran
NbN film.

Another hallmark of 2D superconductivity is th
Kosterlitz-Thouless~KT! vortex-unbinding transition.37–40

Within the KT picture, local superconducting order form
below the mean-field critical temperatureTc0 , but unbound
vortex excitations cause residual resistance until the lo
critical temperatureTc5TKT , below which all such vortices
are bound in vortex pairs, and the linear resistance goe
zero. TKT is given by the following self-consistent expre
sions.

kBTKT5~p/2!Ej5I c0F0/45F0
2/8pLs , ~1!

t is

r-

a
t



nd

t
r-

,
re
m
s

t

fit

in
s-

-
m

b
he
-

t
u
I-
t

k
.

rg

rv

o
s

mal
gy

gle
-
-
ac

the

ncy
-
n
l
e

e
. Fi-
u-

ns
cor-
ach
s

way

ow

the
ch
o
h

bias

-

57 3597ELECTRICAL TRANSPORT IN A SUPERCONDUCTING . . .
where Ej5\I c0/2e is the Josephson coupling energy a
F05h/2e is the flux quantum. If we estimate theTKT56.3 K
from Fig. 5 as the temperature at whichR drops sharply, we
obtain I c050.17mA and Ls52 nH, which indeed occurs a
T56.3 K, close to the prediction. Furthermore, the diffe
ence betweenTc0 and TKT can be given in terms of the
normal-state sheet resistanceRn ~Ref. 38!, which for TKT
close toTc0 takes the form

~Tc02TKT!/Tc0'Rn/24 kV. ~2!

Taking Rn5750V gives a temperature difference of 0.2 K
suggesting thatTc056.5 K. This is close to the temperatu
at whichLs appears to be diverging in Fig. 5, and the te
perature at whichR appears to be going to zero on the gro
resistance scale in Fig. 3. Furthermore, the shape of the
sistive transition for a variety of 2D superconductors tend
follow a ‘‘universal resistance curve’’40 in the tail of the
resistance betweenTKT andTc0 , which takes the form:

R/Rn5C0X exp~2C1 /AX21!, ~3!

whereX5(T/TKT)(Tc02TKT)/(Tc02T) is the scaled tem-
perature,C051.7, andC154.9. This is plotted along with
the resistance data in Fig. 5~using the valuesRn5750V,
Tc056.5 K, andTKT56.3 K,!, and provides a reasonable
given the lack of free parameters.~The broadening at the
lower end of the resistive tail may be a consequence of
homogeneity.! Overall, this is quite consistent with the pre
ence of a KT transition.

Several researchers24–28 have obtained additional evi
dence of the KT transition and vortex interactions by exa
ining the nonlinear I-V curves near and belowTc , which
reflect the presence of nonequilibrium vortices created
thermally activated depairing of bound vortex pairs in t
presence of large currents.39 In fact, the behavior of the ex
ponenta(T) in curves that follow V;Ia(T) ~i.e., straight
lines on a log-log plot! generally provides the most direc
and unequivocal evidence for the KT transition. Unfort
nately, we did not undertake a systematic study of these
curves in the present case, but some curves well below
transition@as in Fig. 9~a!# exhibit qualitatively the expected
behavior.

We can also consider the current dependence of the
netic inductanceLs(I ) within the context of a 2D JJ array
To the extent that we identifyLs with the local Josephson
inductance we have

Ls~ I !5
\

2eIccosf
5

\

2e@ I c
22I 2#0.55

Ls~0!

@12~ I /I c!
2#0.5,

~4!

suggesting a weak divergence ofLs as I approachesI c . An
analysis for a superconducting thin film using Ginzbu
Landau theory also yield an increase inLs .41 Self-heating
would also yield an increase. In sharp contrast, the obse
dependence shows adecreasein Ls as I approachesI c @see
Fig. 6~b!#. Although we do not have a firm understanding
this effect, we suspect that it can be accounted for in term
the 2D JJ array model. Two factors must be considered
this analysis: thermal fluctuations and the ac Josephson
fect.
-
s
re-
o

-

-

y

-
V
he

i-

-

ed

f
of
in
ef-

First, we are operating at temperatures where ther
fluctuations are distinctly important; the thermal ener
kTKT is comparable to the Josephson coupling energyEj .
When thermal fluctuations are added, simulations for a sin
JJ do indeed show a decreasingL j associated with large in
creasingI and increasingR ~Fig. 8!. The second consider
ation is the ac Josephson effect, in which an external
signal can phase lock the internal junction oscillation on
Shapiro step in the I-V characteristics at a voltageV
5n\v/2e. This is associated with a strongly varying~and
generally negative!! effective inductance across the step.42 It
is worth noting in this regard that the Josephson freque
corresponding to 50 MHz~a typical rf measurement fre
quency! is 0.1 mV. Given a series array of 30,000 junctio
rows for the 10mm line (1 mm/32 nm), this gives a tota
voltage of 3 mV, which is indeed a typical voltage in th
range whereLs decreases. We do not see Shapiro steps~giant
or otherwise! in our I-V characteristics~at least at the very
low rf amplitudes we use!, but thermal fluctuations and th
randomness of the array could serve to wash these out
nally, we have carried out a preliminary simulation of a reg
lar 20320 JJ array of resistively shunted junctions,32 using
an algorithm similar to that in Ref. 11. Thermal fluctuatio
are incorporated using a Gaussian random noise current
responding to the Johnson noise in the shunt resistor of e
junction. As illustrated in Fig. 8, this simulation also show
an inductance that decreases with increasing current in a
that is qualitatively similar to that in Fig. 6~b!. This suggests
that Josephson effects in the junctions of the array~or
equivalently, coherent vortex dynamics! may be responsible
for this effect. But clearly, further analysis is needed to sh
this more conclusively.

B. Width scaling and inhomogeneity

One of the unique aspects of our set of samples is
wide range of linewidths in otherwise identical films, ea
with the same areaA5wl. For this reason, we chose t
examine howI , V, andR should be expected to scale wit

FIG. 8. Simulated Josephson inductance as a function of dc
current, for single resistively shunted junction and for a 20320
array, for small ac current at frequencyv. T50.25 ~normalized to
\I c0/2ek! andv50.01 ~normalized to 2eIc0Rn /\!. Note that both
curves exhibitL decreasing with increasingI as seen in experimen
tal data in Fig. 6.



u

t
ei

a
th
w

er
g
i

ich
gn
is

,

a

he

ive
u

th

,

ce
in

ca

lik
or
r
a

w

er

c-
a

ho-
ack
at
the

ex-
vi-
na-

f
he
on

an

t us
-
.

e
th,

e
re
nt

3598 57MARK W. JOHNSON AND ALAN M. KADIN
the width w. For an ideal macroscopically homogeneo
film, with w@a, with uniform current flow (w!l'), we
would expect thatI c5Jcwd, whereJc is an intrinsic quantity
independent ofw. Unfortunately, this scaling was no
obeyed in our narrowest films, for reasons of inhomogen
that we will discuss below.

However, let us first examine the scaling of voltage th
one would expect for a homogeneous film or array in
superconducting state, where all resistance is associated
moving vortices. For the voltageV(J), we should distin-
guish the two limits associated with recombination of gen
ated vortices. In the limit that the vortices move off the ed
before recombining in the film, each vortex pair creation
equivalent to a single vortex moving across the film, wh
corresponds in turn to an integrated voltage pulse of ma
tudeF0 . So if the areal density of vortex pair generation
G(J), then for the time-average voltage we have

V~J!5F0G~J!lw;A ~edge limit!. ~5!

In the other limit that the vortices recombine within the film
moving an average distancex!w, each vortex generation
event leads on average to a voltage pulse of integrated m
nitudeF0x/w, so that the average voltage is now

V~J!5F0G~J!lw~x/w!; l

5A/w ~area recombination limit!. ~6!

The scaling should in principle help us to identify clearly t
relevant regime.

It may be useful in this regard to estimate the effect
free vortex density. The Bardeen-Stephen model for fl
flow in a thin superconducting films states thatR/Rn
52pj2Nv , wherej is the superconducting coherence leng
in the film. For a square JJ array, the role of 2pj2 is taken by
a2,7 so we haveNv5R/(a2Rn). For our NbN films, a typical
film sheet resistance in the relevant regime is 0.1V, as com-
pared with a normal-state resistance of order 750V. This
yields Nv'107 cm22, or one vortex per 10 000 unit cells
corresponding to an intervortex distance of order 100a. For
comparison, the 10mm wide line is 300a wide. This might
seem to be in the sparse vortex limit, where the vorti
would move transversely to the edge rather than recombin
within the film.

In order to compare with experimental data onV(J), we
first have to face the lack of scaling ofJc . Putting aside for
the moment the question of why this is the case, we
naively ‘‘rescale’’ J in proportion to the measuredJc , at
least at a single temperature. Then, we can compareV(Jcorr)
for the various widths, and see whether it scales more
the edge or recombination limit. This is shown in Fig. 9, f
the 2, 5, 10, and 20mm lines at 5.5 K, both before and afte
J correction~which amounts to a horizontal shift of up to
factor of 4 for the 2mm line!. The results show thatV(Jcorr)
becomes consistently larger as the lines become narro
with a width dependence that goes as 1/w or even stronger. It
appears to be clearly inconsistent with the edge limit, wh
we would expect thatV(J) would be constant for lines with
the same total areaA. This apparent area recombination o
curs despite the rather sparse density of vortices, as estim
above.
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Most of the results above are quite consistent with a
mogeneous 2D JJ array model. How can we explain the l
of scaling ofJc? On first reflection, one might suspect th
the patterning was systematically inaccurate, or damaged
superconductivity near the edges of the line. However,
amination using a microscope and AFM have shown no e
dence of such damage or inaccuracy. An alternative expla
tion that we think is more likely is the effect o
inhomogeneity. Certainly, the AFM images do not give t
impression of great regularity in the grain microstructure,
scales from 10 nm up to even 1mm. Let us focus on inho-
mogeneity inJc on a characteristic scale much greater th
the typical grain size—for example,b;1 mm. This might be
due to clusters of grains or some other phenomena, but le
simply assume thatJc has some normal probability distribu
tion with a characteristic spreaddJ over this length scale
Qualitatively, if w becomes comparable tob, we would ex-
pect greater variation inI c along the length, and since th
measuredI c corresponds to the minimum along the leng
this picture would be expected to yield a reduced effectiveJc
in narrower lines.

Let us now develop this simple picture in more detail. W
first discretize the model, by dividing up the film into squa
plaquettes of sizeb3b, and assume that the critical curre

FIG. 9. NonlinearV(J) for NbN lines of various widths, in the
superconducting state atT55.5 K. ~a! Raw dataV(J). ~b! Voltage
data from~a!, plotted againstJ/Jc ~taken from Fig. 4!. The area
recombination model predictsV;1/w ~close to that observed!,
whereas the edge model predicts thatV is independent ofw.
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is a constant for each plaquette, but may vary randomly~with
no spatial correlations! between adjacent plaquettes. We c
express this quantitatively by stating that the probability t
the critical current density for a given plaquette falls betwe
J andJ1dJ is

P~J!5
dJ

dJAp
expF2~J2Jc0!2

dJ2 G . ~7!

For a film of widthw, there will bew/b plaquettes across it
width. Each row along the width of the film will have its ow
critical current, equal to the sum of the critical currents of t
individual plaquettes. The distribution ofI c among the rows
takes the form

P~ I c!5
dIc

dJdApwb
expF 2~ I c2I c0!2

wbd2dJ2 G , ~8!

where I c05Jc0wd. This follows from the equation above
and the fact that the sum ofN Gaussian random variables o
variances2 is itself a Gaussian random variable with va
anceNs2.

Now, the total critical current of the film should be take
as that of the row with the smallest critical current. This is
course an approximation; it assumes that the current can
distribute itself as needed from one row to the next. Such
approximation will consistently overestimate the critical cu
rent, but it will serve for the present. The probability that
given row has critical current greater than a particular va
I c1,I c0 is then the integral of the above equation fromI c1 to
infinity, or

P~ I c.I c1!50.510.5 erfS I c02I c1

dJdAwb
D , ~9!

where erf is the standard error function erf(x)
5(2/Ap)*0

x exp(2y2)dy. For a filmL/b rows long, the prob-
ability that all rows have critical current greater thanI c1 is
this probability raised to theL/b power. Within this simple
model, we choose the effectiveI c for the line such that this
probability has the somewhat arbitrary value 50%, as
solution to the following equation:

0.55F0.510.5 erfS I c02I c

dJdAwb
D G L/b

5F0.510.5 erfS Jc02Jc

dJAw/b
D G L/b

, ~10!

where the latter expression gives the effective critical curr
densityJc for comparing lines of different widths. We us
dJ, Jc0 andb as fitting parameters. We have not carried o
a systematic optimization of these parameters, but using
sonable valuesb52 mm, Jc050.34 MA/cm2 ~at 5.5 K!, and
dJ/Jc0535%, we can obtain a good fit in Fig. 10 for line
that are 2, 5, 10, and 20mm wide. Of course, using 3 adjus
able parameters to fit 4 experimental points does not pro
strong evidence for this physical picture, but still it is enco
aging. Furthermore, the topographic pictures~Fig. 2! do sug-
gest that clusters of grains on the 1mm scale appear to b
present in these films. However, equally good fits can also
t
n

e

f
re-
n

-

e

e

nt

t
a-

e
-

e

obtained using a smaller value ofb together with an in-
creased width of the distributiondJ/Jc0 . It is quite possible,
therefore, that inhomogeneity inJc is present over a wide
range of length scales; the morphology of Fig. 2 would c
tainly seem to suggest this.

IV. DISCUSSION AND CONCLUSIONS

At this point, we have two complementary models for t
properties of these NbN granular films. In one, we have
uniform 2D array of Josephson junctions, each withTc
56.5 K andRn5750V, separated by a scale of 32 nm.
the other, we have a random array of grains with a bro
distribution of intergrain coupling and sizes. It is perha
remarkable that this highly disordered junction array app
ently fits so well to the theory for a perfectly regular 2
array.

Such a picture of inhomogeneity might also explain t
apparently reduced values ofTc in the narrower lines. The
local Tc for a very small, weakly coupled grain is likely to b
somewhat depressed. If there are small variations inTc on
the 1mm scale, perhaps correlating with variations in gra
size or intergrain coupling energy, then the effectiveTc for
the line would behave in much the same way as wouldI c ; it
would be the minimumTc for any row in the line. In con-
trast, similar small variations in local resistance would
much less evident in a macroscopic measurement, since
total resistance is just the sum of the resistances for e
row. Still, it may be significant that for the 5mm line, both
Jc andI c05\/2eLs ~Figs. 4 and 7! are depressed in the sam
way. This is not simply due to the depression ofTc ; the
slopes are significantly depressed as well. Both of these
represent averages over distributions, but it is not at all c
that an average of inhomogeneous critical currents sho
behave the same way as an average over impedances.

A possible alternative mechanism for the reduced val
of Jc in narrower lines might follow from a consideration o
the vortex generation rate. If the current flow is uniform
then atJ5Jc , vortex generation should occur at a high ra

FIG. 10. Effective critical current density atT55.5 K for NbN
lines of various widths, compared to fitted predictions~solid lines!
of simple inhomogeneity model as described in the text, for para
etersJc050.34 MA/cm2, dJ50.09, 0.12, and 0.15 MA/cm2, and
plaquette scaleb52 mm.
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both within the film and at the edge. Edge generation wo
be expected to be more dominant in narrower films. If su
edge generation were to occur at a reduced value ofJ, this
would tend to reduce the apparent value ofJc . However, it is
not clear that this could account for a depressedTc , or how
it would affectLs .

One factor that we have completely neglected is the eff
of junction capacitance, and related single-electron charg
effects. In terms of classical effects of capacitance on
single Josephson junction, the capacitance is significant o
if the RC time is greater than theL j /R time. ~This is equiva-
lent tobc.1 in the shunted junction model.42! For the junc-
tions of the present system, that would requ
C.;10215 F. However, an estimate of the junction capa
tance, using an electrode separation of order 1 nm, give
value;10218 F, which is completely negligible. The othe
possible effect is due to charging effects of a sing
electron.37 The characteristic energye2/2C is indeed very
large. However, this is screened by the other conduct
electrons, as long as the junction resistance is much sm
than the characteristic quantum resistanceh/4e2;6000V.
Other research on similar NbN films has confirmed that
charging energy is significant only for films with sheet res
tance on this order.25 Finally, Jc;105– 106 A/cm2 for our
Josephson junctions, orders of magnitude larger than tha
typical capacitively limited tunnel junctions. So our negle
of capacitive effects appears to be justified.

We have also neglected the effect of the ambient ear
magnetic field;0.5 G on the sample characteristics. W
point out in this regard that for a square Josephson junc
array, a magnetic flux ofF0/2 in each cell corresponds to
flux density of 10 kG for a lattice sizea;30 nm that is
appropriate for this nanoscale granular material. This is
value ofB that would be needed to completely suppress
supercurrent, corresponding toBc2 in the continuum limit. A
field of 0.5 G is completely negligible here, until one gets
resistances some four orders of magnitude below the norm
state resistance (,50 mV/square), where a residual flux
flow resistance would be present for large currents. So
results that we have reported here would be largely
changed if magnetic shielding was used. In contrast, fo
lattice scale of order 3mm for the typical microfabricated
Josephson junction array, the corresponding critical field
of order 1 G, so that shielding would be essential in th
case.
,
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Films similar to these ultrathin granular NbN lines hav
been proposed for a variety of possible applications inclu
ing infrared photodetectors, rf inductors and delay lines, a
broadband ‘‘hot-electron’’ bolometers.31,36,43–45The present
study suggests that some of these devices, particularly if t
are on the micron or submicron scale, may exhibit significa
effects due to inhomogeneity in grain sizes and coupling

In summary, we have studied the dc and rf electrical ch
acteristics of a set of narrow lines of nanogranular NbN
trathin superconducting films, in zero applied magnetic fie
These are well described in terms of a regular array of
Josephson junctions, with lattice constant 32 nm, despite
highly disordered granular microstructure that is evide
from AFM imaging. There is quantitative agreement of bo
resistive and inductive components with the standard the
of the Kosterlitz-Thouless vortex unbinding transition
such a regular array, with no adjustable parameters. Sca
of the nonlinear I-V characteristics below the transition ind
cate vortex pair creation and recombination within the film
even for very narrow lines where edge effects might be
pected to be significant. An anomalous nonlinear kinetic
ductance is observed, wherebyL decreases with increasin
I , counter to expectations of Ginzburg-Landau theory. W
suggest that this may be due to ac effects in the Joseph
array, as supported by preliminary numerical simulatio
Finally, the microscopic inhomogeneity becomes evident
variations of the critical current and other critical paramete
of the narrowest lines (,5 mm), as supported by a simple
analytical model. In conclusion, this work suggests that
uniform junction model continues to maintain validity eve
for highly inhomogeneous junction distributions, provide
that properties average out sufficiently on larger leng
scales.
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