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Ground-state properties of the doped three-leg-J ladder
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Results for a doped three-lég) ladder obtained using the density-matrix renormalization group are re-
ported. At low hole doping, the holes form a dilute gas with a uniform density. The momentum occupation of
the odd band shows a sharp decrease at a large vakgesirhilar to the behavior of a lightly doped] chain,
while the even modes appear gapped. The spin-spin correlations decay as a power law consistent with the
absence of a spin gap, but the pair-field correlations are negligible. At larger doping we find evidence for a spin
gap and ax increases further we find three-hole diagonal domain walls. In this regime there are significant
pair-field correlations and the internal pair orbital ftgs_,2-like symmetry.[S0163-1828)06705-§

I. INTRODUCTION =0.35, which is close to the value expected for the cuprates.
From 800 to 1500 states were kept per block. Truncation
The recently discovered-leg ladder cuprate materidls errors were typically~107°.
form an interesting testing ground for ideas regarding In Sec. Il, we begin by showing the most probable
strongly correlated electron systems. Just as for the twoground-state hole configurations and the overall structure of
dimensional(2D) layered cuprates, theJ Hamiltonian is  the charge and spin correlations for different hole densities.
believed to provide a basic model which contains the generalVhile these projections show only a caricature of the ground
features of the ladder systems. In particular, the undopedstate which contains a huge superposition of states corre-
even-leg Heisenberg ladders have been shown to exhibit gponding to large fluctuations of the structures shown, they
spin gap’~* while the odd-leg ladders have no spin gap, inprovide a useful starting point for the discussion which fol-
agreement with experimentVarious calculations on the lows. In particular, the average hole rung density shows that
doped two-leg ladder find that in the ground state the dopethe domain-wall structure seen in the projections can survive
holes formd,z_2-like pairs, and the system is characterizedin a ground-state expectation value. In Sec. I, we calculate
by power-law pair-field and K--charge-density-wave the momentum distribution of the holes and use it to discuss
correlation€8 A recent study of the four-leg dopett  the nature of the quasiparticle excitation bands. Following
J modef found evidence for three types of phases, dependthis, in Sec. IV, we examine spin correlation and the behav-
ing upon the ratio of)/t and the hole doping. At low ior of the spin gap in the doped system. In Sec. V we discuss
doping, when holes are first added to the insulating statghe orbital structure of the pairs and the pairing correlations.
they form a dilute gas af2_2-like pairs. At higher doping, ~Section VI contains our conclusions.
the holes arrange themselves into fluctuating domain walls
while maintaining significantl,2_y2 pair-field correlations.
Finally, at sufficiently largel/t values &1.5), phase sepa-
ration occurs. Based upon these results, it is interesting to As we have previously discuss&ttwo holes doped into
explore what happens when an odd-leg ladder is doped. Heegthree-legt-J ladder are not bound for physically relevant
we discuss results obtained from density-matrixvalues ofJ/t. However, we have found that as holes are
renormalization-grougDMRG) calculationd®**for a doped  added at a fixed value dfit, the system evolves from a gas
three-legt-J ladder. of holes to an array of domain walls as shown in Fig. 1. This
Thet-J Hamiltonian which we will study has the form  figure shows the most probable configuration of holes in the
system forJ/t=0.35 obtained by maximizing the ground-
state expectation value of

Il. CHARGE DENSITY AND SPIN STRUCTURE

= = 1
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Ptz ..)=11 p(, 2
Here(ij) denotes nearest-neighbor sites on the ladslera

spin index,S; and ciT’s are electron spin and creation opera-with p(l;)=(1-n;;)(1—n;;) the hole projection operator
tors, ni=CiT,TCi,¢+CiT,lCi,1 and the Gutzwiller projectoPg  for thelth lattice site. Herelg, . . . |y_1) are chosen to give
excludes configurations with doubly occupied sites. For théhe most probable location ™ —1 holes, and for this con-
DMRG calculations discussed here we have used opefiguration, the diameter of the dark circles gives the probabil-
boundary conditions folL X3 clusters and have sel/t ity of finding the Nth hole on a given site.
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FIG. 2. Spin configurations surrounding a domain wel). For
a 7Xx 3 system with three holes, the width of the lines indicates the
magnitude 0f<§i~§j) between various sites when all three holes
have been projected onto one of their most likely configurati@ns.
. 0.15 (C) For the same ¥ 3 system but with a staggered field applied at the
) left end, the length of the arrows indicatgf) when all three holes
have been projected onto one of their most likely configurations.

12 x 3 system
J/t =0.35, 6 holes Another view of this is given in Fig. (@) which shows the
average charge density and the spin structure. Here, as in
FIG. 1. Maximum likelihood hole configurations at various den- Fig. 2(b), a small staggered magnetic field has been applied
sities. In each case, the diameter of the black dots shows the probe the left-hand end. Figure(l® shows a view of the longi-
ability of finding the last hole in the system at each site when all thetudinal domain wall of Fig. (b). Here there is a small stag-
other holes have been projected out in their most likely configuragered field along the bottom leg. The resulting spin moments
tion, which is indicated by the gray dots. on the top leg arer-phase-shifted with respect to the bottom

At low hole concentrations, the most likely configuration leg. The crossover from longitudinal to transvefsiagona)

consists of individual holes as shown in Figal The most domain walls appears to be smoothxagicreases.
probable location for the holes are on the outer legs and as 1€ development of transverse domain walls is also
we will see reflect the fact that in the dilute limit the holes €léarly evidentin Fig. 4, which shows the average rung den-

are doped into the odd single-particle band. As the density S'Y

of holes increases, fluctuating domain-wall-like arrays ap- 3

pear. This initially occurs as a domain wall running down the (n)= EE () &)
center chain as seen in Figlbl At higher densities, fluctu- : 3(=1 i/

ating diagonal three-hole domain walls appear as shown in N ] . .

Fig. 1(c). The open boundary conditions break translational invariance,

The local structure of these diagonal domain walls isallowing density variations to be seen. At low hole and mod-
similar to that of the diagonal domain walls observed on€rate hole densitieshe lower two curves the average rung
four-leg ladders. Figure 2 shows a section of the lattice density is fairly uniform, corresponding to individual holes
which contains a three-hole domain wall. Figut@Xhows and to a longitudinal domaln wall. At a filling c_>f 18 holes on
the strength of the exchange fie}d(§i~§j) when the holes g_ 32x3 Iadder_, corresponding to= 0_.1875_, six three-hole _
occupy their most likely positions. The strong diagonal sin- [agonal domain walls are clearly evident in the top curve in
glet correlations in Fig. @) are similar to those which are Fig. 4.
found ford,2_2-pairs on the even-leg ladders as well as on
2D lattices. These diagonal singlet correlations reflect the Ill. MOMENTUM DISTRIBUTION OF THE HOLES
fluctuating nature of the wall which reduces the kinetic en-
ergy of localization, while at the same time minimizing the le
exchange energy. In Fig.(l®, an external staggered mag-

The one-electron eigenoperators of a noninteracting three-
g ladder have the structure

netic field has been applied to the left-hand end of the ladder, 3 sink.|
and one can see that the antiferromagnetic spin background 7& ) :2 MKy Cl . (4)
undergoes ar-phase shift as it crosses the domain wall. A & N
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FIG. 5. n(k)z<‘/’0|nkx,ky,s|l/f0> for a three-leg ladder and a
16x3 system single chain(a) A 32X 3 system withx=0.042.(b) A single chain
_ system withx=0.1. In each case, in order to reduce the effects of
V= 0'35’ 8 holes open boundary conditions, an average over many different

FIG. 3. Hole density and spin moments showing domain walls l//O|CiTxrinyij'jy'S| o) With the same separationj,{~i,j,~iy)
The diameter of the gray holes is proportional to the hole densitpvas performed before Fourier transforming to g¢k). Also, a
1—(n;), and the length of the arrows is proportional (), ac-  Smooth windowing function was applied to remove “ringing” near
cording to the scales showra) A 12x 3 system with six holes, the Fermi surface.
with a staggered field applied at the left erfd) A 16X 3 system
with eight holes, with a staggered field applied along the bottom <‘ﬁ0|nkx,ky,s| ¢0>:<¢0|'ylx,ky,sykx,ky,S' o). (6)
leg.

Figure 5a) shows the momentum occupation for the three
with ky= /4, /2, and 37/4. The corresponding eigenener- hands at low dopings=0.042. For comparison, the momen-
gies are tum occupation for a single chait-J model with J/t

=0.35 and a hole density=0.1 is shown in Fig. ). The

&=~ 2t(CoKy + cosky). (5 decrease oh(k) sharpens as the length of thel chain is

The statek, = /4 and 3r/4 are even under reflection about incrgased .and m.ark's the Fermi wave vedtonf the single-
the center chain, while thie,= /2 state is odd. chain Luttinger liquid. The structure G(hkxky) for the odd

Using the DMRG technique, we have calculated theKy=7/2 band is similar to that of the single chain
equal-time expectation Va'“é‘/’o|CiTX,iy,stx,jy,s| o) and J system. This suggests that at low doping, tqe= /2

from this constructed the momentum occupation expectatioﬁand of t'he three-leg system Is no_t gapped at the Fermi sur-
values for the thre&, bands ace, while the two even bands lat= 7/4 and 3r/4 appear

to be gapped. When the density of holes is increased, all
three bands appear to be gapped, as shown in Figsagd

6(b) for x=0.125 andx=0.1875, respectively. These con-
clusions are confirmed by direct observation of
<¢0|cfx’iy’scjwjy,s| o) as a function ofi,—j, (not shown:

at low densities, power-law decay is observed in the odd
mode, and exponential decay in the even modes, while at
higher densities, all modes show exponential decay.

IV. SPIN CORRELATIONS

Based upon the quasiparticle momentum distributions dis-
¥ cussed in Sec. lll, we would expect that the lightly doped
FIG. 4. Hole rung density for three different densities, on a 32three-leg ladder would exhibit power-law antiferromagnetic
x 3 system. From bottom to top, the curves show 4, 12, and 1&orrelations arising from thi,= /2 quasiparticle band. A
holes, corresponding to=0.042,x=0.125, andx=0.1875. log-log plot of (S{S;) for x=0.042 is shown in Fig. (&) and
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05t \\\ We have also calculated the spin gap
]
- A
T 04 As=Ey(S,=1)—En(S,=0) )
03 | a3 N e as a function of the hole dopingfor a 44<3 ladder. Here
Y1875 e Eo(S,) is the ground-state energy with a given value of total
0.2 . . spinS,. The result is shown in Fig. 8. We believe that the
0 ! 2 3 nonvanishing spin gap for=<0.05 is a finite-size effect and

« that the spin gap will extrapolate to zero in the low-doping
region. At higher doping, there is a spin gap consistent with

FIG. 6. Same as Fig. 5, for higher densities. the exponential decay of the spin-spin correlations.

is consistent with the power-law decay one would expect for
a one-dimensional Luttinger liquid. At higher hole densities
x=0.125 and 0.1875, the spin-spin correlatid®s;) are In order to determine the orbital structure of the pairs, we
found to decay exponentially as shown in Figb)7 This is  have calculated the off-diagonal expectation value
consistent with the behavior ¢h,) discussed in the previ-

ous section. WA tolCriCayl o) ®

V. PAIRING CORRELATIONS

on a 16< 3 ladder withN=4 holes. The results of this cal-
culation are shown in Fig.(8). Here, one member of a sin-
glet pair is located at the site marked by the solid circle. The
shaded circles indicate the amplitude and sign for finding the
second member. The internal structure of the pair has a
dy2_2-like form, although it is somewhat asymmetric with
an admixture of due to the three-leg nature of the cluster.
We have also calculated the pair-field—pair-field correla-
tion function

1<S(1)-5(0)>1

48x3, 6 holes

1 }l(l) o D(lx):<¢0|Aix+leiTx|‘/’0>- C)

HereAiTX creates a,2_2-like pair around the, site of the
middle leg,

AiTXZ CiTx,zT(CiTXJr 12~ CiTx,sl + CiTx— 12~ CiTx,ll) —(T=1).
(10)

D(l,) is plotted in Fig. 9b) for various values of the hole
doping. In the regime of low doping=0.05, the pair-field
correlations are negligible. At larger values of dopirg
short-range pair-field correlations are present. As previously
discussed for the two-leg ladder, the extended structure of a
FIG. 7. Spin-spin correlations for two different densities on aPaIr means that the near-neighbor palr_-fleld creation _and de-
48x 3 system(a) A density ofx=0.042, showing power-law decay Struction operators have only a partial overlap with the
of the spin-spin correlationgb) A density ofx=0.125, showing Physical pair. This reduces the magnitudel®fl), but as
exponential decay of the spin-spin correlations. In each case, mar§hown in Fig. 90), at larger dopings of=0.125 and 0.1875,
different pairs of points are plotted simultaneously as a function ofone clearly sees that pair-field correlations are present. In
their separation, corresponding to different legs for each point a&ig. 9(c), we compare the pairing correlations on a three-leg
well as translations of pairs of points. (48% 3) ladder with those on a two-leg (42) ladder, each

1<S(1)-8(0)>
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FIG. 10.d,2_,2 pairing response to a proximity effect pair-field
operator for a single chain, and two-, three-, and four-leg ladders.
; For the single chain, near-neighbor pairing is measured.

show significant pairing correlationgA; ;+5) and(A; ;)
have different signs, reflecting thigz_2-like symmetry of
the response.

In order to compare thd,2_,2 response of the three-leg
ladder with that of the two- and four-leg ladders, we have
made similar measurements on each of these ladders. Figure
10 shows a plot of the averagk. 2> pair-field response

1
FIG. 9. Various measurements of pairing. (), the off- <Ad>:NEi ((Aiiry) = (Aiix) (13
diagonal matrix element of; ;c; | between the ground states of a

7% 3 system with one hole and three holes is shown. Thei sie for n=one-, two-, three-, and four-leg ladders versus doping
fixed at the site (4,2), and the diameter of the gray dots shows thg '\, is clear from this result that the three-leg ladder has a
magnitude of the matrix element as a function oThe sign of the comparabledxz,yz pair-field response to that of both the

matrix elem.ent 'S algo indicated for eaCh.S@' Thedxz’.y.z P two- and four-leg ladders. This is expected from both weak-
ing correlationD(l) is shown for three different densities, calcu-

jated on 3X3 (x=0.1875) and 483 (x=0.04, x=0.125) sys- COUPling random-phase approximaticRPA) calculations’
tems.(c) Comparison of the pairing correlatidn(l) on a three-leg and renormalization-group StUd_'gS' Howgver, in the
(48x3) ladder with a two-leg (482) ladder. In both cases the Presence Qf the three-hole striped domain-wall structure
doping isx=0.125 and)/t=0.35 scale. shown in Figs. 1, 2, and 3, it may seem unusual. In order to
understand it in the present framework, we have studied the

having x=0.125 andJ/t=0.35. While the pairing correla- typical hole configurations which contribute to the pair-field
tions on the three-leg ladder appear to decay more rapidl orrelations for a 1% 3 ladder with six hole$.In Fig. 11(a),

than those on the two-leg ladder, they are similar with both’'€ show typical hole configurations in a system with two

showing oscillations produced by the open end boundar\?'agonal domain Wa_lls. These c_onf|gurat|ons show the large

conditions we have used. luctuations present in the domain walls. These large fluctua-
In order to further examine the pair-field correlations, welions allow a significant pairing response despite the pres-

have calculated the response of the system to a proximit§"Ce Of the domain-wall charge-density wave. In Fighl1
pairing field e show some of the specific hole configurations which give

rise to pairing correlations. In particular, we measure

Hi=dX (AiT,i+§/+Ai,i+9)' (12) (ol i yAT 5 PU L2, N 2) o), (14

Here whereP is given in Eq.(2), andN is the number of holes.
Here the two shaded holes on the right indicate where a
singlet pair of holes is removed and the two shaded holes on
the left where a singlet pair is added. These points are kept
) _ N A ) fixed. The black points show typical locations of the remain-
adds a singlet electron pair to siteandi+y. In this case, ing four holes, obtained using a Monte Carlo procedure us-
the DMRG calculation keeps tots, as a good quantum jng DMRG to measure the probability of a configuration,
number, but conserves the number of particksonly  given by the absolute value of E(L4).° The configurations
modulo 2. The response was then determined by measuringhow that groups of one, two, and three holes are common.
the strength of the induced pair field in both theandy Most often, a pair is created or destroyed next to a third hole,
directions,(A; i1z and(4,; ;) for all sitesi. The interac- thus converting a domain wall into a single hole and vice
tion H; couples equally to extendesl pairs andd,2_2 versa. From these one obtains a general idea of how pairing
pairs. However, in all the cases that we have studied whicleorrelations and fluctuating domain walls coexist.

Tttt
Ai,i+y—ci,yci+§,,i Ci, Gy (12
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correlations decay exponentially and there are significant
+ ++ q dy2_2-like pairing correlations.

TIT*TTITT] (T These results have some similarities to other recently re-
T i T H::‘ ported results for three-leg ladders. Mean-field th&oand
' ¢ RPA calculation§® suggest that the system will exhibit pair-
M—%’—‘_H I I 1‘ EPUREE ing correlations at low doping. However, it appears from the
. (a) DMRG results that a critical hole density of orde+ 0.06 is
CTTTTLT T 1rtre ) required before this occurs. Riet all’ have carried out
Lo ¢ T[Tl 1] TIIglTIITTI] Lanczos calculations on dopéd 8X 3 clusters as well as a
¥ mean-field analysis. They suggest that below a critical dop-
+ + + + + * + ing X; the odd band forms a Luttinger liquid and the two

becomes equal to the two hole bound-state energy of the spin
liquid. From small cluster Lanczos calculations they estimate
thatx,~0.13. They suggest that the system makes a transi-

H_jg [ ] H T2 i+ { ; ¥ i tion into a Luther-Emery liquid when the doping>Xx. is

[ L[ 1g 1] such that holes can enter the even-parity quasiparticle modes.
T %] H | Renormalization-group and bosonization calculatién$

H:i i by i:‘j for the three-leg Hubbard ladder suggest that the doped iso-

tropict-J system has a C2S1 phase with two gapless charge
H:iiﬂii:ﬁ :Hﬁiﬁ:\j modes(C2) and one gapless spin mod81). This corre-
(b) sponds to a picture in which the two even modes form a

H: I +T I é I I H—é—{»% :‘—_—‘ doped two-leg ladder having a spin gap and a gapless

perconductingcharge modéC1SQ plus a doped odd mode

. even bands an insulating spin liquid. Hetgis associated
WW*H F%F\—% with a doping concentration at which the chemical potential

iii ii i i i in a (C1S) phase. Adding these together gives the C2S1
phase. However, this is inconsistent with our DMRG results.

H_%E TTIY T 1] It appears that at low doping the even modes are not doped

i i [Tl 11 Eel and that the holes only enter the odd mode, giving rise to the

C1S1 phase. It may be that if the momentum transfer terms,
FIG. 11. Typical hole configurations in the transverse domain+yhich are close to satisfying the umklapp condition for the
wall regime. Results for botte) and (b) are from a 1X 3 system lightly doped system, are kept in the early stages of the
with six holes, as in Fig. (t). (&) Typical hole configurations for all  renormalization process one will find a narrow C1S1 region
six holes sampled randomly, using a classical Monte Carlo procesq, X<X.. For x>x., the spin gap found in the DMRG
dure with probabilities measured with DMR@) Typical hole  req it are also inconsistent with a C2S1 phase. Clearly, the

gonfigurations giving rise td,2_,2 pairing correlations. The posi- t-J model is a strong-coupling limit of the Hubbard model
tions of fof" h°|es. are shown by blaCk. .dOtS when the other ™WO3nd so its behavior may well lie outside that found in the
holes are “fluctuating” between the positions shown by gray dots.

renormalization group-bosonization analysis. It could also be
that forx>x., the doping is sufficient that the odd mode is
VI. CONCLUSIONS gapped because it does not occur af,7/2). This could

From these DMRG results for the three-leg ladder, then lead to a C1S0 phase consistent with a spin gapped

the following picture emerges. In the absence of holes, th Luther Emery phase. Alternatively, it may be that for

three-leg Heisenberg ladder is known to have a vanishing ¢’ each additional hole pair going into the even modes is
. g HeIs 9 : '"Yound to a hole in the odd mode, forming the three-hole
spin gap. Initially, when a low concentration of holes is ..

domain walls” seen in the DMRG results. The origin of

addgd to the thr_ee-leg ladder, the holes form a dilute gas WItH’]iS attraction might be difficult to understand from a weak-
a uniform density, except near the ends of the open ladde oupling point of view. From a strong-coupling viewpoint

The holes tend to occupy the outer legs, associated with th&omain walls form as a good compromise between kinetic
odd quasiparticle mode. The momentum occupa('mgky)

o ) ) and exchange energies. Emeayal. have proposed that a
indicates that thek,=/2 odd mode is gapless, while the gne.dimensional electron gas coupled to a spin gapped envi-
ky= /4 and 3r/4 even modes are gapped. In this low dop-roment could become spin gapped via a proximity eftéct.
ing regime, the spin-spin correlations exhibit an approximatey/e find a spin gapped phase with DMRG for X, .

power-law decay, and the spin and charge gaps appear to The present work also shows that there is a close relation-
extrapolate to zero. Also, in this doping regime, the pairingship between the appearance of fluctuating domain-wall con-
correlations are negligible. figurations and pairing® In particular, both longitudinal
These.Wa.”S 'haVe a S|m||a.r S.tructure to the doma|n Wall%ccur in the dop|ng regime Where the pairing CO”‘e'ationS
found in previous DMRG studies. Fer=0.125 and 0.1875, appear. However, in this case, these domains are not pro-
the change in momentum occupatigm ) is broad for all  duced by a competition between phase separation and long-
three bands, consistent with the finite spin gap observed orange Coulomb interactiolf. For three-leg ladders, phase
the 44x3 lattice for x=0.06. In this regime the spin-spin separation requires unphysically large values/ofand there
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is no long-range Coulomb interaction in our model. In theleg ladder at a doping where the proximity effect response
present work, the domain walls arise as a compromise tQA4) shown in Fig. 11 is large, one clearly sees the forma-
minimize the kinetic energy of the holes and the exchangéion of four-hole domain walls composed of fluctuating

energy of the spin background. The local structure of thepairs® In the present three-leg system, the domain wall struc-
domain walls shown in Fig. 2 exhibits hole-hole correlationstures form at higher doping levels and it is in this doping

and exchange bondingS;-S;) correlations similar to those regime that the pairing correlations appear.
associated with pair€. In addition, as shown in Fig. 11,
pairs can fluctuate between the dc_)mam walls. This is similar ACKNOWLEDGMENTS
to the four-leg ladder except that in the three-leg ladder, the

three-hole diagonal walls contain an extra quasiparticle. We would like to thank L. Balents, M.P.A. Fisher, S.A.
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