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Hydrodynamic model for sum and difference frequency generation at metal surfaces
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We develop a hydrodynamic model for the calculation of sum and difference frequency generation
~SFG/DFG! at the surface of nonlocal conductors with arbitrary equilibrium electronic density profilesn0. We
apply our model to simple profiles and calculate the nonlinear surface susceptibility tensorxzzz

s (v1 ,v2) and
the radiated efficiencyR(v35v16v2) as a function of the pump frequenciesv1 and v2. R is strongly
enhanced due to the excitation of the dipolar surface plasmon characterized by a resonant frequencyvd ; it
displays ridges wheneverv1, v2, or v3'vd , an additional ridge at the bulk plasma frequencyv3'vb , and
very large double resonance peaks whenever two ridges cross each other. These results suggest that SFG/DFG
spectroscopy might be a useful probe of surface collective modes.@S0163-1829~98!03403-1#
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I. INTRODUCTION

Optical second-order nonlinear spectroscopies such
second-harmonic generation~SHG! have been used widel
to study surface and interface phenomena in centrosym
ric systems,1–5 as the bulk contribution to the nonlinear si
nal is strongly suppressed. Very versatile surface pro
have been based on sum and difference frequency gener
~SFG/DFG!, in which photons of frequenciesv1 andv2 are
mixed at an interface to yield photons of frequenc
v35v16v2, allowing the independent variation of the fre
quency and polarization of both incoming and/or the out
ing beams.6–14Although surface SFG has been employed
a decade,15,16 its theoretical understanding is only no
emerging.17,18 In a previous paper19 we have developed two
simple models to calculate approximate SFG/DFG efficie
spectra for conductors and for dielectrics in terms of th
linear dielectric response. The only relevant characteri
length scale in those models is the width of the selved
which, being much smaller than the wavelength of light, d
appears from the final results. Therefore, those models
dict a SFG/DFG signal that is independent of the molecu
density profile at the surface of an insulator and of the e
tronic density profile at the surface of a conductor. The la
result cannot be generally correct, as it is known that
surface nonlinear susceptibility of a metal does depend q
strongly on the details of the electronic distribution20,21in the
degenerate case of SHG. The origin of this failure lies in
spatial dispersion or nonlocality of the conducto
response.22 The electronic density and current induced at a
position within a nonlocal conductor depend, even in
linear regime, on the exciting field at other neighboring p
sitions. This yields additional length scales, such as the n
locality range, the finite screening length, and the plasm
wavelength, which are typically of the order of the se
vedge’s width.
570163-1829/98/57~4!/2580~6!/$15.00
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Most of the theoretical work on the SHG at metal surfac
has employed the jellium model, for which the surface
characterized by only two parametersa(v) andb(v)521
and the bulk by a single parameterd(v)51.23–25The former
is related to the surface susceptibilityxzzz

s , wherez denotes
the direction normal to the surface. This is the only comp
nent that is affected by the spatial dispersion of the metal23,25

within the jellium model. As this model cannot explain th
azimuthal anisotropy of the SHG signal,26–30 several at-
tempts have been made to incorporate crystallin
effects.31–36 It has been shown that different components
the surface33–36 response are characterized by differe
length scales whose relation to surface sensitivity is n
trivial, i.e., sensitivity not always decreases with increas
length scale. For example, while both the currentj z(z) that
contributes toxzzz

s and the currentj x(z) that contributes to
xxzx

s have a small decay length, of the order of the screen
length, the former is very sensitive to the surface dens
profile while the latter is not. On the other hand, although
current j x(z) that contributes toxxxx

s in a crystalline metal
surface such as Al~111! has a relatively large decay length
determined by that of the Friedel oscillations and by t
nature of the electron states near the band gaps, it is
sensitive to the surface topography.33–36 Similar effects are
expected in the SFG and DFG surface response of nonl
conductors.

As a first step to explore the effects of spatial dispers
on SFG/DFG, in the present paper we develop a hydro
namic theory for the nonlinear response of a conductor w
a conduction electron gas described by a continuous den
profile. This constitutes a natural extension of a previo
work37 on SHG and it is the most simple model that inco
porates nonlocal effects such as a finite screening length
the excitation of surface collective modes in the calculat
of xzzz

s (v1 ,v2) for a centrosymmetric semi-infinite jellium
2580 © 1998 The American Physical Society
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57 2581HYDRODYNAMIC MODEL FOR SUM AND DIFFERENCE . . .
Together with the other components of the surfa
susceptibility17–19we also calculate the SFG/DFG efficienc
spectra.

The paper is organized as follows: In Sec. II we deve
the hydrodynamic~HD! model to second order in a perturb
ing external field for an inhomogeneous electron gas.
this purpose we start from the equations of continuity and
momentum conservation. The boundary conditions obe
by the induced first- and second-order polarization are
tained from the HD equations themselves. In Sec. III
present a calculation of the nonlinear surface param
a(v1 ,v2) which parametrizesxzzz

s . We perform this calcu-
lation for a density profile that yields a multipolar surfa
plasmon at the expected energy.38,39 We also calculate the
SFG and DFG efficiency spectra and show that large st
tures are to be expected at resonance with the multip
surface plasmon frequencies, suggesting an optical appr
to the observation of these modes. Finally, Sec. IV is devo
to conclusions.

II. THEORY

Our model system is a semi-infinite nonlocal jellium o
cupying the regionz.0 with a nominal surface at thexy
plane. All the components of the bulk and surface quadr
susceptibility for this system are known,17,19 as they may be
obtained from a local theory, except for the normal comp
nent of the surface susceptibilityxzzz

s on which we concen-
trate our attention. We assume that the selvedge’s widt
much less than an optical wavelength, so that we may
form our calculation in the nonretarded regime and ign
the fields variations along the surface.40 For simplicity, we
employ a hydrodynamic approach to calculate the linear
nonlinear surface response. We start the calculation from
continuity equation and from Euler’s equation for mome
tum conservation in a semi-infinite electron fluid of dens
n(z,t) and velocity fieldu(z,t) ẑ in the presence of an elec
tric field E(z,t) ẑ,

] tn1]z~nu!50, ~1!

mn] tu1mnu/t1mnu]zu52neE2]zp~n!. ~2!

The consecutive terms of Eq.~2! correspond to inertia
forces, dissipation through friction with the positive bac
ground, convective momentum flow, electric force, and
pressure gradient. We took the charge of the electron as2e.
We calculate the pressurep starting from the density depen
dence of the average energy of a fermion within a n

interacting homogeneous gasU/N5 9
10gn2/3, where g

5(3p2)2/3\2/(3m). Then, assuming local equilibrium, th
pressure is

p~n!5n2
]~U/N!

]n
5

3

5
gn5/3~z,t !, ~3!

as in the Thomas-Fermi theory. We account partially for
Coulomb interaction identifyingE as the self-consisten
mean field and we neglect exchange and correlation.41

We perturb the system with a homogeneous external fi
DW 5(D1e2 iv1t1D2e2 iv2t) ẑ1c.c. that oscillates at two fre
e
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quenciesv1 andv2, and we write all time-dependent quan
tities f as a superposition of monochromatic waves with f
quenciesn1v11n2v2 with integern1 andn2,

f ~z,t !5 f 0~z!1 f ~z,v1!e2 iv1t1 f ~z,v2!e2 iv2t

1 f ~z,2v1!e2 i2v1t1 f ~z,2v2!e2 i2v2t

1 f ~z,v11v2!e2 i ~v11v2!t

1 f ~z,v12v2!e2 i ~v12v2!t1•••1c.c., ~4!

where f (z,v i)[ f i(z) stands for eithern, u, or E, and c.c.
denotes the complex conjugate of the previous terms. S
stituting in Eq.~2! and expanding the result in powers of th
external field we generate a series of equations for the fi
variables. The zeroth- and first-order resulting equations
similar to those previously discussed in Ref. 37. The seco
order equations include SHG at frequencies 2v1 and 2v2
which was also discussed in Ref. 37, and a new equation
SFG, namely,

g

m
n0~z!]z$@n0~z!#21/3]zP3~z!%1@V3

22vp
2~z!#P3~z!

5S3~z!, ~5!

whereP3 is the second-order contribution to the polarizati
oscillating at the sum frequencyv3[v11v2. The source of
P3,

S35
g

3me
n0]z@n0

24/3~]zP1!~]zP2!#1
v1v2

en0
]z~P1P2!

1
v11v21 i /t

en0
~v2P2]zP111↔2!

2
2v1v2

en0
2

P1P2]zn0 , ~6!

arises from the spatial derivatives of the equilibrium dens
n0 and from the productsP1P2 of the linear polarization at
the fundamental frequencies. Here, we introduced the e
librium density n0(z), the local plasma frequencyvp(z),
vp

2(z)5vb
2n0(z)/nb where vb

254pnbe2/m and nb corre-
sponds to the bulk plasmon frequency and density, resp
tively, and we abbreviatedV i

2[v i(v i1 i /t).
Using the analytical solution for the linear polarizationP1

andP2 @Eq. ~17! of Ref. 37#,

Pi~z!5Pib1Aie
iqiz, i 51,2 ~7!

in the bulk region wheren0(z)5nb is independent ofz, the
second-order differential equation~5! can be solved analyti-
cally,

P3~z!5A3eiq3z1
i

enbbb
2F m1q11m2q2

q3
22~q11q2!2

A1A2ei ~q11q2!z

2S n1q1P2b

q3
22q1

2
A1eiq1z11↔2D G , ~8!

and it can be integrated numerically near the surface, wh
n0(z) varies from 0 in vacuum to its bulk valuenb . Here,
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bb
25(g/m)nb

2/3 , n i52(v32v i)(v i1v31 i /t), m i

5 1
3 @2(v32v i)(v32v i1 i /t)16v1v21vb

2#, Pib5(e i

21)Di /4pe i is the bulk polarization linearly induced byDi
in a local medium with a Drude dielectric respon
e i[e(v i)512vb

2/V i
2 , andqi

25(V i
22vb

2)/bb
2 . The coeffi-

cients A1, A2, and A3 are to be determined by sewing to
gether the bulk and surface solutions using additional bou
ary conditions~ABC’s!. In the spirit of consistency within
the HD model, as mentioned above, we derive the AB
nonambiguously from the differential equations themselv
The linear boundary conditions42,37are the continuity of both
Pi and n0

21/3]zPi . These are equivalent to the ABC’s fir
proposed by Forstmann and Stenschke43 in order to satisfy
energy and charge conservation at sharp boundaries bet
homogeneous layers. The second-order boundary condi
for the SH are given in Ref. 37 and were first obtained
Corvi and Schaich44 from energy considerations. Demandin
that the singularities that may be present on both sides of
~5! should be of the same order leads immediately to
second-order ABC’s for SF fields

P3 continuous, ~9!

~n0
21/3]zP3!2

1

3en0
2/3~n0

21/3]zP1!~n0
21/3]zP2!

2
mv1v2

egn0
2

P1P2 continuous. ~10!

After solving Eq. ~5! to obtain P3(z) for a given profile
n0(z) we calculate the surface nonlinear SF polarizations45

P3
s[E dzP3~z!, ~11!

from which we identify the surface susceptibility

xzzz
s ~v1 ,v2!5P3

s/~D1D2!, ~12!

which is finally written in terms of a dimensionless para
etera(v1 ,v2), defined by17,19

xzzz
s ~v1 ,v2!52

a~v1 ,v2!

2nbe

e121

4pe1

e221

4pe2
. ~13!

With a(v1 ,v2) it is a simple matter to calculate the SF
efficiencyR.17,19 For this we also need the other non-nu
components of the nonlinear surface susceptibilitiesx izi

s and
x iiz

s , and the nonlinear response of the bulk. We paramet
these through the dimensionless functions introduced
Refs. 17 and 19:b(v1 ,v2)5b(v2 ,v1)521 for the surface
response, andd15d25 d̄15 d̄251 for the bulk response.

Finally, we remark that DFG, i.e.,v35v12v2, may be
calculated from the results of the present section for S
i.e., v35v11v2 by the simple replacementv2←2v2.

III. RESULTS

Previous works46 on the applicability of the HD model to
the calculation of the linear optical response of the inhom
geneous electron gas warned against its use since it y
spurious collective modes originated in the exponentially
d-
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caying tail of the electron gas density profile;47 they recom-
mended the use of less realistic profiles which go to zero
some well-defined point. Then, to illustrate our model w
consider a simple linear shape for the equilibrium dens
profile n0(z) that interpolates between its vacuum and bu
values,

n0~z!5H nb , z.zs

nb

2
~11z/zs!, 2zs,z,zs

0, z,2zs ,

~14!

wherezs is the width of the selvedge region. We will con
sider parameters that correspond roughly to potassium:
chose the bulk density parameterr s54.86a0 (nb

21[4pr s
3/3,

a0 is Bohr’s radius!, and we tookvbt510.48 We took a
larger dissipation than that expected within the bulk in ord
to account approximately for surface damping mechanis
which are not present explicitely in our model. As shown
Ref. 37, the linear response shows a resonance correspon
to the usual bulk plasmon atv i5vb , and a number of reso
nances whose induced densities have a multipolar chara
Their number, position, and strength depend on the width
the selvedge. Therefore, we have adjusted the width par
eter zs53.5a0 to yield a single peak of dipolar characte
close to the experimentally measured frequen
vd50.8vb .38,39 Having adjusted our model to reproduc
qualitatively the main features of the surface line
response,49,48,50we have exhausted the single free parame
of our model. We remark that, as in Ref. 37, the parametea
is independent and the efficiencyR is inversely proportional
to the bulk density for a given dimensionless wid
zs5zs /lTF , with lTF5bb /vb the Thomas-Fermi screenin
length, if the frequencies and lifetimes are scaled withvb .
Now, we proceed to perform the nonlinear part of our calc
lation.

Figure 1 shows our numerical results for the surface
rameterua(v1 ,v2)u as a function of the fundamental fre
quenciesv1 andv2. There are ridges corresponding to co
stant values ofv15vd , v25vd , v35vd, and v35vb .
Since our model doesn’t incorporate single particle exc
tions, our results do not display any structure related to
photoionization threshold.21 Curiously, there is no peak cor
responding tov1 or v25vb due to the factorse1 ande2 in

FIG. 1. Absolute value ofa(v1 ,v2) for SFG vsv1 /vb and
v2 /vb , for K ( r s54.86a0) with a linear surface density profile
The parameters are:vbt510 and selvedge widthzs53.5a0. Notice
that a is independent ofr s .
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57 2583HYDRODYNAMIC MODEL FOR SUM AND DIFFERENCE . . .
its definition@Eq. ~13!#. When the ridges cross, the resultin
double resonance yields strong enhancements. In partic
the peak atv15v25vd corresponds to SHG at the dipola
surface plasmon resonancev352vd . The peak previously
obtained for SHG at the subharmonic of the dipolar surf
plasmon21,37 v15v25vd/2 is seen in Fig. 1 to correspon
only to a ridge crossing along the SHG linev15v2, but is
not actually a peak in the SFG landscape. In Fig. 2 we sh
the p-polarized SFG efficiencyRppp for two incoming
p-polarized fundamental beams at equal angles of incide
u15u2560°. We notice that the peaks and ridge visible
Fig. 1 at v35vb are suppressed due to the Fresnel fac
involved inRppp .17,19 Now, we only have ridges atv1 or
v25vd , and a much smaller ridge atv35vd . However,
the peaks at the dipolar-plasmon frequency are still v
strong. If we traverse Fig. 2 along the degeneratev15v2
line, we obtain the same SHG spectra reported in Ref. 37
scaled by a factor of four.18,19 Notice that Fig. 1 has the
symmetryv1↔v2 which leavesv3 invariant. Since we took
u15u2, Fig. 2 has the same symmetry; obviously the e
ciency is symmetric under simultaneous permutation of
incoming frequencies, incidence angles, and polarization

Similarly we can obtaina(v1 ,v2) for the case of differ-
ence frequency generation~DFG!, for which v35v12v2,
since this case could be obtained from SFG by substitu
v2←2v2. For instance, we could defineaDFG(v1 ,v2)
5a(v1 ,2v2) and employ similar definitions for the othe
DFG response functions. In Fig. 3, we showua(v1 ,2v2)u
as a function ofv1 and 2v2. Again, we notice a series o

FIG. 2. p-polarized SFG efficiencyRppp(v1 ,v2) for two
p-incoming fundamental beams at equal angles of incide
u15u2560°, for the same system as in Fig. 1. The results for ot
metals can be obtained by multiplyingRppp by @r s /r s(K) #3.

FIG. 3. Absolute value ofa(v1 ,2v2) for DFG vsv1 /vb and
2v2 /vb . The system is the same as in Fig. 1. Notice thata is
independent ofr s .
ar,
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ridges and large enhancements where the ridges cross
other. The ridges occur for constant valuesv1 or v25vd ,
andv356vd or 6vb . The plot is symmetric with respec
to the optical rectification linev350, and actually, the re-
gion wherev3 is negative should be interpreted as the oth
DFG process v385v22v1, for which aDFG(v2 ,v1)
5aDFG* (v1 ,v2). We obtain an optical rectification pea
when both v1 and v25vd . In Fig. 4 we show the
p-polarized DFG efficiencyRppp for the same incoming
beams as in Fig. 2. As before, we notice that the peaks
ridge visible in Fig. 3 atv356vb are suppressed due to th
Fresnel factor. The optical rectification peak vanishes ide
cally sinceRppp is proportional tov3

2. We only have ridges
at v1, v25vd , or 6v35vd . In contrast to SFG, when
computing the DFG efficiency, extreme care should be ta
as it may happen that there is no real solution for the out
ing angleu3 of the reflected beam for some combinations
angles of incidence and fundamental frequencies.51 When-
ever this is the case, no energy flows atv3 from the surface
towards vacuum and the expressions we employed forRppp
are no longer valid. By takingu15u2 in Fig. 4 we circum-
vent this problem. Also, concomitant with this choice, t
results shown in Fig. 4 have the same symmetry as th
shown in Fig. 3.

The resonant structure in SHG due to the excitation
multipolar surface plasmons has been predicted previous
Refs. 21 and 37, and the use of SHG spectroscopy to obs
this elusive surface mode has been suggested. Our pre
results shows that SFG/DFG spectroscopy is also a feas
way to observe this mode.

The important spectral features presented above are
sequence of the finite thickness of the selvedge region.
the other hand, for a single step density profi
@n0(z)5nbQ(z)#, there is only one feature atvb and the
spectra is otherwise featureless. This is easily seen from
~5! and Eq.~11!, which can be solved analytically to yield

a~v1 ,v2!5
1

q3

2

bb
2F n1

q11q3
1

n2

q21q3

1
m1q11m2q2

~q11q2!~q11q21q3!G . ~15!

The only resonant structure is atv35vb and comes from the
1/q3 prefactor in Eq.~15!.

e
r

FIG. 4. p-polarized DFG efficiencyRppp(v1 ,2v2) for two
p-incoming fundamental beams at equal angles of incide
u15u2560°, for the same system as in Fig. 1. The results for ot
metals can be obtained by multiplyingRppp by @r s /r s(K) #3.
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IV. CONCLUSIONS

In this paper we have developed a hydrodynamic mo
to calculate the linear and second-order surface response
the SFG/DFG efficiency of semiinfinite simple metals taki
account of spatial dispersion and the presence of a con
ous electronic density profile at their surface. Starting fr
the continuity and Euler’s equation we obtained the first- a
second-order equations for the induced polarization. Fr
these equations we also obtained the boundary condition
be imposed on the sum and difference frequency polar
tion. The hydrodynamic model overemphasizes the contr
tions to the response from the exponentially decaying t
and is therefore unable to deal with realistic dens
profiles.46 In this paper we employed a simple model profi
that interpolates between the bulk density and vacuum.
chose the profile parameters so that the frequency of
linear surface response fitted the position of the dipolar s
face collective mode, as obtained from self-consistent
lium calculations48,50 and from experiment.38,39

By choosing the appropriate density, we calculated
merically the nonlinear susceptibility of potassium and d
cussed its normal-to-the-surface component, characterize
the a(v1 ,v2) parameter. We also calculated its nonline
reflectanceR. However, we remark that there are simp
scaling laws that permit the immediate extrapolation of o
numerical results to simple metals with a different bulk de
sity. As in the case of SHG,37 given a density profile shape
the surface is entirely characterized by the dimensionless
rameterzs5zs /lTF52.48. Then the susceptibility paramet
a scales asa(v1 ,v2)5 ã(v1 /vb ,v2 /vb ;vbt,zs) and the
efficiency scales asR(v1 ,v2)5@2/(nbmc3)#R̃(v1 /vb ,
v2 /vb ;vbt,zs), where ã and R̃ are dimensionless func
tions independent of the bulk density. In summary,a is in-
dependent of the bulk density if the frequencies are scale
the plasma frequency, andR scales with the inverse of th
density.

The SFG efficiencyRppp displays sharp peaks at res
nance with the dipolar surface plasmon when (v1 ,v2)
5(vd ,0), (0,vd), and (vd ,vd). Similarly, the DFG effi-
ciency shows peaks at (v1 ,2v2)5(2vd ,2vd), (vd,0) and
similar peaks obtained by interchangingv1 with v2. The
surface responsea(v1 ,v2) has the structure above, and e
tra structures due to resonances with the bulk plasma
quency. However, this extra structure disappears when
culatingRppp due to the presence of the Fresnel factors.
stress that the directly observable quantity isR and not the
surface response.

The ground-state density profile chosen for the calcu
tions shown in the present paper was a simple linear in
polation between the bulk density and vacuum. Slightly m
realistic profiles, such as a quadratic interpolation with
a

el
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u-

d
m
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a-
u-
il,

e
e

r-
l-

-
-
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r

r
-

a-

by

e-
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e

-
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continuous derivative yield even larger peaks. Similar res
for SHG were discussed in detail in Ref. 37. For our calc
lations we took a very large dissipation in order to acco
for possible surface damping effects that are not explic
accounted for within our model. Had we taken a smal
dissipationvbt530 ~Ref. 48! the peak heights would hav
increased by two orders of magnitude, concealing the ri
structure.

The results obtained in the paper strongly suggest that
multipolar modes, which are difficult to observe in electr
scattering experiments, might be observed through S
DFG spectroscopy. Since there is more freedom in
choice of input parameters, their observation using SF
DFG may be more feasible than with SHG. For instance,
peaks atv15vd and v250 in Figs. 2 and 4 may be ex
plored with ultraviolet-infrared SFG/DFG, while SHG dis
plays a large peak atv15v25vd which would require de-
tection optics far within the ultraviolet region. The SH
peak atv15v25vd/2 is much smaller and actually corre
sponds only to a pass in thev35vd SFG ridge.

In summary, we have presented a calculation of the s
face SFG and DFG spectra of simple metals taking into
count the spatial dispersion of their optical response and
presence of a continuous ground-state density profile at t
surface. We employed a simple hydrodynamic model for
inhomogeneous electron gas and fitted its free paramete
the position of the dipolar surface plasmon. The surface n
linear susceptibility and its efficiency display a series of ve
large peaks corresponding to the excitation of multipolar s
face plasmons, indicating that the observation of these
sive modes might be performed with SFG/DFG spectr
copy. Although the shortcomings of hydrodynamic mod
for the realistic description of metal surfaces are w
known,48 our parametrized model captures qualitative
some of the features of more elaborate models, such
negative dispersion for the ordinary surface plasmon and
existence of a multipolar resonance. Others, such as th
due to the photoemission threshold, are necessarily mis
from our calculation, although they have appeared in m
sophisticated calculations of SHG.21 To our knowledge, ours
are the first calculations of surface SFG and DFG spe
over a large frequency range for nonlocal metals, and
believe that the large predicted resonances will also
present in more elaborate calculations. We hope our calc
tion encourages more experiments to measure the SFG s
tra, and more theoretical calculations close to the surf
resonances.
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