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Photoluminescence of spherical quantum dots
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In order to interpret the phonon-assisted optical transitions in semiconductor quantum dots, a theory is
developed comprising the exciton interaction with both adiabatic and Jahn-Teller phonons and also the external
nonadiabaticity~pseudo-Jahn-Teller effect!. The effects of nonadiabaticity of the exciton-phonon system are
shown to lead to a significant enhancement of phonon-assisted transition probabilities and to multiphonon
optical spectra that are considerably different from the Franck-Condon progression. The calculated relative
intensity of the phonon satellites and its temperature dependence compare well with the experimental data on
the photoluminescence of CdSe quantum dots, both colloidal and embedded in glass.
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I. INTRODUCTION

Recently, there has been an increasing experimental in
est in multiphonon photoluminescence1–5 and Raman
scattering6–11 of nanosize quantum dots. Photoluminescen
peaks due to phonon-assisted processes were observ
colloidal quantum dots~nanocrystals! under size-selective
excitation.1,2 Observation of multiphonon photolumine
cence of quantum dots embedded in glass is complic
because of a quick trapping of holes onto the local surf
levels.12 Overlapping of photoluminescence bands related
recombination of the electron-hole pairs, which are pres
in different states localized at the surface, smears the feat
of the spectrum due to the phonon-assisted processe4,13

Distinct phonon-line progressions, which are caused by
combination of the electron-hole pairs in ‘‘interior’’ states
a quantum dot~i.e., the states spatially quantized due to t
confinement potential!, were observed in the fast compo
nents of photoluminescence of CdSe quantum dots em
ded in glass3,4 using time-resolved spectroscopy.

Existing attempts to interpret4,5,7,14,15the aforementioned
experiments on the basis of theadiabatic theory of mul-
tiphonon transitions in deep centers by Pekar16 and Huang
and Rhys17 meet considerable difficulties. In the framewo
of the adiabatic theory, the values of the Huang-Rhys par
eter were obtained in Refs. 14 and 15 using a spher
model Hamiltonian for the electron-hole pair in a quantu
dot18–20 and taking into account the valence-band mixin
The values of the Huang-Rhys parameter obtained in
way appear to be significantly~by one to two orders of mag
nitude! smaller than those derived from experiment. This d
crepancy is due to the fact that under a strong confinem
the charge density of the electron-hole pair in the grou
state is small everywhere in the quantum dot. In order
achieve agreement with the experimental data, additio
mechanisms have been intuitively introduced, which ens
separation of the electron and hole charges in space:~i! ad-
570163-1829/98/57~4!/2415~11!/$15.00
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ditional built-in charge,7,14,21 ~ii ! traps that would localize
holes,2 and ~iii ! different boundary conditions for electron
and holes.6

The main idea of the adiabatic approach consists in
assumption that a stationary state of charge carriers is for
for eachinstantaneousposition of ions~i.e., charge carriers
follow the ion motion adiabatically!. In the framework of
this approach, the exciton-phonon interaction leads only
modification of the exciton wave function, but does not gi
rise to transitions between different exciton states. Howe
two circumstances are to be mentioned, which imply that
exciton-phonon systems in quantum dots are essent
nonadiabatic.

~i! The states of an exciton in a quantum dot including
ground state are, generally speaking,degenerate. In this con-
nection, it is worthwhile to recall,22–26 that the electron-
vibrational interaction in the impurity centers with a dege
erate electron level may cause a dynamic Jahn-Te
effect,27 or, equivalently, so-calledinternal nonadiabaticity.
Namely, if the electron interaction with some vibration
modes is described by noncommutative matrices calcula
in the basis of a degenerate electron level~those vibrational
modes are usually called the nonadiabatic or Jahn-Te
modes!, there is a nonadiabatic mixing of electron states
longing to this level. In a direct analogy to this scenario
the proper Jahn-Teller effect for the impurity centers, tran
tions do occur between different states of a degenerate e
ton level in a quantum dot, provided the exciton-phonon
teraction in the basis of this degenerate level is character
by noncommutative matrices.

~ii ! Differences between energy levels of an exciton in
quantum dot can become comparable to the optical pho
energy in the experiments.1–10 Therefore, the resulting ef
fects of external nonadiabaticity, or the so-called pseudo
Jahn-Teller effect,26 in the phonon-assisted optical trans
tions are of crucial importance. The term ‘‘extern
nonadiabaticity’’ is used in order to make a distinction b
2415 © 1998 The American Physical Society
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tween this class of nonadiabatic phenomena and the ab
described proper Jahn-Teller effect relevant to a degene
exciton level.

To the best of our knowledge, in the papers on opti
spectra of quantum dots, the effects ofnonadiabaticityhave
been ignored when drawing an analogy between impu
centers, on the one hand, and quantum dots, on the o
hand. In order to adequately describe the multiphonon o
cal spectra of quantum dots, it is necessary28 to develop the
nonadiabatic approach. This is the main goal of the pres
work.

The paper is organized as follows. In Sec. II the m
tiphonon light absorption by quantum dots is studied, tak
into account the nonadiabaticity of the exciton-phonon s
tem. It is demonstrated that the exciton interaction with
nonadiabatic vibration modes leads to a significant incre
of multiphonon transition probabilities and to another dep
dence of these probabilities on the number of emitted
absorbed phonons as compared to the results of the theo
Pekar and of Huang and Rhys. Section III deals with
photoluminescence spectra of the ensemble of quantum
Two limiting cases are analyzed: the thermodynamic equi
rium photoluminescence that takes place when the time
the relaxation between the exciton energy levels is m
smaller than the radiative lifetime of an exciton and the p
toluminescence relevant to the slow relaxation. Section IV
devoted to the description of the model of the excito
phonon systems in quantum dots used. In Sec. V the num
cal results for the multiphonon photoluminescence spe
are displayed in comparison with the experimentally detec
spectra of spherical CdSe quantum dots. It is emphas
that a straightforward calculation in the framework of t
adiabatic theory gives the intensities of the phonon satel
that do not fit well the observed spectrum at any value of
Huang-Rhys parameter. Hence, as summarized in Sec
the nonadiabaticity of the exciton-phonon systems is sho
to play a crucial role in the phonon-assisted optical tran
tions in quantum dots.

II. LIGHT ABSORPTION BY QUANTUM DOTS

Quantum dots are considered to be embedded in a
dium with a weak dispersion of refractive index. In this se
tion the quantum dots are supposed to be identical. On
basis of the Kubo formula,29 the linear coefficient of absorp
tion by an ensemble of quantum dots in the electric dip
approximation30 can be represented as

a~V!5
8pVN

3\cn~V!
~12e2\V/kBT!

3ReE
0

`

dtei ~V1 i e!t^e~ i /\!Htd†e2~ i /\!Htd&,

e→01, ~1!

where V is the light frequency,N is the concentration o
quantum dots,n(V) is the refractive index of the medium,d
is the dipole moment operator, and^ & denotes the averagin
over the statistical ensemble of the exciton-phonon syste
The total Hamiltonian of the exciton-phonon system
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H5Hex1Hph1Hint ~2!

contains the exciton HamiltonianHex , the phonon Hamil-
tonianHph , and the exciton-phonon interaction Hamiltonia

Hint5(
l

~glal1gl
†al

†!, ~3!

whereal
† andal are the creation and annihilation operato

for the phonons of thelth vibrational mode; the interaction
operatorsgl will be specified below.

Note that in the experiments,1–5 the exciton energy is
much larger than both the phonon energy and the valuekBT.
This means, in particular, that the probability of thermal ge
eration of an exciton is vanishing. For optical transitio
leading to generation of an exciton and starting from
exciton vacuumu0& whose energy is chosen as zero, t
initial states of the exciton-phonon system are described
the wave functionsu0&un&, whereun& are eigenstates of th
phonon HamiltonianHph . Further, the final states of th
exciton-phonon system are not occupied, so that in Eq.~1!,
one can omit the term that is proportional to exp(2\V/kBT)
and describes a correction due to stimulated emission of l
with frequencyV. Finally, the frequency of the exciting ra
diation is much larger than the phonon frequency; hence
interaction of this radiation with free phonons can be n
glected, i.e.,dun&5un&d. Hence the transformation of th
average follows:

^e~ i /\!Htd†e2~ i /\!Htd&

5(
n

rn^nue~ i /\!Hpht^0ud†e2~ i /\!Htdu0&un&

5^0ud†ub&^buS (
n

rn^nue~ i /\!Hphte2~ i /\!Htun& D
3ub8&^b8udu0&, ~4!

whereub& labels eigenstates of the exciton Hamiltonian,rn
is the probability of the phonon stateun& in the equilibrium
statistical ensemble of the phonon systems

rn5
1

Zph
expS 2

En

kBTD ,

Zph is the partition function of the free phonon subsyste
andEn is the energy of the phonon stateun&. Using the well-
known Feynman relations31 for operator exponentials, on
obtains

e~ i /\!Hphte2~ i /\!Ht5e2~ i /\!HextU~ t !, ~5!

where the evolution operator

U~ t !5TexpS 2
i

\E0

t

dt1Hint~ t1! D ~6!

is represented in terms of the chronological ordering oper
T, while

A~ t !5e~ i /\!~Hex1Hph!tAe2~ i /\!~Hex1Hph!t

denotes the operatorA in the interaction representation
Hence Eq.~1! takes the form
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a~V!5
8pVN

3\cn~V!
Re(

b,b8
db* db8

3E
0

`

dtei ~V2Vb1 i e!t^bu^U~ t !&phub8&, ~7!

whereVb is the Franck-Condon frequency of generation
an exciton in the stateub&, db[^budu0& is the dipole matrix
element of a transition between the exciton vacuum state
the stateub&, and

^ &ph[(
n

rn^nu un&

denotes the averaging over the phonon ensemble.
Using Eq. ~3! and neglecting the dispersion of the fr

quency of the optical phononsv0, one obtains the following
result of the averaging over the equilibrium phonon e
semble in Eq.~7!:

^U~ t !&ph5TexpH 2
1

\2(l
E

0

t

dt1E
0

t1
dt2

3@~ n̄11!e2 iv0~ t12t2!gl~ t1!gl
†~ t2!

1 n̄eiv0~ t12t2!gl
†~ t1!gl~ t2!#J , ~8!

where

n̄5~e\v0 /kBT21!21. ~9!

The absorption coefficienta(V) of Eq. ~7! with Eq. ~8!
can be analytically calculated at arbitrary exciton-phon
coupling when~i! the exciton levels are nondegenerate~this
case was analyzed by Pekar16 and Huang and Rhys17! or ~ii !
the vibrational modes interacting with an exciton are ad
batic, i.e., the matricesi^buglub8&i in the basis of the de
generate level can be simultaneously diagonalized~this case
is referred to as a static Jahn-Teller effect22–25!.

However, these analytical approaches cannot be app
for the exciton-phonon systems in quantum dots beca
these systems are essentially nonadiabatic, as already s
in the Introduction. The fact that the exciton-phonon inter
tion in quantum dots is weak enables one to adequately
scribe the effect of the nonadiabaticity on phonon-assis
optical transitions. Here we will concentrate on the intens
of phonon satellites in the optical spectra; the influence
the Jahn-Teller effect on the energy spectrum of the sys
will be considered elsewhere.

Under the condition of weak exciton-phonon interactio

h[
maxz^buglub8& z

\v0
!1, ~10!

contributions to the absorption coefficient from transition
accompanied by a change of the number of phonons byK,
can be calculated to leading (Kth) order in the small param
eterh2. In order to realize this approximation, it is enough
keep only those terms in the expansion of the evolution
erator~8! whereall the interaction operatorsgl(t) are placed
f
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-
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-
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-
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d

y
f
m

,

-

either before or afterall the operatorsgl
†(t). Hence the ab-

sorption coefficient~7! takes the form

a~V!5
8pVN

3\cn~V!
ImF (

K50

`

~ n̄11!K

3 (
b2K , . . . ,bK

wK
~1 !~b2K , . . . ,bK ;V!

1 (
K51

`

n̄K (
b2K , . . . ,bK

wK
~2 !~b2K , . . . ,bK ;V!G ,

~11!

whereb i with i 52K, . . . ,K label various intermediate an
final exciton states relevant to theK-phonon optical transi-
tion; the other denotations are

wK
~6 !~b2K , . . . ,bK ;V!

5jK~b2K , . . . ,bK!

3 )
k52K

K
1

Vbk
6~K2uku!v02V2 i e

, ~12!

j0~b0!5udb0
u2, ~13!

jK~b2K , . . . ,bK!5
db2K
* dbK

\2K (
n1 , . . . ,nK51

K

)
i ,i 851

K

@12dnini 8

3~12d i i 8!#)
k51

K

(
l

^b2kuglub2k11&

3^bnk21ugl
†ubnk

&, K>1. ~14!

When the inequalities

uVb2Vb82kv0u@hv0 ~15!

are satisfied for anyub&, ub8&, andk51,2,3, . . . , theinten-
sities of absorption lines can be expanded in powers of
rameterh2. To the leading (Kth) order in this parameter, th
intensity of a line at the frequencyV5Vb0

6Kv0 is deter-

mined by the residuum of the functionwK
(6) in the poleV

5Vb0
6Kv01 i e. The residuum of the same function@see

Eq. ~12!# in each of the other 2K poles V5Vbk
6(K

2uku)v01 i e with uku>1 describes a relatively small correc
tion ;h2K to the (K2uku)-phonon-line intensity determine
by its leading term, which is of the order ofh2(K2uku).

Under the resonance conditionsuVb2Vb82kv0u→0
~wherek51,2,3, . . . ), thephonon-line intensities calculate
within the framework of perturbation theory may diverg
and hence a straightforward expansion of the absorption
efficient a(V) in powers ofh2 is not adequate. The follow
ing procedure allows one to study the resonance situa
too. The resonance situation is noticeable for the fact that
optical spectra contain groups of close spectral lines. Dist
phonon-line progressions can then be observed in the op
spectra of quantum dots provided that~i! for the frequencies
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of optical transitions corresponding to one and the samenth
group, withV̄n denoting the central position of spectral lin
of this group, the inequalities

uVb6Kv02V̄nu,DV/2, DV!v0 , K50,1,2, . . . ,
~16!

are fulfilled and~ii ! the groups are separated from each ot
by relatively large frequency intervals

uV̄n82V̄nu@DV, n8Þn. ~17!

For thenth group, the integer parameterK obeying the in-
equality ~16! possesses a minimum value that is denoted
Kn . If the intervalDV is chosen to be much larger thanhv0
@such a choice is always possible under condition~10!#, the
average absorption coefficient on the frequency inter
(V̄n2DV/2,V̄n1DV/2)

an5
1

DVE
V̄n2DV/2

V̄n1DV/2
a~V8! dV8 ~18!

can be expanded in powers ofh2 because the integration i
Eq. ~18! eliminates the problem of the above-mentioned
vergences of the phonon-line intensities. The leading te
of such an expansion are determined by the residua of
functions wKn

(6) in the polesV5Vb0
6Knv01 i e, the fre-

quenciesVb0
satisfying the inequality~16! at K5Kn . As

results from the definition of the parameterKn , all the other
2Kn polesV5Vbk

6(Kn2uku)v01 i e ~with uku>1) of the

function wKn

(6) lie far away from the interval (V̄n

2DV/2,V̄n1DV/2) and correspond already to other grou
of spectral lines. In combination with inequalities~16! and
~17!, this leads to the following property of residua of th
functions wK

(6) ~12!: The residua determining theleading
terms in the average absorption coefficientan contain in
their denominators no small factors that would obey the
equalities uVb2Vb82kv0u<DV ~where k51,2,3,. . . ).
This property implies, consequently, that the contributions
the average absorption coefficient due to the residua
contain small denominators of the aforementioned type
be neglected. Therefore, in order to correctly~within a rela-
tive accuracy;h2) describe the values of the average a
sorption coefficient on the narrow frequency intervals (V̄n

2DV/2,V̄n1DV/2), the functiona(V) ~11! should be rep-
resented as

a~V!5
8p2VN

3\cn~V!(b F (
K50

`

~ n̄11!K f bK
~1 !d~Vb1Kv02V!

1 (
K51

`

n̄K f bK
~2 !d~Vb2Kv02V!G . ~19!

Here the coefficientsf bK
(1)( f bK

(2)) defined by

f b0
~6 !5udbu2, ~20!
r

s

l

-
s

he

-

o
at
n

-

f bK
~6 !5 (

b2K , . . . ,bK

db0bjK~b2K , . . . ,bK!)
k51

K

3
u~ uVbbk

6kv0u2DV!u~ uVbb2k
6kv0u2DV!

~Vbbk
6kv0!~Vbb2k

6kv0!
,

K>1, ~21!

are proportional to the probabilities for the generation of
exciton in the stateub& with simultaneous emission~absorp-
tion! of K phonons,

u~x!5H 1, x>0,

0, x,0,
~22!

Vbb85Vb2Vb8. ~23!

In Eq. ~21!, there are three kinds of terms which conta
nondiagonal matrix elementŝb i uglubk& in the coefficients
jK : ~i! terms with all the statesub2K&, . . . ,ubK& belonging
to thesameenergy level, which describe the influence of t
internal nonadiabaticity~or the proper Jahn-Teller effect! on
the optical transition probabilities; ~ii ! terms with
ub2K&, . . . ,ubK& pertaining todifferentenergy levels, which
take into account the effects of the external nonadiabati
~or the so-called pseudo-Jahn-Teller effect!; and ~iii ! terms
proportional todb2K

* dbK
with b2KÞbK , which describe the

intermultiplet mixing between the exciton states with th
same symmetry. This mixing occurs due to the excito
phonon interaction.

When an exciton energy level is degenerate, Eq.~21! dif-
fers from the result of the adiabatic theory,16,17 which gives
for a weak exciton-phonon interaction

f̃ bK5
udbu2

K! S (
l

U^buglub&
\v0

U2D K

, ~24!

the difference taking place even if one neglects the effe
mentioned in points~ii ! and ~iii ! above. For example, the
shape of the absorption band edge of a spherical quantum
can be obtained using the spherical model18–20 for the exci-
ton Hamiltonian~see the Appendix!. The coefficientsf bK

(6)

that are proportional to the probabilities of generation of
exciton in the ground state with emission or absorption oK
phonons of non-adiabatic~or, equivalently, Jahn-Teller!
modes are then given by

f bK
~6 !

f̃ bK

5
4

3S FK11

2 G1
1

2D S FK11

2 G1
3

2D , ~25!

where @x# denotes the integer part ofx. The adequate ac
count of the exciton interaction with the Jahn-Teller vibr
tions leads to a significant increase of the multiphonon tr
sition probabilities and to a more complicated dependenc
these probabilities on the number of emitted or absor
phonons in comparison with the results of the theory
Pekar16 and Huang and Rhys.17 Therefore, the multiphonon
optical spectrum determined by Eq.~19! with Eq. ~25! is
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considerably different from the Franck-Condon progress
described by Eq.~19!, where thef bK

(6) are replaced by the

f̃ bK given through Eq.~24!.

III. PHOTOLUMINESCENCE SPECTRUM

The relaxation processes during the time intervalt be-
tween the generation and the recombination of an exc
substantially influence the photoluminescence spectr
Two limiting cases are examined here:~i! the thermody-
namic equilibrium photoluminescence that takes place w
t0 the time of the relaxation between the exciton ene
levels is much smaller than the radiative lifetime of an ex
ton t and ~ii ! the opposite case relevant to slow relaxati
t0@t. The energy level broadening due to the finite valu
of t0 and t is disregarded here, i.e., the inequaliti
t0

21 ,t21!v0 are supposed to be satisfied. This supposit
is in agreement with the theoretical estimations of the ex
ton lifetime ~for example, the valuet;1 ns was obtained in
Ref. 4 for CdSe quantum dots! and with the experimenta
observation of ultranarrow (,0.15 meV) luminescence
lines fromsinglequantum dots.32 The spectral broadening o
the multiphonon photoluminescence lines will be conside
below in Sec. V.

According to Refs. 24 and 33, the spectrum of equil
rium luminescence can be obtained directly from the abso
tion spectrum. For an ensemble of identical quantum d
the equilibrium-luminescence intensity can be expressed

I ~V!5
\V3n2~V!

2p2c2

Nex

N
Zph

Z expS 2
\V

kBTDa~V!, ~26!

where the partition functionZ relates to the states of th
system that includes one exciton and phonons. The con
tration of excited quantum dotsNex is described by

Nex5
sa~Vexc!Iexc

\Vexc
, ~27!

whereVexc andIexc are the frequency and the intensity
the monochromatic exciting radiation; the factors5t for the
continuous excitation, whiles5texcexp(2t/t) for the excita-
tion by short light pulses of durationtexc!t. Substituting
the equation fora ~19! in Eqs.~26! and~27!, one obtains at
low temperatures typical for the experiments1–5 (kBT
!\v0)

I ~V!5N(
K50

`

(
b,b8

d~V2Vexc1Kv01Vb8b!

3 (
K850

K

Abb8KK8d~Vexc2Vb82K8v0!, ~28!

where

Abb8KK85
32p2V4sIexc

9\2c4Zex

expS 2
\Vb

kBT D f b,K2K8
~2 ! f b8K8

~1 ! ,

~29!

with Zex the partition function of the one-exciton subsyste
When deriving Eq.~29! it was taken into account that withi
n

n
.

n
y
-

s

n
i-

d

-
p-
s,
s

n-

.

the framework of the weak-coupling approach developed
Sec. II,Z'ZexZph . In the limit of slow relaxationt0@t,
the recombination occurs from a state in which an exci
has been generated, hence the photoluminescence inte
follows from Eq.~19! to be

I ~V!5N(
K50

`

d~V2Vexc1Kv0!(
b

(
K850

K

BbKK8

3d~Vexc2Vb2K8v0!, ~30!

where

BbKK85
32p2V4sbIexc

9\2c4
f b,K2K8

~2 ! f bK8
~1 ! , ~31!

with the factorssb described attexc!t by

sb5texcexpH 2
4t

\c3 (
K50

`

~Vb2Kv0!3n~Vb2Kv0! f bK
~2 !J .

~32!

For a specimen that contains quantum dots of differ
types the photoluminescence intensities~28! and ~30! must
be summed up over those different types. When one con
ers an ensemble of spherical quantum dots with a continu
distribution functionN(R) over the radiiR, the aforemen-
tioned summation is realized by an integration over radii. F
the equilibrium-photoluminescence intensity one then
tains from Eq.~28!

I ~V!5 (
K50

`

(
K850

K

(
b,b8
N~Rb8K8!Abb8KK8~Rb8K8!

3d„V2Vexc1Kv01Vb8b~Rb8K8!…, ~33!

while in the opposite limitt0@t the photoluminescence in
tensity of Eq.~30! takes the form

I ~V!5 (
K50

`

d~V2Vexc1Kv0!

3 (
K850

K

(
b
N~RbK8!BbKK8~RbK8!. ~34!

The monochromatic excitation light with frequencyVexc is
absorbed only by quantum dots of radiiRb8K8 satisfying the
equation

Vb8~R!1K8v02Vexc50. ~35!

The photoluminescence spectrum described by Eq.~34!
contains only one phonon-line progression with a ze
phonon line at the frequencyV5Vexc, while the
equilibrium-photoluminescence spectrum consists of a se
phonon-line progressions shifted fromVexc by the values
Vbb8 ~23!, which are determined by exciton energy loss
due to the radiationless relaxation. The schemes of the
evant optical transitions in quantum dots are shown in Fig
In particular, the equilibrium-photoluminescence line at t
frequency V5Vexc2Kv02Vb8b(Rb8K8) corresponds to
the following sequence of transitions in a quantum dot
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radiusRb8K8 ~e.g., of radiusRb82 in Fig. 1!: ~i! generation of
an exciton in the stateub8& accompanied by emission o
K8(K8<K) phonons~shown by arrow up!, ~ii ! radiationless
transition of the exciton to the stateub& ~heavy dashed ar
row!, and ~iii ! radiative recombination of the exciton wit
emission ofK2K8 phonons~thin dashed arrows for trans
tions with emission of zero to three phonons!.

IV. MODELS FOR QUANTUM DOTS

Both the quantum dots in glass and the colloidal quant
dots of small size~1–2 nm! are known2–5 to have a geo-
metrical shape close to spherical. For the samples inve
gated in Refs. 3 and 4, small-angle x-ray measurements
indicated that the functionN(R) that describes the distribu
tion of quantum dots over radii is close to the logarithm
standard distribution

N~R!5
Ntot

A2p%R
expH 2F ln~R/R0!

A2%
G 2J , ~36!

the average radius of quantum dots being determined as

^R&5R0expS %2

2 D . ~37!

Here R0 and % are distribution parameters andNtot is the
total concentration of quantum dots

Ntot5E
0

`

N~R!dR.

In Sec. V the functionN(R) ~36! is used to model the dis
tribution of quantum dots over radii.

In the exciton-phonon interaction HamiltonianHint ~3!,
the operatorsgl are

FIG. 1. Scheme of the transitions for the light absorption un
the excitation by the radiation of frequencyVexc ~arrows up! and
for the subsequent luminescence~arrows down! in quantum dots of
three different radii. Radiationless transitions are shown by he
dashed lines. Thin dashed lines indicate a phonon-line progres
occurring in the photoluminescence spectrum after the exciton
laxation from the stateub8& into the stateub&. The valuesv0 and
Vb82Vb are shown magnified as compared to the frequencyVexc.
ti-
ve

gl5gl~re!2gl~rh!, ~38!

wherere andrh are the coordinates of an electron and a ho
respectively. In a spherical quantum dot the interaction
eratorsgl

B(r ) and gl
I (r ) describing the electron interaction

respectively, with the bulk and interface phonons are
pressed according to Ref. 34 by

gl
~B!~r ![gnlm

~B! ~r !5vnl
~B!~r !i 2 l 2m2umuYlm~q,w!, ~39!

gl
~ I !~r ![g lm

~B!~r !5v l
~ I !~r !i 2 l 2m2umuYlm~q,w!, ~40!

where Ylm(q,w) are the spherical harmonics. The rad
parts of the interaction operators are described by

vnl
~B!~r !5eA\v0

e0RS 1

e~`!
2

1

e~0! D j l~zlnr /R!

zln j l8~zln!
, ~41!

v l
~ I !~r !5eA\v0

e0RS 1

e~`!
2

1

e~0! D Al e~`!

l e~`!1~ l 11! ẽ ~`!
S r

RD l

,

~42!

where j l(z) are the spherical Bessel functions,zln is thenth
zero of the functionj l(z), e0 is the permittivity of vacuum,
e(`) and ẽ (`) are the optical dielectric constants, respe
tively, of a quantum dot and of its surrounding medium, a
e(0) is the static dielectric constant of a quantum dot.

The exciton Hamiltonian for the spherical model18–20

supplemented to account for the electron-hole excha
interaction35,36 is

Hex5
1

2me
pe

21
g1

2m0
ph

22
g2

9m0
~P~2!

•J~2!!1VC~re ,rh!

2
2

3
«excha0

3d~re2rh!~s–J!. ~43!

Herepe andph are the momenta of an electron and a ho
respectively,g1 and g2 are the Luttinger parameters,P(2)

and J(2) are the irreducible second-rank tensor operators
the momentum and the spin-3

2 angular momentum of a hole
s andJ are the spin operators of an electron and a hole,a0
is the lattice constant, and«exch is the exchange strengt
constant,37 which is equal to 320 meV in CdSe.36 In a spheri-
cal quantum dot, the Coulomb electron-hole interaction m
be approximately described by the Hamiltonian34

VC~re ,rh!52
e2

4pe0e~`! (l 50

`

Pl~cosqeh!

3H r e
l

r h
l 11

u~r h2r e!1
r h

l

r e
l 11

u~r e2r h!

1
~r er h! l

R2l 11

@e~`!2 ẽ ~`!#~ l 11!

e~`!1 ẽ ~`!~ l 11!
J , ~44!

wherePl(x) is a Legendre polynomial of degreel andqeh is
the angle betweenre andrh . The Franck-Condon frequenc
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for generation of an exciton in the eigenstateub& is deter-
mined by the corresponding eigenvalueEb of the Hamil-
tonian ~43! as

Vb5
Eg1Eb

\
, ~45!

where Eg is the energy band gap for the substance of
quantum dot.

For typical2–4 quantum dot radii, the exciton states a
determined mainly by confinement, while the electron-h
interaction can be treated as a perturbation. To ze
order in this perturbation, the hole states,20 designated as
nS3/2, nP1/2, nP3/2, nP5/2, nD1/2, nD5/2, . . . are charac-
terized by definite values of the hole angular momentumF
5L1J ~whereL is the orbital angular momentum of a hol!
and the parity;n labels the solutions of the equations for t
radial components of the hole wave function.20

Under size-selective excitation, the frequencyVexc is
chosen to lie in the absorption band tail. Thus only the la
est quantum dots are involved in the absorption proce
and excitons are generated in the lowest states. The ex
ground state (1S,1S3/2) and the state (1S,1P3/2) separated
from the ground state by an energy comparable to the p
non energy\v0 play the main role in the absorption and th
photoluminescence.~As for an electron, the energy of its siz
quantization is large and only the state 1S must be taken into
account.!

In a spherical quantum dot, both the energy le
(1S,1S3/2) and the level (1S,1P3/2) are eightfold degenerat
to the zeroth order in electron-hole interaction. In a quant
dot with zinc-blende structure, the electron-hole excha
interaction splits35,36 each of these levels into a fivefold de
generate level with eigenvalueN52 of the exciton angular
momentumN5s1F and a threefold degenerate level wi
N51 @see Fig. 2~a!#. In a quantum dot with wurtzite struc
ture, the crystal field, described by the potential37

V52
D

2 S Jz
22

1

4D , ~46!

@whereD525 meV for CdSe~Ref. 38! and Jz is the spin
angular momentum component of a hole along the uni

FIG. 2. Lowest-energy levels of an exciton in a spherical Cd
quantum dot as a function of the radius.~a! Splitting of the energy
levels due to the electron-hole exchange interaction in quantum
with zinc-blende~cubic! structure.~b! Splitting of the energy levels
due to both the exchange interaction and anisotropic crystal fie
quantum dots with wurtzite~hexagonal! structure. The degenerat
level (1S,1S3/2) is chosen as the origin of the energy scale.
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axis of hexagonal lattice#, together with the electron-hole
exchange interaction, leads5,36 to the splitting of the level
(1S,1S3/2) into five sublevels with definite values of the e
citon angular momentum componentsNz along the crystal
axis, as indicated in Fig. 2~b!: a twofold degenerate leve
with uNzu52 ~the curve with the label 2!, two twofold de-
generate levels withuNzu51 ~two curves with the labels 1L

and 1U for the lower and upper sublevels, respectively!, and
two nondegenerate levels withuNzu50 ~two curves with the
labels 0L and 0U). The splitting of the level (1S,1P3/2) is
characterized by relatively smaller energy intervals betw
sublevels@see Fig. 2~b!#, while the mutual order of sublevel
with different uNzu is the same as that for the leve
(1S,1S3/2).

In quantum dots with both the zinc-blende structure a
the wurtzite structure, the zero-phonon generation of an
citon in the ground state and the radiative recombinat
from this state are forbidden in the dipole approximatio
Therefore, the intensity of zero-phonon line is due to tran
tions from high-energy levels. As a consequence, on the
sis of Eq.~33! combined with Eq.~29!, a decrease of tem
perature must result in a decrease of the zero-phonon
intensity in the equilibrium-luminescence spectra. Such a
havior is in agreement with the experimental data.2

V. NUMERICAL RESULTS AND COMPARISON
WITH THE EXPERIMENT

In Figs. 3 and 4, the fluorescence spectraI (V) calculated
by using Eq.~33! are presented together with the experime

e

ts

in

FIG. 3. Fluorescence spectra of CdSe quantum dots with wu
ite structure at various temperatures. Solid lines were calculate
using Eq.~33! and dashed lines represent the experimental dat
Ref. 2. Different lines are shifted along the vertical axis for clari
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2422 57V. M. FOMIN et al.
tal data of Ref. 2 on colloidal CdSe quantum dots of wurtz
structure, respectively, at different temperaturesT and aver-
age radii^R&. The following values of the parameters we
used: e(`)56.23, e(0)59.56, me50.13m0, and Eg
51.75 eV from Ref. 14 andg152.04 andg250.58 from
Ref. 39. From a comparison of the calculated absorp
spectrum~19! with the experimental absorption spectrum
Ref. 2, the value 0.06 was obtained for the parameter% of
the distribution functionN(R) ~36!. Because of the chaoti
nature of the energy spectrum of excitons in real quan
dots ~e.g., owing to the strain or nonperfect geometric
form! and also due to a limited spectral resolution of expe
mental equipment, photoluminescence lines described bd
functions turn into broadened peaks. The shape of th
peaks was modeled by Lorentzians of finite widthG
515 meV.

It is worthwhile to note that in CdSe quantum dots
wurtzite structure, the magnitude of the (1S,1S3/2)-level
splitting by the crystal field for a wide range of radiiR is
close to the optical phonon energy\v0525 meV as seen
from Fig. 2~b!. Therefore, the observed peak of the equil
rium photoluminescence in the spectral regionV'Vexc
2Kv0 is caused not only byK-phonon processes~with
probability ;h2K), but also by (K21)-phonon processe
~with probability;h2(K21)). The latter processes are relat
to the generation of an exciton in theuppergroup of states
@resulting from the splitting of the (1S,1S3/2) level# and the
subsequent radiationless relaxation to thelower group of
states. This feature of the energy spectrum of the exci
phonon system in quantum dots, in combination with
pseudo-Jahn-Teller effect, leads to a substantial differenc
the observed spectrum of multiphonon photoluminesce
from the Franck-Condon progression, as shown in Fig. 5

FIG. 4. Fluorescence spectra of CdSe quantum dots with wu
ite structure at various average radii^R&. Solid lines were calcu-
lated by using Eq.~33! and dashed lines represent the experimen
data of Ref. 2. Different lines are shifted along the vertical axis
clarity.
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is important to note that a straightforward calculation in t
framework of the adiabatic theory leads to intensities of
phonon satellites that do not fit the observed spectrum w
for any value of the Huang-Rhys parameter.

In Fig. 6~a!–6~d! the photoluminescence spectraI (V)
calculated for a zinc-blende-type crystal lattice are given a
compared with the experimental data of Ref. 4 on photo
minescence of CdSe quantum dots in borosilicate glass.
parameter valuesme50.11m0 and Eg51.9 eV ~Ref. 40!
were used for the zinc-blende lattice. The theoretical cur
are calculated for the time interval between generation
recombination of an excitont!t. The shape of photolumi-
nescence peaks was modeled by Lorentzians of widthG
52 meV relevant to the limited spectral resolution of me
surements~better than 5 meV in Ref. 4!. From a comparison
of the calculated absorption spectra~19! with the experimen-
tal absorption spectra of Ref. 4 the values 0.15, 0.18,
0.20 of the parameter% were obtained for average radii^R&
equal to 1.4 nm, 1.8 nm, and 2.7 nm, respectively. The
perimental photoluminescence spectra at each value of
average radiuŝR& refer to different time intervals betwee
the pumping pulse~of duration 2.5 ps! and the measuremen
the upper curve corresponding to the time interval equal t
According to Ref. 4, the decay of fast photoluminescen
components is caused by trapping of holes onto deep~bind-
ing energy;200 meV) local surface levels. Depending o
the average radius of the quantum dots, the decay time va
from some tens to some hundreds of picoseconds. The s
ration between neighboring energy levels of a nontrap
exciton is smaller than the depth of local levels. Therefo
the relaxation in the system of ‘‘interior’’ exciton state
which have been discussed in the Introduction, can be
pected to proceed more quickly than the hole trapping. T
supposition is in agreement with the behavior of fast pho

z-

l
r

FIG. 5. Fluorescence spectra of CdSe quantum dots with wu
ite structure at the average radius^R&51.25 nm. The dashed line
represents the experimental data of Ref. 2, the dot-dashed line
plays a Franck-Condon progression with the Huang-Rhys param
S50.06 calculated in Ref. 14, the dotted line shows anot
Franck-Condon progression with the Huang-Rhys parameteS
51.7, which is obtained by fitting the ratio of one-phonon a
zero-phonon peak heights to the experimental value, and the s
line results from the calculation by using Eq.~33!.
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57 2423PHOTOLUMINESCENCE OF SPHERICAL QUANTUM DOTS
luminescence components under the excitation by li
whose frequency lies near the absorption band maximum~no
size-selective excitation!. In this case a significant shift of th
photoluminescence intensity maximum from the excitat
frequency appears 10 ps after the excitation pulse.4 There-
fore, it is the limiting case of the equilibrium photolumine
cence rather than the opposite case oft0@t that seems to be
relevant to the experimental data of Ref. 4.

FIG. 6. Photoluminescence spectra of CdSe quantum dots
bedded in borosilicate glass at different average radii and excita
energies:~a! ^R&51.4 nm, \Vexc52.50 eV; ~b! ^R&51.8 nm,
\Vexc52.28 eV; ~c! ^R&52.7 nm, \Vexc52.00 eV; and ~d!
^R&52.7 nm, \Vexc51.95 eV. Thin solid lines represent th
families of experimental time-resolved photoluminescence spe
of Ref. 4 measured at different time intervals between the pump
pulse and the measurement, the upper curve corresponding t
time interval equal to 0. Theoretical results are displayed for
equilibrium-photoluminescence spectra of Eq.~33! ~heavy solid
lines! and for the photoluminescence spectra of Eq.~34! in the case
of slow relaxation of the exciton energy~dashed lines!.
t

n

The quantum dots in glass are characterized by broad
tribution functions over the radiiR.12,13 Therefore, even un-
der size-selective excitation some excitons are generate
states with relatively high energy@first of all, in the states
(1S,2S3/2), (1S,1P5/2), (1S,1D5/2) whose energies differ
slightly from each other#. In the case of equilibrium photo
luminescence, the radiationless relaxation of such excit
into the lowest states (1S,1S3/2) leads to the appearance
zero-phonon luminescence peaks shifted fromVexc to lower
frequencies. These peaks hide the phonon satellites@see Fig.
6~c!#. This effect becomes less pronounced when the exc
tion is deeper in the absorption band tail@see Fig. 6~d!#.

VI. CONCLUSION

We have shown in this paper that, due to the nonadia
ticity of the exciton-phonon system in spherical quantu
dots, differentchannelsof the phonon-assisted optical tran
sitions open. First, distinct from the adiabatic theory, whi
describes only phonon transitions through intermediate e
ton states coinciding with either its initial or its final stat
the present approach takes into consideration alsoadditional
phonon transitions:~i! between different exciton states b
longing to the same degenerate level~proper Jahn-Teller ef-
fect! and ~ii ! between exciton states of different ener
~pseudo-Jahn-Teller effect!. Second, in contrast to the work
based on the theory of Pekar and of Huang and Rhys, wh
adequately account for the adiabatic phonons only,
present approach enables one to correctly describe the
sitions involvingall types of phonons, including Jahn-Telle
phonons.

The effect of the channels studied here leads to a con
erable enhancement of the phonon-assisted transition p
abilities in the photoluminescence of quantum dots even w
relatively weak electron-phonon coupling strength. The
sulting multiphonon optical spectra are considerably diff
ent from the Franck-Condon progression. In order to obt
agreement between theory and experiment, it is necessa
take into account these channels of the phonon-assisted
tical transitions.
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APPENDIX

The shape of the absorption band edge of a spher
quantum dot is considered using the spherical model18–20 of
the exciton Hamiltonian. To zeroth order in the electron-h
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interaction the exciton ground state is fourfold degener
with respect to thez component of the hole angular mome
tum Fz ~see Ref. 20!. The twofold spin degeneracy of th
electron ground state is not important for the analysis of
Jahn-Teller effect.26 The wave functions of the excito
ground state can be written as20

uFz&5c0~r e!U12 ,szL S f 0~r h!U0,
3

2
,
3

2
,FzL

1g0~r h!U2,
3

2
,
3

2
,FzL D , ~A1!

wherec0(r e) is the envelope wave function of an electron

the ground state,u 1
2 ,sz& is the Bloch wave function at the

bottom of the conduction band,uL,J,F,Fz& are the eigen-
functions of the total angular momentum of a hole, andL
andJ5 3

2 are the eigenvalues of the orbital angular mom
tum of a hole and its spin angular momentum, respectiv
An exciton in the ground state interacts only withs phonons
( l 50) and d phonons (l 52) @see Eqs.~39!–~42!#. Using
Eq. ~3! with Eqs.~38!–~42!, one obtains

H int5I (
n50

`

cn0
~B!an00

~B!1 (
m522

2

VmS c2
~ I !a2m

~ I ! 1 (
n50

`

cn2
~B!an2m

~B! D
1H.c., ~A2!

where

cn0
~B!5

1

A4p
E

0

`

drvn0
~B!~r !@c0

2~r !2 f 0
2~r !2g0

2~r !#, ~A3!

cn2
~B!52

1

A5p
E

0

`

drvn2
~B!~r ! f 0

2~r !g0
2~r !, ~A4!

c2
~ I !52

1

A5p
E

0

`

drv2
~ I !~r ! f 0

2~r !g0
2~r !. ~A5!

In Eq. ~A2! and below, bold letters denote operator matric
in the basis of the functionsuFz& (Fz5

3
2 , 1

2 ,2 1
2 ,2 3

2 ). The
matrices

V05S 1 0 0 0

0 21 0 0

0 0 21 0

0 0 0 1

D , ~A6!

V15V21
† 5S 0 A2 0 0

0 0 0 0

0 0 0 2A2

0 0 0 0

D , ~A7!

V25V22
† 5S 0 0 A2 0

0 0 0 A2

0 0 0 0

0 0 0 0

D ~A8!
te

e

-
y.

s

are relevant to the interaction of an exciton withd phonons.
The matricesVm with different m do not commute. There
fore, the interaction HamiltonianH int cannot be diagonalized
in the basis of the functionsuFz& ~A1! and, in contrast to the
case of the adiabatic approach, the wave function of
exciton-phonon system cannot be represented as a produ
an exciton wave function with a phonon wave function. Th
fact expresses mathematically the internal nonadiabaticit
the exciton-phonon system.

It is convenient to introduce the effective phonon mod
with the second-quantization operators

bs5
1

Cs
(
n50

`

cn0
~B!an00

~B! , ~A9!

bdm5
1

Cd
S c2

~ I !a2m
~ I ! 1 (

n50

`

cn2
~B!an2m

~B! D , ~A10!

where

Cs5F (
n50

`

~cn0
~B!!2G1/2

, ~A11!

Cd5F ~c2
~ I !!21 (

n50

`

~cn2
~B!!2G1/2

. ~A12!

Using Eqs.~A2! and ~A6!–~A10!, the evolution operator
~6! averaged over the phonon ensemble can be written in
matrix representation as

^U~ t !&ph5^Us~ t !&ph^Ud~ t !&ph , ~A13!

where

Us~ t !5ITexpH 2
iCs

\ E
0

t

dt1@bs~ t1!1bs
†~ t1!#J ,

~A14!

Ud~ t !5TexpH 2
iCd

\ E
0

t

dt1@B~ t1!1B†~ t1!#J , ~A15!

B5S bd0 A2bd1 A2bd2 0

A2bd,21 2bd0 0 A2bd2

A2bd,22 0 2bd0 2A2bd1

0 A2bd,22 2A2bd,21 bd0

D .

~A16!

The interaction of an exciton with totally symmetricals
phonons is adiabatic and the corresponding interaction
trix is diagonal. Having averagedUs(t) ~A14! over the pho-
non ensemble, one obtains the Fourier transform of
Franck-Condon progression. The probability of aK-phonon
optical transition is then proportional tof̃ bK ~24! with ub&
5uFz&.

The averagêUd(t)&ph is calculated by using the approac
developed in Sec. II. Namely, contributions into the abso
tion coefficient due to transitions accompanied by a cha
of the number ofd phonons byK are taken in account to th
leading (Kth) order in the small parameterh2 ~10!. At the
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temperatures corresponding to the experimen
conditions1–5 (kBT!\v0) one obtains

^Ud~ t !&ph5 (
K50

`
1

~K! !2S Cd

\v0
D 2K

^BK~B†!K&phexp~2 iKv0t !.

~A17!

Using the definition~A16!, the identity

B25I ~bd0
2 12bd1bd,2112bd2bd,22! ~A18!
U

,
d

.

s

O

talcan be verified. Taking in account Eq.~A18!, the average
^Ud(t)&ph ~A17! is easily calculated:

^Ud~ t !&ph5I (
K50

`
1

K! S Cd

\v0
D 2K 4

3S FK11

2 G1
1

2D
3S FK11

2 G1
3

2Dexp~2 iKv0t !, ~A19!

where @x# denotes the integer part ofx. Equation~25! fol-
lows immediately from Eq.~A19!.
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