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Linear optical properties and multiphoton absorption of alkali halides calculated
from first principles

Jun Li, Chun-gang Duan, Zong-quan Gu, and Ding-sheng Wang
Laboratory for Surface Physics, Institute of Physics, and Center for Condensed Matter Physics, Academia Sinica,

Beijing 100080, China
~Received 13 August 1997!

This paper reports the calculation of linear optical properties and multiphoton absorption~MPA! coefficients
of alkali halidesMX(M5Na, K;X5F, Cl,Br, I) using the first-principles linearized augmented-plane-wave
band method and the time-dependent perturbation theory. The calculations are in good agreement with avail-
able experimental data. For linear optical properties, the trend of the static dielectric constants with respect to
the halides is attributed to the variation of the optical oscillator strength arising from the electronic transitions
of the valencep bands. For MPA coefficients the spectra of two-photon absorption given in the region of

photon energy (12 Eg ,Eg) show an increase of MPA coefficients with respect to the atomic number of the
halogen elements. The polarization dependence of the MPA coefficients is also given, which promotes further
experiments.@S0163-1829~98!08403-3#
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I. INTRODUCTION

The multiphoton absorption~MPA! process in crystalline
solids, as a nonlinear optical phenomenon, has been inv
gated extensively using many experimental and theore
methods since the advent of the laser. Nathan, Guenther
Mitra1 made an extensive review of those theoretical wo
and compared results with available experimental data. In
theoretical part, a time-dependent perturbation approach
simplified empirical band schemes were usually employ
Because of the large discrepancy between the experime
data and the calculation, it was concluded that more relia
calculations should be based on accurate band structure

It is not trivial to calculate the MPA coefficients from
first-principles band calculations because the present t
table first-principles band calculation employing the loc
density approximation2 ~LDA ! is valid only for the ground
state of an inhomogeneous electron system and is not a
cept suitable for the excitation problem. However, in pra
tice, the LDA has been accepted as a computationally ex
ditious way to approach the nonlinear optical problem
recent years.3–5 Strictly speaking, the validity of the first
principles band theory has not been widely verified for b
linear and nonlinear optical properties of ionic crysta
which have received less attention than semiconductors
many ionic crystals are identified as important materials
laser technology6,7 and MPA processes are important
laser-induced intrinsic damage,8 a clear picture is required
from the first-principles band theory concerning the opti
excitation as well as the nature of the optical properties
ionic crystals.

This paper adopts alkali halidesMX(M5Na, K;X
5F, Cl, Br, I) as the prototype, as they were used in
experimental studies of MPA. We confine ourselves to
context of the LDA theory to treat the linear response and
nonlinear excitation on an equal footing. In the linear asp
we pay attention to the nature of the systematic trend in
linear optical properties ofMX and the justification of the
570163-1829/98/57~4!/2222~7!/$15.00
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first-principles calculation. In terms of MPA, attention
paid to the estimation of the MPA coefficients as well as
polarization dependence of the two-photon absorption sp
tra. In both cases, our attention is focused on the system
trend of optical properties ofMX.

In Sec. II we elucidate the characteristic of the band str
ture of MX obtained from the linearized augmented-plan
wave ~LAPW! method. After outlining the theory of the in
terband transition in Sec. III, we analyze the mechanism
the trend in the static dielectric constants and justify
present calculation of the linear optical properties by co
paring calculated and measured spectra of NaCl and K
The time-dependent perturbation theory for the MPA coe
cient is outlined in Sec. IV, followed by comparison betwe
its calculated and measured values and a summary of
characters of the MPA coefficients. Section V is a brief co
clusion.

II. BAND STRUCTURE

In this paper the self-consistent LAPW method9,10 with
the von Barth–Hedin exchange-correlation term is emplo
to carry out the band-structure calculation. The latt
parameters11 used in the calculation are listed in Table
About 50 LAPW bases per atom are used in solving
semirelativistic Schro¨dinger equation and 20 specialk points
in the irreducible Brillouin zone are used in generating t
charge density in the self-consistent calculation. The conv
gence measured by the rms difference between the input
output charge densities is better than 0.01me/a.u.3

The band structure of alkali halides has been repor
extensively.12 For discussion in later sections, we plot o
results in Fig. 1 and summarize the characteristics of th
band structures:~i! All the alkali halides considered hav
direct band gaps at theG point. In contrast, in the calculation
of Ching, Gan, and Huang,4 the NaI and KI are reported a
an indirect gap.~ii ! Three upper valence bands~VB’s! con-
sist of the halogenp orbitals (p VB’s!, while the lower VB
2222 © 1998 The American Physical Society



57 2223LINEAR OPTICAL PROPERTIES AND MULTIPHOTON . . .
TABLE I. Calculated energy gap (Eg), static dielectric constant («0), andNe f f of MX.

Alkali Lattice Experiment Present Scissors
halide constant~Å! a Eg ~eV! b «0

c Eg ~eV! «0 Ne f f «0

NaF 4.63 11.5 1.74 7.26 1.670 3.906 1.317
NaCl 5.64 8.75 2.33 6.38 2.529 6.053 1.819
NaBr 5.97 7.1 2.60 5.84 2.762 6.874 2.194
NaI 6.48 5.9 2.98 4.37 3.394 7.687 2.353
KF 5.35 10.8 1.84 6.23 1.588 4.091 1.230
KCl 6.29 8.7 2.17 5.17 2.268 6.295 1.493
KBr 6.60 7.4 2.35 4.85 2.680 7.363 1.779
KI 7.07 6.34 2.63 4.26 2.842 7.736 1.867

aFrom Ref. 11.
bFrom Ref. 13.
cFrom Ref. 18.
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is the halogens orbital (s VB’s!. However, the bottom of the
conduction band~CB! is a mixture of the alkali metal and
halogens orbitals.~iii ! FromMF, throughMCl andMBr, to
M I, the band gap reduces in accordance with the trend
served in the experiments13 and the width of thep VB in-
creases while the gap between thep VB and s VB reduces.
~iv! NaX has a wider VB width and larger gap than th
corresponding KX and the gap between thep VB and s VB
of NaX is slightly larger than that of KX. Because of the
known failure of the LDA on the estimation of the ban
energy, the calculated gap is lower than the measured on
usual.

III. LINEAR OPTICAL PROPERTIES

A. Methodology

Within the one-electron picture, the interband optical co
ductivity tensor is well known as~all formulas in this paper
use atomic units!

s~v!5
2p

vV(
kW

WkW(
c,v

z^cueW•pW uv& z2d~Ec2Ev2v!, ~1!

where V is the cell volume,v the photon energy,eW the
polarization direction of the photon, andpW the electron mo-
mentum operator. The integral over thek space has bee
replaced by a summation over specialk points with corre-
sponding weighting factorsWkW . The second summation in
cludes the VB states (v) and CB states (c) and the subscrip
E is the band energy. In Eq.~1! it is also reasonably assume
that in these wide-gap crystals the VB is fully occupi
while the CB is empty. Thed function has been approxi
mated by a Gaussian function in the practical calculation

d~x!'
1

ApG
e2~x/G!2

, ~2!

where G is the Gaussian factor set equal to 0.35 eV
reasons given below.

The imaginary part of the complex dielectric functio
«2(v) is related tos(v) by «2(v)5(2p/v)s(v) and the
real part of the dielectric function«1(v) is obtained from the
Kramers-Kronig relation
b-

as

-

at

r

FIG. 1. Band structure ofMX (M5Na,K;X5F, Cl, Br, I).
Bands are connected by the order in energy.
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«1~v!5118PE
0

`

s~j!/~j22v2!dj. ~3!

Here P denotes the principal value integral. The electro
part of the static dielectric constant is thus given by«0
5«1(0). Other frequency-dependent linear optical consta
can be obtained from the complex dielectric function. In p
ticular, the linear refractive index reads

n~v!5SA«1
2~v!1«2

2~v!1«1~v!

2
D 1/2

.

In principle, we should integrate formula~3! to infinity for
the real part of the dielectric function. In practice, we have
truncate at a higher enough cutoff energy. At present, we
mainly concerned with the valence transition, shown in
measurement of KCl,14 which dominates the region betwee
the fundamental transition and about 43 eV above. In
higher-energy region, it contains substantially the core e
tations. Thus we truncate the photon energy at 45 eV
comparing the integrated optical properties ofMX.

An important integrated optical property is the optical o
cillator strength, which is defined as the integral of the op
cal oscillator strength density (2/p)s(v) with respect to the
photon energy:

E
0

vc 2

p
s~v!dv5

Ne f f

V
. ~4!

HereNe f f is the effective number of electrons in the unit c
V that contribute to the optical oscillator below the trunc
tion energyvc . In fact, this formula is thef sum rule for
finite energy.15 As an extension of the proof of thisf sum
rule for atomic spectra16 it is easy to show that if we allow
the summation over the CB states in Eq.~1! to include the
core states and VB states, i.e., covering the whole sp
spanned by all eigenstates of the Kohn-Sham equation,
correspondingNe f f calculated in formula~4! is strictly the
occupation number of the initial states.17 Note that the tran-
sitions from the VB states to core states give a nega
component in the extended summation, reflecting the
change of oscillator strength between core states and
states.15 Because the transitions from VB states to other
cupied states are forbidden by the Pauli principle, the
change of oscillator strength between core states and
states madeNe f f larger than the occupation number of i

FIG. 2. Calculated refractive index~dashed lines! of NaCl and
KCl versus experimental data~solid lines! from Ref. 14.
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volved VB’s if the considered CB’s approach the comple
ness and the truncation energy is high enough in the ca
lation. This criterion can be employed to judge th
convergence of the calculation and analyze the contribu
to the optical oscillator.

B. Numerical results and discussion

The momentum matrix elements ofMX are calculated at
the 44 specialk points in the irreducible Brillouin zone. We
first consider the threep VB states as initial states. The effe
of including thes VB state will be discussed later. The ca
culated static dielectric constants~Table I! show a trend with
respect to the change of either the alkali metal or the halo
elements in agreement with the measurement,18 with the only
exception being the order between NaF and KF when
difference between their experimental data is the smal
and might be less than the error bar of the present calc
tion. This agreement is better than the previous calculatio
Ching, Gan, and Huang.4

Because, according to Eq.~3!, the static dielectric con-
stant is determined mainly by the contribution of the optic
conductivity in the low-photon-energy region, the transitio
with p VB’s as initial states govern the trend of the sta
dielectric constants ofMX. Their difference is reflected in
the effective number of electronsNe f f ~Table I!. Note, as
shown in Eqs.~3! and~4!, that the difference between«0 and
Ne f f is that«0 has an energy denominator, whileNe f f does
not. As typical ionic crystals, the VB’s ofMX are deter-
mined by the anionX. The number of core states of the anio
increases fromMF to M I. Thus, as mentioned in Sec. III A
the exchange of oscillator strength between core states ap
VB states increases fromMF to M I. This makesNe f f of the
p VB’s increase fromMF to M I. For MF, Ne f f,6 indicates
that a substantial contribution to the oscillator strength
beyond the present truncation photon energy. An increas
the value ofNe f f indeed exists forMF by increasingvc in
the calculation.

The relative error between the calculated and measu
static dielectric constants is all below 15%. However, t
integrated properties are not enough to judge the validity
the present LDA calculation. We employ the linear refracti
index of NaCl and KCl for a detailed comparison~Fig. 2!.
Indeed, the calculations describe qualitatively the measu
spectra with regard to the magnitude, number, and posi
of the peaks in the refractive index spectra below a pho
energy about 10–15 eV. For higher photon energy, the
culations do not reproduce the measured spectra well.
defect of the one-electron picture of the LDA, which gene
ally affects the gap transition more seriously,19 may lead to
deviation most prominently in the region of lower photo
energy. The betrayal of the calculation in the higher-ene
region, on the other hand, most probably can be attribute
two other causes. First, the transition, for example, from
core states of the sodium and potassium ion contribute
the measured spectra,14 which is not considered in the
present calculation. The second cause is the shortcomin
the present band calculation on the high-lying CB states.
pointed out by Koelling and Arbman,20 the linearizing tech-
nique in the LAPW method allows the energy parameter
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deviate only within 1 Ry fors andp states for an acceptabl
calculation. In the present band calculation, thes andp com-
ponents of the CB states are calculated by the same en
parameter as in the occupied VB states. Thus the pre
results of CB’s ofMX are only acceptable in the low-lying
CB’s, roughly corresponding to the interband transition b
low a photon energy about 1 Ry.

Now let us consider the contribution from thes VB. In
view of energy~Fig. 1!, it is possible for thes VB transition
to occur as the photon energy reaches about 15 eV forM I,
20 eV for MCl andMBr, and 25 eV forMF, but the transi-
tion from thes VB to the low-lying CB’s are almost forbid-
den by the selection rule. When thes VB is included as an
initial state, the changes of«0 and Ne f f are less than 0.1%
and 1%, respectively.17 The s VB, according to the presen
calculation, gives only a negligible contribution. Howeve
this might be incorrect because we did not treat thes VB
transition properly for the deficit in the high-lying CB’s a
present.

TABLE II. Dependence of two-, three-, and four-photon MP
coefficientsa (m) in units of cm2m23/GWm21 of NaCl on the pa-
rameterG ~eV!. Polarization is along@111# and the truncation en
ergy is 60 eV.

G ~eV! a (2) (0.266mm) a (3) (0.397mm) a (4) (0.532mm)

0.10 2.70 1.6731025 4.23310210

0.20 3.21 1.5731025 4.64310210

0.25 3.33 1.6131025 6.74310210

0.30 3.39 1.6531025 1.4431029

0.35 3.42 1.7031025 2.8631029

0.40 3.42 1.7331025 4.6331029

0.45 3.41 1.7631025 6.4031029

0.50 3.38 1.7931025 7.9631029
rgy
ent

e-

,

In the past, there was a simple correction, the so-ca
scissors approximation as adopted by Wang and Klein,21 i.e.,
a rigid shift was applied on the self-consistent LDA energ
of the conduction band to fit the experimentally observ
optical gap to investigate the linear optical properties
semiconductors. We also judge the validity of the sciss
approximation by presenting its results in the last column
Table I. The scissors approximation obviously leads to wo
results and is invalid for the optical processes of ionic cry
tals such asMX. A similar conclusion has also been derive
in the work of Ching and his colleagues.3,4 The invalidity
indicates that the correction of the LDA is dependent on
state of electrons and cannot be described by a rigid shif
shown by Hybertsen and Louie.22

IV. MPA COEFFICIENTS

A. Methodology

To calculate the MPA coefficients, we use the conve
tional time-dependent perturbation theory. The electro
transition probability rate per unit volume between the init
VB states and final CB states by simultaneously absorbingm
photons (m>2! from a linear polarized monochromatic ligh
beam can be expressed as

W~m!52pF 2pI

ncv2Gm

(
KW

WKW (
c,v

uT~m!u2d~Ec2Ev2mv!,

~5!

wheren is the refractive index,c the velocity of light in the
vacuum,I the incident radiation intensity andT(m) the mul-
tiphoton transition amplitude.@Note that the formula~5! cor-
rects two misprints in formula~1! in Ref. 5.# For a given
polarization directioneW , T(m) can be written as
a
n

TABLE III. Comparison between calculated MPA coefficientsa (m) and available experimental data at
given wavelengthl. The unit for a (m) is cm2m23/GWm21. Experimental data from Ref. 1 except give
otherwise in footnotes.

Photon Present
MX l number Experiments work Zhanget al. d

(mm) m a (m) a (m) in @100# a (m)

NaCl 0.266 2 3.5 2.47 1.231021

0.397 3 6.931024 1.0231025 5.331027

0.532 4 ~3.45–69!31029 a 1.6331029 7.2310212

NaBr 0.266 2 2.5 2.81

KCl 0.266 2 1.7–2.7 1.31

KBr 0.266 2 1.45–2.0 3.83 1.5
0.532 4 4.9431027 b 4.9931028 2.7310210

KI 0.266 2 3.75 2.87
0.355 2 7.29 5.05
0.532 3 2.931023 c 1.8031024

0.694 3 1.7731023 1.7131024

aFrom Ref. 24.
bFrom Ref. 25.
cFrom Ref. 26.
dFrom Ref. 5.
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T~m!5^cuMG~m21!MG~m22!•••MG~1!M uv&, ~6!

whereM5eW•pW andG( l )5( j u j &^ j u/(Ej2Ev2 lv), with the
summation overj covering all the intermediate states. Th
m-photon absorption coefficienta (m), related to the
m-photon transition probability rateW(m), is

a~m!52mvW~m!/I m. ~7!

Historically, the analytical calculations of the MPA coe
ficients usually involved the approximation of the oscillat
strengths as well as the energy band and the choice o

FIG. 3. Polarization dependence of the two-photon absorp
~TPA! coefficient of MX (M5Na,K;X5F, Cl, Br, I) in units of
cm/GW. The solid lines are for coherent absorption and the das
lines are for incoherent absorption. Polarized directions are lab
only for coherent absorption.
he

intermediate states. They were restricted to a narrow reg
of nonlinear absorption spectrum, did not consider the coh
ence effects, and rarely discussed the polarized depende
The results of simple analytical models were believed to
generally inaccurate and unreliable.1 The present numerica
results are based on the first-principles calculation and t
have a more accurate root than before.

However, to avoid the LAPW failure at the high-lying C
states, we are restricted to the lower-energy photon. To a
the reliability, we rewrite the multiphoton transition ampl
tudeT(m) in a more explicit form, for example, for the two
photon absorption

T~2!5(
j

^cu«̂•pW u j &^ j u«̂•pW uv&
Ej2Ev2v

. ~8!

From this expression, the higher the photon energy,
higher the intermediate states are required to be. In prac
only the two-photon absorption in the photon-energy reg

of ( 1
2 Eg ,Eg) is required. In this case, the contribution b

high-lying CB’s of Ec is attenuated, and as intermedia
states, the completeness of low-lying CB’s plays a key r
in the MPA calculation. As discussed in previous sectio
the present band structure is rather good in the low-ly
CB’s. So we expect the MPA calculation based on the sa
band wave functions to be meaningful.

B. Numerical results and comparisons

To simplify the calculation, the measured refracti
index11 of MX is adopted in Eq.~5!. The truncation energy
for intermediate states is set equal to 60 eV. The effect of
Gaussian factorG in Eq. ~2! on the calculated MPA coeffi-
cients is exemplified in Table II for NaCl at certain photo
energies. It shows that fromG50.10 to 0.50 eV, the values
of two- and three-photon absorption coefficients are sta
For the four-photon absorption coefficient, the choice ofG
changes the MPA value a few times. This large effect o
occurs when the photon energy approaches a peak pos
on the MPA spectrum, e.g., for NaCl in the neighborhood
532 nm there is a resonant four-photon absorption in
calculation. However, for the estimation of MPA coefficien
in a wide energy region, the choice ofG does not affect the
numerical picture seriously.

We compare in Table III the calculated MPA coefficien
of MX with the available experimental data. Only the mo
recently measured ones are listed there. When the orig
MPA coefficients are given in the generalizedm-photon ab-
sorption cross sections (m), we use the relation

a~m!52mNs~m!/~\v!m21 ~9!

to translate, whereN is the inverse of the volume of the un
cell, assuming that the measurements were conducted
ideal samples.

The calculations are in satisfactory agreement with
periments. The calculated two-photon absorption coefficie
are in such good agreement with the measured values
different crystals and different photon energies that their
viation is in fact within the range of the experimental value
The three- and four-photon absorption coefficients are a
of the same order of magnitude as the measured ones.
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experimental values are mostly larger than the theoret
ones. The reason may be partly that the present calcula
considers only the intrinsic contribution of electronic tran
tions, while the measured calculations may contain contri
tions of other processes.

In our previous paper5 MPA coefficients from the LDA
band structure were calculated with the scissors correct
which generally deviates farther from experimental data t
the present results~listed in the last column of Table III!. In
particular, the three- and four-photon absorption coefficie
of previous calculations deviate in their order of magnitu
from present calculation and experimental results. T
shows, as in Sec. III B for linear coefficients, that the sciss
correction is generally a bad avenue to optical excitation

From formula~5! the MPA coefficient is generally depen
dent on the polarized direction. In fact, the polarization d
pendence of MPA phenomena is useful in obtaining inf
mation about the symmetry of wave function and t
positions of higher CB’s and deeper VB’s. Experimental
this represents a rather promising proposition. For this r
son, we provide in Fig. 3 the two-photon absorption spec
polarized along the@100#, @110#, and@111# directions. While
the three- and four-photon absorption spectra ofMX are also
calculated,17 we do not report the results here to save spa
We also noted that in traditional analytic approac
Braunstein23 used a summation of squares of the moment
matrix elements to replace the square of the sum of the
trix elements in formula~5!. This is equivalent to consider
ing only the incoherent absorption. We also calculate
incoherent two-photon absorption coefficients in Brau
stein’s assumption to reveal the nature of the two-pho
absorption processes. We summarize some interesting c
acteristics in two-photon absorption coefficients ofMX ~Fig.
3! for future comparison with experiments.~i! In general, the
coherent absorption is less isotropic and larger than the
coherent absorption.~ii ! The two-photon absorption coeffi
cient increases with the atomic number of anions. This tr
also holds for higher-order MPA coefficients ofMX. ~iii ! For
sodium halides, the two-photon absorption coefficient po
ized along the@111# direction has the maximum value an
along@100# the minimum value in the whole range from12 Eg
to Eg . For potassium halides, the same relation exists
lower photon energy~see the crossing point in Fig. 3!, but
changes at the higher photon energy. It appears that in
energy region the K cation orbitals start to influence the
tical transition. In a two-photon absorption measurement
et al.24 reported no obvious polarization dependence betw
-
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@110# and @100# of NaCl at 266 nm. From Fig. 3 the est
mated difference of NaCl along these two polarized dir
tions in the neighbor of 266 nm is 27%, about the same
the measurement error~about 25–30 %! of Liu et al. Thus
the dependence of the polarized direction may require m
precise experimental setups.~iv! It is worth pointing out that
the position of the resonant peaks of the MPA coefficient
always isotropic~this characteristic is shown in the two
photon absorption spectrum of KBr and KI in Fig. 3!.

V. CONCLUSION

In procedure outlined above, within the LDA framewor
the results of both the linear properties and the MPA coe
cients are in satisfactory agreement with the recent exp
ment. The calculated«0 reproduces the systematic trend
MX with respect to the components. The integrated opt
oscillator strength ofp VB’s reveals the mechanism of th
optical properties ofMX in the low-photon-energy region
The linear optical spectrum in the higher-energy region
quires a better description of high-lying CB’s and consid
ation of the contribution of the core excitation ands VB
transition. Our calculation shows that the scissors appro
mation is invalid for ionic crystals for both linear optical an
multiphoton properties, although it has been shown to h
limited success in semiconductors.

The calculated two-photon absorption coefficients are
good agreement with the experiment. The calculated po
ization dependence of two-photon absorption coefficie
and their change with respect to the anion elements prom
further measurements. The calculated three- and four-ph
absorption coefficients are of the same order of magnitu
as but generally smaller than the experiment data. At pre
we cannot see clearly whether this arises from the limits
the LDA for band energies or the shortcoming of the pres
LAPW method for the high-lying CB’s. Also, it cannot b
excluded that this is due to the possible error in the meas
ment of higher-order MPA. In fact, our calculation is in be
ter agreement with the data from the more recent meas
ment method25–27 than the previous ones.28
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