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In order to shed light on the recent experimental controversy concerning the intermediate pressure phases of
Ce we have made systematic electronic structure and total-energy studies on Ce in the experimentally reported
low-pressure phasea-Ce~fcc!, the intermediate-pressurea-U (a8), the body-centered monoclinic@a9~I!#, and
C-face-centered monoclinic@a9~II !# phases, together with the stable high-pressure body-centered tetragonal
phase. We also included the body-centered cubic, hexagonal-close-packed, andv (hP3) phases. In this study
we used the accurate full-potential linear muffin-tin orbital~FPLMTO! method. The optimized structural
parameters obtained from our total-energy studies for thea8 and a9~II ! phases are found to be in good
agreement with corresponding experimental values. The structural optimization of thea9~I! phase always
yields the fcc or bct phase stable, depending upon the volume considered. Except for an improvement in the
equilibrium volume, the generalized gradient correction reproduces the calculated relative stability between
different phases of Ce at high pressure of the local-density approximation. Of the experimentally reported
intermediate pressure structures@a8, a9~I! anda9~II !# we find that thea9~II ! phase is the most stable. Among
the contending phases,a8 anda9~I!, the latter is very close in energy to thea9 phase whereas the former is
substantially higher in energy. We thus rule out thea-U structure as an intermediate pressure phase of Ce. Our
work suggests that the most probable structural phase transition sequence of Ce metal is fcc(g)→fcc(a)→
a9~II ! → bct, which is consistent with current experimental results.
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I. INTRODUCTION

Since Bridgeman’s1 discovery of the fcc isostructuralg
→a transition in Ce in 1927, this metal has been stud
extensively both experimentally and theoretically. Und
various conditions of temperature and pressure, cerium i
antiferromagnet, a superconductor, and the only pure
ment to exhibit a pressure-induced isostructural transition
is the first lanthanide metal that has an appreciable occ
tion of the 4f states, and is a known subject for controver
concerning the electronic structure. Primarily the debate c
cerns the localized versus itinerant nature of the 4f electrons.

There are four allotropic forms of Ce at ambient pre
sures; the bccd phase, a dhcpb phase, an fccg phase, and
an fcca phase.2 The first-orderg→a transition with a vol-
ume collapse of;16%, that occurs at 116 K at ambient pre
sure or at 0.7 GPa at 298 K~Ref. 3! has been extensivel
studied both experimentally and theoretically. Several m
els explaining the unusualg→a transition have been pro
570163-1829/98/57~4!/2091~11!/$15.00
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posed such as the promotional model~PM!,4 the Kondo vol-
ume collapse~KVC! model,5 the Mott transition model6

~MT! and lately a model by Sandalovet al.7 based on strong-
coupling theory. Neither band- structure calculations8,9 based
on local-density approximations nor photoemission studie10

have been able to confirm the PM. More importantly the P
is inconsistent with the observed cohesive energy of Ce.6 In
the KVC model the transition is assumed to be governed
Kondo screening of the spin of the localizedf electron by
the delocalized~spd! conduction electrons. The 4f electrons
are assumed to be magnetic localized in botha-Ce and
g-Ce, but the effectiveness of the Kondo screening is diff
ent in the two phases. This screening is well established
an isolated localized moment,11 but until now the exact so-
lution of a Kondo Hamiltonian for a periodic array of loca
moments interacting with conduction-band states has
been found in three dimensions. The MT model6 considers
the f states to be itinerant and bonding fora-Ce, but local-
ized ~magnetic! and nonbonding forg-Ce. The localization
2091 © 1998 The American Physical Society
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of f states in theg phase is driven by the large on-sitef -f
Coulomb interaction dominating over thef -band energies
When the volume is decreased thef -f and f -~spd! hopping
integral increases and eventually the band formation ene
gained by building Bloch states outweights the increase
Coulomb energy. Calculations of Boringet al.,12 which in-
cluded Hubbard-Kanamori interactions as proposed
Brandow13 ~the so called LDA1U approach!, supported the
MT model showing that the U necessary to localize thef
states of Ce is much larger than the 4f bandwidth. Similar
results were obtained by Sandalovet al.7 Self-interaction
corrected local spin density calculations,14 and band structure
calculations8,9 also suggest that theg→a transition is a Mott
type transition of the 4f electrons. Recently, on the basis
the Mott transition model, density functional~DF! calcula-
tions were carried out that correctly described the topolo
of the experimentally observed phase diagram.15

Similar to theg-Ce~fcc!→a-Ce~fcc! transition much ef-
fort has been directed to determine the phase to whicha-Ce
transforms at 5 GPa. The high-pressure phase above 5
for Ce was first observed by Wittig16 from high-pressure
electrical resistivity measurements. He detected super
ductivity with a transition temperature of 1.3 K in this phas
He also observed that the 5 GPa phase transition is slug
at room temperature. Following this Franseschi and Olce17

made high-pressure x-ray diffraction analysis and foun
4% volume collapse at the 5 GPa structural transition. T
interpreted this new phase as a ‘‘strongly collapsed’’ tetra
lent phase. From thein situ x-ray diffraction measurement
McWhan18 suggested that Ce stabilizes in the hcp struct
~like tetravalent Ti and Zr! above 5 GPa. Ellinger and
Zachariasen19 reported ana-U type orthorhombic structure
(a8) for Ce above 5.6 GPa. Moreover, a body cente
monoclinic structure@a9~I! with space group I2/m# has been
observed above 6 GPa.

From in situ x-ray diffraction measurements on high
purity Ce, Schaufelberger20 reported that Ce exhibits an fc
→ hcp structural transformation at 5.1 GPa with a;7%
volume collapse. Later Endo, Sasaki, and Mitsui21 reported a
new allotropic phase for Ce with a bct structure abo
12.1 GPa. Zachariasen and Ellinger22 found a mixture ofa8
and a9~I! phases for pressures above 5 GPa and they h
claimed that thea8 phase is the stable phase and thea9~I!
phase is the metastable phase for Ce in this pressure ra
Zachariasen interpreted23 the in situ x-ray diffraction data
reported by Endo, Sasaki, and Mitsui21 around 5–10 GPa a
a distorted fcc structure calleda9~II ! with space group
C2/m. Olsenet al.24 found ana~fcc!→a9~I! phase transition
at 5 GPa and ana9~I!→ bct phase transition at 12 GPa fro
high-pressure x-ray diffraction measurements. They fou
no evidence of thea8(a-U) structure. Sikka and Vijayaku
mar suggested25 that if one relaxes the atom position param
eter y in the a9~II ! structure another monoclinic structu
with space groupP2 1 /c will emerge, which may be stabl
in Ce at elevated pressures.

Recently Gu, Vohra, and Brister26 investigated crysta
structure and orientation effects in Ce up to 28 GPa at ro
temperature by high-resolution synchrotron x-ray diffracti
using an image plate technique with a diamond anvil cell a
observed crystal grain growth during the phase transfor
tion to thea8(a-U) structure at high pressures. They al
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reported that thea8(a-U) phase is the stable phase of C
between 5 and 13 GPa at room temperature, while the
bility range of the body-centered monoclinic phase@a9~I!# is
limited to between 5 and 7 GPa. Very recent angle dispers
powder diffraction measurements27 as a function of tempera
ture and pressure suggest that Ce is stable in
C-face-centered monoclinic@fcm, a9~II !# structure with
symmetryC2/m! at room temperature in the pressure ran
;5GPa to 12 GPa. Above 100 °C the experiments of Zh
and Holtzapfel28 yield thea-U phase. Zhao and Holzapfel28

made energy dispersive x-ray diffraction studies on Ce
pressures up to 14 GPa and temperatures up to 625 K. T
concluded that thea8(a-U) 1 a9~I! ~bcm! phase mixture is
stable above 4 GPa and low temperature while the purea8
(a-U) phase is stable above 400 K.

From this review of experimental results it is clear that t
crystal structure data in the high-pressure region betwee
to 12 GPa are confusing and contain contradictions. Ho
ever, we also note that there is no dispute between diffe
experimental studies regarding the stability of the bct ph
above 12 GPa. In order to clarify the issue at the intermed
pressures detailed total-energy studies on the relative st
ity between the experimentally reported various structu
would be helpful and this is the main motivation of th
present study.

One particular reason for trying to understand the co
plex structural properties of Ce metal is that indirectly t
atomic arrangement gives information about the nature of
4 f electrons, a much debated issue. In particular, it is
pected that the similarity between the high-pressure st
tures in Ce metal and the light actinide metals is a stro
indication that the nature of thef electrons is also similar.6

This suggests delocalized 4f states in the high-pressur
phases of Ce metal and also in the ambient condition,a-Ce
phase. Skriver29 and subsequently Willset al.9 supported this
idea by theoretical calculations where the 4f states were
treated as itinerant, which gave good agreement concer
the suggesteda to a8 (a-U) and thea8 to bct structural
sequences. In the work of Willset al.9 this sequence was
explained to be a balance between the 4f band states, which
due to Peierls/Jahn-Teller–like symmetry breaking mec
nisms favor distorted structures, and electrostatic inter
tions, which favor high-symmetry structures. With the ne
experimental debate concerning whether or not it is thea-U
structure which is the correct intermediate pressure struct
or if it is the C2/m, I2/m or P2 1 /c structures, we have
undertaken a thorough theoretical investigation of the v
ous proposed high-pressure phases of Ce metal.

The rest of this paper is organized as follows. The co
putational details used in the present calculations are give
Sec. II. Section III deals with the structural relation betwe
various high-pressure phases of Ce. The results obta
from our electronic-structure and total-energy studies
given in Sec. IV, where they are compared with experimen
results. The important conclusions arrived from our theor
ical studies are given in the last section.

II. COMPUTATIONAL DETAILS

As the earlier electronic structure studies9,29 have shown,
the high-pressure phases of Ce—including thea phase—
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have itinerant 4f electrons. Accordingly, we have treated t
4 f states of Ce as itinerant~Bloch! states in all our calcula
tions. The presentab initio method solves the Dirac equatio
~for the core electrons! or a ~modified! Schrödinger equation
~for the valence and semicore electrons! in the framework of
the linear muffin-tin orbital~LMTO! method. The total en-
ergy of the system was obtained using the local-density
proximation to density-functional theory. The relativistic e
fects are included in the Hamiltonian. In the semicore a
valence electrons the spin-orbit interaction term is cons
ered according to the recipe proposed by Andersen.30 The
wave functions are expanded by means of linear muffin
orbitals with a so-called double basis set. We allow two ta
with different kinetic energy for each muffin-tin orbital wit
a given l -quantum number. The calculations were done
one, fully hybridizing energy panel in which the linearizatio
energies both for the valence orbitals 6s, 6p, 5d, and 4f , and
for the semicore orbitals 5s and 5p were defined. Within the
muffin-tin spheres, the basis functions, charge density,
potential were expanded in spherical harmonics with a cu
l max58. Outside the muffin-tin spheres, in the interstitial r
gion, the wave functions are Hankel or Neumann functio
that are represented by a Fourier series using reciproca
tice vectors. This treatment of the wave function, charge d
sity, and potential does not rely upon any geometrical
proximations and the described type of computatio
method is usually referred to as a full-potential linear muffi
tin orbital method~FP-LMTO!. This full-potential method31

has previously been successfully applied to many syste
including also structural studies of some of the actinide32

proving its reliability. The sampling of thek points in the
irreducible part of the first Brillouin zone~IBZ! is done using
the specialk point method.33

There are no standard translational vectors available
the body centered monoclinic lattice. We have used the
lowing translational vectors for oura9~I! phase total-energy
studies.

T51/2S a sin~b! b c1a cos~b!

2a sin~b! 2b c2a cos~b!

a sin~b! 2b 2@c2a cos~b!#
D .

The advantages for using the above translational vec
are as follows.

1. If b590° the translational vectors correspond to t
body-centered orthorhombic lattice.

2. If b590° anda5b one obtains the bct translation
vectors.

3. If b590° a5b andc/a5A2, it is equivalent to the fcc
lattice.

4. If b590° a5b5c, the translational vectors correspon
to the bcc lattice.

Hence by optimization of the structural parameters;b, a/b
and c/b, one can arrive at the fcc, bct, bcc, bco, or bod
centered monoclinic lattices, depending on the structural
rameters.
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III. STRUCTURAL RELATIONS

The structural relationship between the fcc,C2/m, and bct
structures are shown in Fig. 1. The optimized structural
rameters for these three structures in terms of theC2/m Bra-
vais lattice is given in Table I. TheC-face-centered layers in
this structure can be seen to correspond to the close-pa
~111! planes of the fcc structure and thedx displacements lie
in these planes. TheC2/m structure is considered to be
slightly distorted version of the fcc structure. At a volume
19.7 Å3/atom, each Ce atom in the fcc structure is s
rounded by 12 Ce atoms as neighbors at a distance of 3.0
Å. In theC2/m structure~at the same volume! with the struc-
tural parameters given in Table I, each Ce atom is s
rounded by one atom at 2.7978 Å, two atoms at 2.9602,
atoms at 2.9789 Å, four atoms at 3.0676 Å, two atoms
3.1734 Å and one atom at 3.1983 Å. In the bct structu
~again at the same volume!, with c/a51.6697, each Ce is
surrounded by 4 Ce at 2.8681 Å and 8 Ce at 3.1389 Å.
the same volume, in thea-U structure with the optimized
structural parameters, as calculated in Fig. 2 each Ce a
has two neighbors at 2.7138 Å, two at 2.8776 Å, four
3.1457 Å and four Ce neighbors at 3.2692 Å. Compared w
the fcc structure, this shows that the atomic displacemen

FIG. 1. The relationship between the face-centered cubic~dotted
lines with black circles—main cell!, body centered tetragona
monoclinic ~bold line subcell with unfilled circles! and the
C-face-centered monoclinic~thin line subcell with hatched circles!
structures. For more details about the relationship between t
structures see Table I.

TABLE I. The structural parameters for the fcc, bct, andC2/m
phases of Ce in the commonC2/m lattice.

Parameter fcc C2/m bct

x 0.25 0.2618 0.25
z 0.25 0.2517 0.25
b 109.4712° 112.351° 118.1652°
a/b 1.7320 1.8150 1.9462
c/b 1.7320 1.8087 1.9462
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2094 57P. RAVINDRAN et al.
the a-U structure is larger than in theC2/m structure.
Our structural optimization curves for theC2/m structure

is given in Fig. 3, and this figure shows that apart from
displacement of atoms~with respect to fcc! along x
(dx50.0147! indicated by arrows in Fig. 1, a finite atom
displacement is present along thez axis (dz50.00408) as
well. As mentioned earlier, if we relax they position of Ce in
the C2/m lattice, one will arrive at aP2 1 /c lattice. But, the
structural optimization of theP2 1 /c structure, given in Fig.
4, shows that the atoms are not displaced along they axis in
theC2/m lattice. Theory thus rules out theP2 1 /c structure.
The fcc structure can be described as a bct structure
c/a5A2. The experimentally often observed body-cente
monoclinic structure can be viewed as a small monocli
distortion of the bct lattice. That is, by a small elongati
along a8 and a small distortion ofb (b8'90°! one can
describe the monoclinic lattice. However, our structural o
timizations of the body-centered monoclinic lattice~see Fig.
5! always givesb8590° irrespective of the volume we hav
considered. This result indicates the low possibility for Ce
stabilize in the body-centered monoclinic structure at h
pressures.

The finite atom displacements, present in the intermed
pressure phasesC2/m anda-U, become zero at the transitio
to the body-centered tetragonal cell~bold lined cell in Fig.1!
with b8590° andc8/a851.6697. As the fcc,C2/m and bct
structures are closely related to each other~see Table I!, the

FIG. 2. Calculated total-energy curves for Ce in thea-U struc-
ture as a function of structural parameters at the volume 1
Å 3/atom. The experimental values are taken from McMahon
Nelmes~Ref. 27!.
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fcc→C2/m→bct structural sequence is quite possible
geometrical grounds.

IV. RESULTS AND DISCUSSIONS

A. Structural stability of possible high-pressure phases

In order to get an idea about the relative stability betwe
the various experimentally reported high-pressure cry
structures of Ce, we started our study by performing a se
calculations~SET1! using the experimental structural param
eters; i.e., we did not try to optimize the structural para
eters. Furthermore, we also considered the possibility tha
is tetravalent at high pressure in the same sense as tita

.7
d

FIG. 3. Calculated total-energy curves for Ce as a function
structural parameters in theC2/m structure at the volume 19.7
Å 3/atom. The experimental parameters are taken from McMa
and Nelmes~Ref. 27!.
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and zirconium. With such an assumption one would expe
hcp→v→bcc structural transition sequence. Accordingly
is interesting to establish the relative stability between
fcc, hcp and thev phases under pressure. In these calcu
tions we have used 72k points for the fcc~cF4!, 63k points

FIG. 4. The total-energy curve for Ce in theP2 1 /c lattice as a
function of the atomic position parametery, at the volume 19.7
Å 3/atom.

FIG. 5. The total-energy curves for Ce in the body-cente
monoclinic structure as a function ofa/b, c/b, and angleb at the
volume 19.7 Å3/atom. The experimental values are taken from G
Vohra, and Brister~Ref. 26!.
a
t
e
-

for the C face centered monoclinic (mC4), 59 k points for
bct (tI2), 68k points fora-U phase (oC4), 80k points for
the body-centered monoclinic (mI2), 84 k points for bcc
(cI2), 65 k points for the hexagonal close-packed (hP2)
and 50k points for thev phase (hP3)in the irreducible part
of the Brillouin zone~IBZ!. For thea-U structure we used
a/b50.5115,c/b50.8756 and the atomic position param
etery50.1015 as obtained from the recent high-temperatu
high-pressure studies by McMahon and Nelmes.27 For the
a9~II ! phase we have useda/b51.8483,c/b51.7844, and
b5113.10° and the atomic positional parametersx50.28
andz50.2517 were taken from the recent low-temperatu
high-pressure measurements.27 For thea8~I! phase we used
a/b50.9880,c/b51.5121, andb591.92° as obtained from
the recent high-pressure synchrotron x-ray diffraction stud
of Gu, Vohra, and Brister.26 For the hexagonal phases w
used c/a51.64556 for the close-packed hexagonal pha
taken from the experimental value given by McWhan18 and
the standard value ofc/a50.625 for thev phase.34

Among the experimentally reported high-pressure pha
we find that thea, a9~I!, anda9~II !, and bct are very much
closer in energy to each other than the other structures in
6. At lower volumes, the energy differences between thea,
a9~I!, a9~II ! structures are very small. However, thea →
bct structural transition is only obtained at a volume of 20
Å 3/atom. All the other phases are higher in energy. This is
agreement with the calculations of Wills, Eriksson, a
Boring.9 In a small volume interval around 19 Å3 we calcu-
late that the fcc, bct,mC4, andmI2 structures lie within a
fraction of a mRy of each other. Unfortunately this is smal
than the accuracy of our calculations and it is hard fro
theory to favor one of the intermediate pressure phases
the others. On the other hand, since thea-U and hcp struc-
tures are higher in energy for all volumes we can rule
their existence as ground-state allotropes for pressure w
1 Mbar. This is in disagreement with the calculations
Wills et al.,9 who found thea-U structure to be stable in a

d

,

FIG. 6. Calculated binding energy curves for Ce in the f
(cF4), C-face-centered monoclinic (mC4-C2/m), bct (tI2), a-U
(oC4), body-centered monoclinic (mI2), bcc (cI2), hcp (hP2),
andv phase (hP3) structures as a function of atomic volume.
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2096 57P. RAVINDRAN et al.
small pressure range. This result is due to the fact that t
used a smaller basis set and a lower number ofk points.
Keeping the accuracy of our method in mind~we believe that
we have an energy resolution of approximately 0.5 m
when we consider structural aspects!. We notice that our
results in Fig. 6 are consistent with the experiments of R
21 and 24.

It is fully logical to expect that if the 4f levels no longer
will be populated~i.e., if one assumes the validity of th
promotion model! Ce should behave like Ti, Zr, or Hf, which
show the hcp structure at ambient pressure and low temp
ture. Ti, Zr, and Hf are all different from other transition
metal elements as regards the stability of thev phase~hex-
agonal phase with three atoms/unit cell, AlB2 type! at high
pressure. Hence if thef electrons were not participating i
the bonding one would expect thev phase to be stable a
high pressure also for Ce. Interestingly, thev phase is found
to be much higher in energy than all the experimentally
ported high pressure phases considered in Fig. 6. This d
onstrates clearly the importance of thef electrons for the
metallic bonding and the structural behavior of Ce at h
pressures. The same conclusion can be drawn from the
servations of distorted structures in this metal. In this resp
the present results fully support the view off bonding put
forward by Johansson6 and they also confirm the earlier re
sults obtained by Wills, Eriksson, and Boring.9

B. Structural optimization of the experimentally
reported high-pressure phases of Ce

In a second set of calculations, SET2, we have perform
structural optimizations for the experimentally reported hig
pressure phases of Ce. Thus, for thea8 phase we have opti
mized the structural parametersa/b, c/b and the atom posi-
tion parametery ~at the volume 19.7 Å3/atom using 150k
points in the IBZ!. Similarly for the a9~I! phase we have
optimized the structural parametersa/b, c/b, andb at the
volumes 22, 19.7 and 18 Å3/atom~using 150k points in the
IBZ of the body-centered monoclinic lattice!. In the case of
thea9~II ! phase we have optimized the structural parame
a/b, c/b, b, and the atom positional parametersx andz at
the volumes 22 and 19.7 Å3/atom~using 150k points in the
IBZ of the C-face-centered monoclinic lattice!. Further, in
order to elucidate the physical origin of the high-press
metastable phase, we have calculated the total energy
function ofc/a for the bct structure. This was done for eig
different volumes with 163k points in the IBZ of the bct
lattice. The total-energy change as a function of thec/a ratio
is very small and hence we have continued the s
consistent iterations until the total-energy difference betw
two consecutive iterations was less than 1mRy. As discussed
by Sikka and Vijayakumar,25 if one relaxes the internal pa
rametery in the C2/m lattice one will arrive at a primitive
monoclinic lattice of space groupP2 1 /c with 4 atoms/cell.
In accordance with this we have fixed all the structural
rameters, such asa/b, c/b, b, x and z of the C2/m lattice
obtained from our structural optimization and used these d
for theP2 1 /c lattice and then relaxed they parameter of this
structure using 108k points in the IBZ of the primitive
monoclinic lattice.
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The calculated structural optimization curves for Ce in t
a-U structure at the volume 19.7 Å3/atom are shown in Fig.
2. The position parametery obtained from our structural op
timization is found to be in excellent agreement with that
Skriver29 and in fair agreement with that of Wills, Eriksson
and Boring from total-energy studies on Ce.9 However, it
differs slightly from the value of 0.1014~2! obtained in the
most recent high-pressure experimental study at h
temperature.27 The calculatedc/b as well asa/b axis ratios
are found to be in very good agreement with the experim
tal data. This demonstrates that, although LDA undere
mates the equilibrium volumes by 5–10 %, it reproduces
internal structural parameters very well. Again this confirm
the picture of itinerant 4f states in these crystal structures

The structural optimization curves for thea9~I! phase are
shown in Fig. 5. From this figure it is clear that the mon
clinic distortion is not favorable in this phase. In order
investigate the role of the volume on the monoclinic dist
tion we have optimized theb value for different densities
and always found thatb590° gives the minimum-energy
configuration for all volumes. Thec/b optimization yields a
value ofA2 ~equivalent to fcc! at higher volumes and 1.661
~equivalent to bct! at lower volumes.

If the atom positions for theC2/m phase are undistorte
from the fcc structure, the atomic position parametersx and
z will be 0.25. The calculated optimized position paramet
given in Fig. 3 clearly show that a finite atom displaceme
away from the fcc phase is energetically more favorable,
the C2/m structure is more stable than the fcc structure.
both thexandz atom positions are considerably displaced
the C2/m structure, one may expect a displacement of thy
parameter as well. However, the optimizedy parameter for
the P2 1 /c structure given in Fig. 4 clearly shows that th
displacement alongy in the C2/m structure is not possible
energetically. Further, the optimizedb value for theC2/m
lattice given in Fig. 3 deviates from the value of the f
structure@cos21~21/3!# and this indicates that some mon
clinic distortion is energetically favorable. In order to inve
tigate the volume effect on the structural parameters of C
theC2/m structure we have also optimized all the five stru
tural parameters at a larger volume~22.0 Å3/atom!. Within
the accuracy of our calculations, the structural parame
obtained from the different volumes do not change consid
ably. It should be noted that overall the theoretically o
tained structural parameters are found to be in good ag
ment with the recent experimental values.27 This once again
proves the reliability of full-potential LDA calculations whe
predicting structural parameters for complicated structure

The calculated Bains path is shown in Fig. 7 as a funct
of volume. These paths show that there are two promin
minima as a function ofc/a, one atc/a5A2 ~corresponding
to the fcc structure! and another atc/a'1.6697~correspond-
ing to the optimized bct structure!. Another interesting aspec
of these Bains paths is the appearance of a local min
betweenc/a5A2 and 1.6697 for a certain range of volum
~19–20 Å3/atom!. We have found that this local minimum
appears atc/a51.5079 and that the correspondingc/b in the
C2/m lattice is 1.8093. Thisc/b value is found to be in very
good agreement with thec/b51.8087 obtained from the
structural optimization of theC2/m structure given in Fig. 3.
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This confirms the possibility of stabilizing theC2/m struc-
ture for Ce in an intermediate pressure range. However,
minimum corresponding to theC2/m structure is always
higher in energy than that of the fcc or bct structure. T
suggests that theC2/m phase must be metastable. If, inste
of optimizing the crystal parameters in a narrow ran
around the experimental data, we would have performe
global optimization the fcc or bct structures would have be
retained. Therefore the experimentally observed hi
pressureC2/m phase in the range 5–11 GPa is of a me

FIG. 7. The Bains path for the fcc→bct structural transition.
The minima atA2 corresponds to the fcc structure, 1.508 is rela
to theC2/m ~fcm! structure, and 1.67 corresponds to bct structu
For each curve the global minimum is set equal to zero.The ver
line corresponds thec/a for the fcc structure.

FIG. 8. The variation ofc/a as a function of volume for Ce in
the fcc, fcm, and bct structures.
e

s

e
a
n
-
-

stable type and may be stabilized by impurities, temperat
pressure history of the sample, etc. Thec/a variation as a
function of volume is shown in Fig. 8. It can be seen that
equilibrium c/a for the bct structure is only weakly depen
dent on pressure and this is consistent with the experime
studies.28,24,21 The appearance of local minimum betwe
c/a5A2 ~fcc! and 1.6697~bct! in Fig. 7 indicates that the
pressure induced structural transition is not a simple mec
nism of a pure shear distortion~Bain mechanism!. Our struc-
tural optimizations of thea8 anda9~II ! structures show tha
the atoms are displaced considerably from the fcc phas
this high-pressure phase. Hence, instead of a pure shea
tortion from the fcc phase the intermediate pressure st
tural transformation appears to involve a combined shear
layer shuffling~Burgers mechanism!.

As a final remark in this section we would like to emph
size that our calculations show that the energy differen
between some of the suggested high pressure phases o
are of the order of 0.1 mRy, which unfortunately is just
the border of our energy resolution. In Sec. IV D we w
return to this issue when we try to systematically impro
the numerical treatment to resolve such tiny energy diff
ences.

C. Total-energy studies for Ce
in the experimentally reported high pressure phases

with optimized structural parameters

In a third set of calculations, SET3, we have perform
total-energy calculations as a function of volume for Ce
the experimentally observed phases using the optimi
structural parameters obtained from the SET2 calculatio
For the fcc structure 145k points in the IBZ was used an
for the bct structure the theoretically optimizedc/a
51.6697 with 163k points in the IBZ was used. For th
a-U structure we have used the theoretically optimiz
structural parameters;a/b50.5143, c/b50.8745, and the
internal parametery50.105 using 150k points in the IBZ of
the C-face-centered orthorhombic lattice. For theC2/m
lattice, the theoretically optimized structural parameters
a/b51.8151,c/b51.8087, andb5112.351° and the posi
tion parametersz50.2517 andx50.2618 were used in com
bination with 150k points in the IBZ. As our structural op
timization for the body-centered monoclinic lattice alwa
gives fcc or bct structural parameters, we have used
experimental26 a/b50.988, c/b51.5213, andb591.91°
with 150 k points in the IBZ of the body-centered mono
clinic lattice. The converged potential as well as energy
rameters obtained at 19.7 Å3/atom for these five differen
structures are used to calculate the density of states~DOS!.

In order to elucidate the relative stability between t
various experimentally reported high pressure phases of
the energy difference between the low-pressure fcc ph
and the suggested high-pressure phases obtained from
SET3 calculations are shown in Fig. 9. From this figure
notice that both theC2/m as well as theI2/m structures are
energetically in the neighborhood to the fcc and bct str
tures at low pressures. Furthermore, both these structure
come more stable at high pressures than the fcc struc
However, before the fcc→C2/m or I2/m structural transi-
tions, Ce is stabilized by adopting the bct phase at high p

d
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sures, as shown in Fig. 9. Also, we conclude once more
the experimentally often reporteda-U structure and the hcp
structure are never close to the ground-state energy in
volume interval studied here. Thea-U structure can be
viewed as a highly distorted version of the fcc structu
Thus both in theC2/m structure as well as in thea-U struc-
ture the atom positions are displaced from the fcc struct
Our structural optimizations show that the atom displa
ments in theC2/m structure are smaller than they are in t
a-U structure. Up to the fcc→bct structural transition poin
the total energy difference between the fcc anda-U struc-
tures is almost constant. Below this volume, due to the co
petition between the Madelung term and the 4f one-electron
energy term, the structural energy difference between fcc
a-U structures increases~Fig. 9! in favor of the symmetric
fcc phase.9

D. Total-energy studies of Ce in the fcc, bct,
and C2/m structures using a commonC2/m lattice

Our LDA calculations show that the energy differen
between the fcc and theC2/m structure of Ce is less than on
mRy. Systematic computational errors between the differ
structures, due to differences in truncation of Fourier co
ponents,k-point convergence, and so on makes it hard
resolve very small energy differences. In order to circumv
this problem we have represented the fcc as well as the
lattice in a commonC2/m lattice by the following procedure
namely, so that theC2/m lattice can be viewed as a sma
distorted version of the bct/fcc lattice. For fcc as well as
bct the atomic position parametersx and z are 0.25 in the
C2/m lattice. Furthermore, the fcc structure can be viewed
a bct structure withc/a5A2. Thec/b as well asa/b ratio
for the fcc and bct structures in theC2/m lattice @i.e.,
(a/b) fcm and (a/b) fcm# can be derived from theirc/b values
in the bct lattice through the following relation:

~c/b! fcm5~a/b! fcm5A11~c/b!bct
2 . ~1!

FIG. 9. The total-energy curves for the high-pressure phase
Ce relative to thea~fcc! phase as obtained from SET3 calculation
at
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The values of the angleb for the fcc as well as the bc
structures in theC2/m lattice can be obtained from theirc/b
value in the bct lattice,

b5cos21S 12
4

S A2

~c/b!bct
D 2

12D . ~2!

The atom positions,a/b, c/b, and theb values for the fcc,
bct, andC2/m in the C2/m lattice used in our fourth set o
calculations, SET4, are given in Table I. There is only o
atom/primitive cell in both the fcc as well as the bct stru
tures of Ce, while there are two atoms/primitive cell i
volved in the calculations for both the fcc and the bct stru
tures in theC2/m settings given in Table I. Using 150k
points in the IBZ of theC2/m lattice, total-energy calcula
tions as a function of volume for the fcc, bct, andC2/m
structures have been performed. In addition, it has rece
been shown that nonlocal corrections to the local den
approximation~LDA !, by means of the generalized gradie
approximation35 ~GGA! for the exchange and correlatio
functional, substantially improve the results for bulk prope
ties of f -electron systems.36 For that reason the GGA, a
implemented by So¨derlindet al.,36 has also been used for th
fcc, bct, andC2/m structures in the commonC2/m lattice.

Using the mentioned computational prescriptions we h
calculated the LDA total-energy difference between the f

of
.

FIG. 10. The relative total-energy curves with respect to the
structure for the generalized gradient~GGA! and local-density
~LDA ! approximations to the density functional. The differe
structures are represented by a commonC2/m lattice, i.e., the re-
sults are obtained from SET4 calculations.
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C2/m, and bct structures. The results are shown in the lo
panel of Fig. 10. As can be seen, the fcc structure is m
stable than theC2/m phase up to the pressure where the
→bct structural transition takes place. The earl
calculations36 show that the GGA considerably improve th
ground-state properties off -electron systems compared wi
that obtained from LDA calculations. The equilibrium vo
ume for thea phase obtained from LDA calculations
23.155 Å3/atom, from GGA calculation it is 25.726
Å 3/atom. The latter is comparable to the experimental va
of 28.521 Å3/atom. Our calculated LDA and GGA equilib
rium volumes are found to be in good agreement with
value of 22.74 and 26.05 Å3/atom, respectively, obtained b
Söderlind et al.36 The small difference between these tw
results is mainly due to thek-point effect. So¨derlind et al.
used 60k points in the IBZ of the fcc lattice. We have use
150 k points in the IBZ of theC2/m lattice in our present
study. The GGA total-energy difference between the fcc, b
and C2/m structures are shown in the upper panel in Fig.
Even though the GGA calculations substantially improve
equilibrium volume of thea phase the relative stabilitie
between fcc, bct, andC2/m structure are not changed signifi
cantly.

E. Density of states studies and discussion

In order to gain insight into the electronic structure a
phase stability of Ce in the different high-pressure phas
the angular momentum decomposed density of states~DOS!
in the experimentally reported high-pressure phases
shown in Fig. 11 for a volume close to the fcc-to-bct stru
tural transition volume. The interesting aspect of this figu
is the position of the Fermi energy,E F on a shoulder of a
van Hove–like peak in the DOS curve in the fcc phase an
a pseudogap region in all the other structures. A strong
relation is observed37 between structural stability and the p
sition of the Fermi level in the DOS curve in binary alloy
that is, if E F falls in a pseudogap that separates bond
states from antibonding/nonbonding states in a partic
structure, the system will gain stability. From the DO
curves we can thus get a qualitative explanation for w
distorted phases are favored in Ce at lower volumes. A c
pression of Ce metal increases thef occupation so that the
symmetry breaking mechanism, provided by thef
states,9,32,38 increases in strength and outweighs the Ma
lung and overlap repulsion, which favor high-symme
structures. This analysis may help in understanding tha
compressed volumes Ce should stabilize in a distorted st
ture. However, it is impossible to explain from the DO
curves alone which of the different distorted structu
should be stable. Also, the occupation numbers at a g
volume are approximately the same in all the relevant str
tures, as shown in Table II. Thus, the intricate informati
about which of the different distorted structures will b
stable can only be obtained after considering all mechani
that may stabilize one structure over the other. In short, a
an accurate evaluation of the density-functional energy.

It is recognized39–41that topological changes of the Ferm
surfaces can lead to anomalies in phonon frequencies an
some cases to phonon softening and structural transiti
From a Rietveld analysis of the atomic displacements of
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atoms in its distorted fcc phase, Hamayaet al.42 suggested
that the softening of the TA phonon mode at the zon
boundary pointL in the Brillouine zone of the fcc lattice
drives the fcc→ distorted-fcc phase transition. As a result
softening of the lattice, the electron-phonon coupling co
stant will become enhanced and superconductivity will of
appear or to be enhanced. This may be one of the reason
the experimentally16 observed pressure induced superco
ductivity in Ce. It is interesting to note that, if the lattic
becomes softened, the atoms will displace their positi

FIG. 11. The angular momentum decomposed density of st
curves for Ce in the fcc, bct,C2/m, I2/m, anda-U structures at the
volume 19.7 Å3/atom.

TABLE II. Calculated occupation numbers~electrons/atom! for
Ce in the experimentally reported five different high-press
phases at an atomic volume 19.7 Å3 and with a 1.18 Å muffin-tin
radius, where ‘‘int’’ means occupation number in the interstit
region.

Phase s p d f int

a~fcc! 1.878 4.687 0.845 1.019 3.567
a8(a2U) 1.868 4.695 0.882 1.016 3.534
a9~I!(I2/m! 1.876 4.689 0.840 1.017 3.573
a9~II !(C2/m! 1.877 4.688 0.848 1.018 3.565
e~bct! 1.872 4.689 0.855 1.020 3.558
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easily. This may also be the reason for the appearanc
metastable phases at high pressure. It is worth mentio
that the structural instabilities in actinide elements38 have
recently been linked to the presence of degeneratepd f hy-
bridized states near the Fermi level and that this degene
generally causes Jahn-Teller/Peierls–type of distortions.

At ambient pressure it is known from theory44 that a-Ce
has a small tetragonal shear constant. This particular ela
constant is relevant for the phase transition from fcc to
since it corresponds exactly to the deformation~tetragonal!
that transforms the fcc~c/a5A2) lattice into a bct~general
c/a! lattice ~i.e., along the Bains path!. A small tetragonal
shear constant~C 8) suggests that it is energetically easy
change thec/aratio, i.e., an fcc→bct phase transition is ex
pected to be close in this situation. A continuous fcc to b
i.e., a second order phase transition, occurs whenC 8→0.
Our LDA as well as GGA calculations show that there
;1% volume collapse at the fcc-to-bct structural transit
point, which is consistent with recent experimental stud
The pressure for the fcc-to-bct structural transition obtain
from our LDA calculations is 11.5 GPa, while our GG
calculations give a slightly higher value of 14.5 GPa. The
numbers are comparable with the experimental transi
pressures reported to occur between 10 the 13 GPa.
zero-pressure bulk modulus obtained from the LDA tot
energy curve fitted to the Birch-Murnaghan equation of st
for fcc Ce is 58.8 GPa and for bct Ce it is 58.6 GPa. T
corresponding value, obtained from the GGA calculation,
the fcc structure is 42.9 GPa and for the bct structure i
42.7 GPa.

V. CONCLUSIONS

We have investigated the experimentally reported in
mediate pressure phases@a8, a9~I!,a9~II !# together with the
phases at ambient condition~fcc! and high pressure~bct! of
Ce metal. Our structural optimization of the different stru
tures yields data in good agreement with experiment. W
comparing the different structural energies with each ot
we obtain a fcc→bct structural transition at a volume of 20
Å 3/atom. In a volume interval close to this transition we fi
that the fcc, bct,a9~I! and a9~II ! structures are within 0.5
mRy/atom of each other. Unfortunately these energy diff
ences are close to the limits for our total-energy resoluti
although efforts have been made to minimize the numer
noise in the calculations. Our data are nevertheless consi
with the fact that certain experiments observe thea9~I! struc-
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ture as an intermediate pressure phase whereas other ex
ments report thea9~II ! structure. We have also shown th
the presence of thef electrons as chemically binding itiner
ant states is reflected indirectly in the distorted intermed
pressure phases as well as in the absence of a stability o
v structure.

Our c/a optimization as a function of volume in the bc
lattice shows a metastable phase intermediate between
fcc and the bct structures withc/a51.51. This phase is iden
tified as theC2/m structure. The structural optimizations o
the body-centered monoclinic phase always yield the fcc
the bct structures depending upon the volume we consi
This indicates that there is only a low possibility that t
body-centered monoclinic phase is stabilized in theP-T
phase diagram of Ce and this is in fact consistent with rec
experimental results.27 The optimized structural paramete
for theC2/m and thea-U structures are found to be in goo
agreement with the experimental values. However, thea-U
structure is much higher in energy than theC2/m structure
over the whole volume range, which suggests that it is ea
to stabilize theC2/m structure than thea-U structure at high
pressures. This is also consistent with the experimental s
ies in the sense that thea-U phase of Ce is only stabilized
above ; 400 K. Our calculations show that the high
pressure structural transition away from the fcc phase in
involves an electronic topological transition and, acco
ingly, one could expect phonon softening near the ph
transition. Further, the phonon softening may be the rea
for the appearance of pressure-induced superconductivit
Ce. The experimentally reported intermediate press
phases such asa-U, C2/m, andI2/m are found to be meta
stable phases and may be stabilized only at high temp
tures. More experimental high-pressure studies at low te
peratures are needed in order to confirm our expectation
conclusion, the fcc→C2/m→bct structural sequence as
function of pressure is energetically more favorable at l
temperature for Ce than the fcc→a-U→bct sequence.
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