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A transferable orthogonal tight-binding model is developed for molybdenum, with special emphasis on
applications in molecular-dynamics studies. The elements of the Hamiltonian matrix and the repulsive potential
are allowed to depend on the environment in order to account for the effects of the neglected three-center
matrix elements, for the neglected nonorthogonality effects and for the variation of the finite set of basis
orbitals in different configurations as well. To check the accuracy of the model, the structural energy differ-
ences, the elastic constants, the phonon spectrum along high-symmetry lines in the Brillouin zone, the forma-
tion and migration energy of a vacancy, the formation energy of an octahedral interstitial atom, surface
energies, and relaxations, as well as reconstructions of a~100! surface, are calculated and compared withab
initio data and experimental results.@S0163-1829~98!05503-9#
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I. INTRODUCTION

In materials science it is often indispensable to study v
large systems with a complicated structure. In spite of
enormous progress of the very accurate self-consistenab
initio calculations based on the density-functional theory
local-density approximation,1 the application of this method
to problems in materials science is still limited because
the enormous computational burden. On the other hand,
mistic simulations based on classical interatomic potent
often cannot give a reliable account for the quantu
mechanical aspects of bonding. Therefore, it is often
tempted to establish approaches which are computation
less demanding than the density-functional calculations
which are able to describe approximately the quantu
mechanical aspects. Examples are the effective-med
theory2 and the related embedded-atom method,3 the density-
dependent effective pair potentials derived from pseudo
tential perturbation theory for simple metals4 and for transi-
tion metals,5 and the variety of empirical and semiempiric
tight-binding~TB! methods~see, for instance, Refs. 6–8!. In
the latter class of methods, a Hamiltonian matrix for loc
ized atomlike orbitals is used, and the matrix elements
not evaluated exactly, but represented in an approximate
parametrized analytical form, the parameters being de
mined by fitting to an appropriate set of experimental
theoretical data. These TB methods are particularly suite
incorporate covalency effects and to determine not only t
energies and forces, but also the relevant electronic feat
570163-1829/98/57~3!/1461~10!/$15.00
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like the electronic band structure, the density of states,9 and
the bond order, which are extremely useful for an interp
tation of the bonding properties. The interest in TB metho
has increased recently because of the development of ON)
~or linear scaling! algorithms~see, for instance, Ref. 10! for
calculating the total energy and forces with a computatio
effort which scales linearly with the numberN of atoms in
the system~whereas most of the conventional self-consist
band structure methods scale likeN3!. All of these algo-
rithms rely on the truncation of quantum correlations in re
space, making the TB description a natural framework
such algorithms. The dramatic increase~at least 10 times! in
the size of the system that is accessible by an O(N) TB
molecular-dynamics scheme opens up new classes of p
lems that can now be investigated. Furthermore, it allows7,11

for a systematic many-body expansion of the bond orde
terms of the moments of the density of states, where
lowest-order ~i.e., second-order! approximation is math-
ematically identical to the Finnis-Sinclair potential.12

The success of the TB methods depends on whethe
appropriate parametrization of the TB Hamiltonian can
found which allows for an accurate fit to the experimental
theoretical input data for selected configurations and wh
is transferable to other configurations to be investigated.
original domain of TB methods was the description
strongly covalent solids with special emphasis on Si and
~see, for instance, Refs. 13–15!. The application to metals is
probably more demanding: In simple metals thes and p
electrons are delocalized and a TB approach does not ap
1461 © 1998 The American Physical Society
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to be the most natural approach, and in transition me
there is a coexistence of delocalizeds and p electrons and
more localizedd electrons. Nevertheless, it turned out7 that
many gross features of transition metals may be corre
described by TB models which involve only thed electrons.
A simple orthogonald-band model for the energy and force
in Mo was suggested by Paxton.16 To account for more
subtle effects, however,s, p, andd states have to be con
sidered. Mehl and Papaconstantopoulos17 developed a two-
center nonorthogonal TB method with intra-atomic Ham
tonian matrix elements which depend on the lo
environment and with the parameters fitted toab initio band-
structure and total energy data, and they applied this gen
scheme to 29 of the alkaline earth metals, transition me
~including Mo!, and noble metals. Varma and Weber18 de-
veloped an excellent nonorthogonals-p-d model for the cal-
culation of phonon frequencies in Mo, which, however,
tailored for a determination of the dynamical matrix~for in-
stance, some contributions to the dynamical matrix are fi
to the phonon spectrum! and cannot be used directly for
total energy and force calculation. One of the objectives
the present paper is to consider just one transition me
namely, Mo, and to develop a TB model for this metal whi
is as accurate as possible to explore how far we can go
a TB description of this metal. In our model, special emp
sis will be given to the dependence of the matrix eleme
and the pair potential on the environment, very much in
sense of the method developed by Tanget al.15 for C. The
second objective of the present paper is to develop
model in such a way that it is suitable for molecula
dynamics simulations. The general scheme of Mehl a
Papaconstantopoulos17 involves interactions to neighbor
within a sphere of radius 16.5 a.u. Depending on the str
ture and the lattice constant, this sphere includes from 8
300 neighboring atoms, which constitutes a very large co
putational effort for molecular-dynamics simulations. W
will confine ourselves to interactions up to typically at mo
third-nearest-neighbor interactions.

In Sec. II we describe the theoretical basis for our T
model, whose parameters are determined by fitting to an
propriate set of data which are obtained mainly fromab ini-
tio electron theory. In Sec. III we discuss the results of o
model for the cohesive properties, the properties of vacan
and interstitials, for phonons as well as energies, relaxati
and reconstructions of surfaces, and a concluding discus
is given in Sec. IV.

II. CALCULATIONAL METHOD

A. TB band model

The starting point for the systematic derivation of T
models ~and for the effective-medium theory and th
embedded-atom model! is the Harris-Foulkes functional,19,20

which allows a reliable estimate of the total energy witho
performing a self-consistent density-functional ban
structure calculation,

E5(
i

f ie i
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a,a8Þa

ZaZa8
uRa2Ra8u

. ~1!

Here Za and Za8 are the charges of ionic cores at sitesRa
and Ra8 . r in is the input valence charge density, i.e.,
appropriateAnsatzfor the real charge density, andVxc@r in#
andexc@r in# are the functionals1 of the exchange-correlation
potential and the exchange-correlation energy per elect
The eigenvaluese i

out are to be obtained from the solution o
the Kohn-Sham equations1

H 2
\2

2m
D1Veff~r !J w i~r !5e iw i~r ! ~2!

for the single-particle eigenfunctionsw i(r ), with the effec-
tive potential

Veff~r !5V~r !1VH@r in~r !#1Vxc@r in~r !#, ~3!

whereV andVH denote the Coulomb potential of the ion
cores and the Hartree potential. Thef i are the occupation
numbers.

The TB model may be derived from Eq.~1! by inserting a
superposition of atomic charge densitiesra(ur2Rau),

r in~r !5(
a

ra~ ur2Rau!, ~4!

for the input charge densityr in, i.e., by neglecting the bond
charge density, which is justified for strongly localize
states. Truncating the many-body expansion of the nonlin
functionalsexc@r in# andVxc@r in# after the pair-potential term
and omitting terms which do not depend on the structure,
total energy may be written19 in the form

ETB5(
i

f ie i
out1 (

a,a8Þa

f~r a,a8!, ~5!

with pair potentialsf(r a,a8) which depend only on the in
teratomic distancer a,a85uRa2Ra8u and with eigenvalues
e i

out determined via Eq.~2! with an effective potential con-
structed from the TB charge density~4!.

Equation~5! is the basis for most TB band models~Mehl
and Papaconstoupoulos17 have shown that a TB model ca
also be formulated without resort to a pair-potential term!.
The approximations involved are~i! the lack of self-
consistency,~ii ! the neglect of the bond-charge density in t
Ansatzfor r in, and ~iii ! the neglect of many-body contribu
tions fromexc andVxc .

It should be noted that the theory may be reformulated
regrouping various terms in the total energy to obtain
so-called TB bond model~see, for instance, Ref. 8! which
allows for an approximate account of self-consistency in
total energy calculation via the physically motivated co
straint that in most metallic systems the atoms are ne
charge neutral. In the TB band model which we use, ther
no explicit account for self-consistency effects.

B. Orthogonal two-center TB approximation

The Kohn-Sham equation~2! may be solved by expand
ing w i(r ) into a set of atomiclike orbitalsuap& attached at
the atomsa ~p is an index characterizing the orbitals!,
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w i~r !5uw i&5(
ap

Cap
i uap&, ~6!

yielding the set of equations

(
ap

Ha8p8,apCap
i 5e i(

ap
Sa8p8,apCap

i , ~7!

with the Hamiltonian matrixHa8p8,ap5^a8p8uĤuap&, the
overlap matrixSa8p8,ap5^a8p8uap&, and the Hamiltonian
Ĥ52(\2/2m)D1Veff(r ). Instead of calculating the Hamil
tonian and overlap matrix for some explicitly given basis
uap&, we perform a semiempirical approach by making a
propriate analyticalAnsätzewith open parameters which ar
fitted to an appropriate set of data mainly fromab initio
calculations. We thereby adopt the following approxim
tions.

~a! Use of a minimal basis set, i.e., instead of worki
with a complete set of basis functions, we consider a m
mal basis set of atom-centered localized orbitals with j
one orbital for each angular and magnetic quantum num
For different atomic configurations the degree of comple
ness of this minimal basis set is also different, which affe
the transferability of the TB model. This problem may
cured in part by the use of environment-dependent Ham
tonian matrix elements~see below!.

~b! Orthogonal TB method, i.e., we deal with a diagon
overlap matrix. This may be conceived in two alternati
ways. First, we can argue that we deal implicitly with o
thogonalized, i.e., Lo¨wdin-transformed atomiclike orbitals.21

Then the overlap matrix is indeed diagonal. The disadv
tage of this concept is that Lo¨wdin orbitals are often not very
well localized so that we come in conflict with the TB a
proximation for the Hamiltonian matrix; see point~c!. Con-
fining ourselves nevertheless to a small number of ne
neighbor matrix elements then would deteriorate
transferability of the TB model to different configuration
Second, we can argue that we deal implicitly with non
thogonal basis functions. Harrison6 has shown that the ne
glect of the nondiagonal overlap matrix elements may
repaired by a shift of the interatomic matrix elements and
a shift of the average single-particle energiese i

out. When
fitting the Hamiltonian matrix elements to anab initio band
structure, the shift of the interatomic matrix elements is
tomatically accounted for. The shift of the averagee i

out may
be approximately absorbed6 into the pair-potential term and
then is again included when fitting toab initio data. The
disadvantage of this concept is that the physical meanin
the pair-potential term is more and more obscured. The
proximations involved in an orthogonal method may be c
rected in part by the use of environment-dependent Ha
tonian matrix elements~see below!.

~c! TB approximation for the Hamiltonian matrix ele
ments. Because of the implicit use of localized atomicl
basis orbitals, we setHa8p8,ap50 for r aa8.r cutoff . In the
present paper we choose the cutoff radius in such a way
for the bcc ground state matrix elements up to at most th
nearest neighbors are included.

~d! Two-center approximation. Using theAnsatz~4! for
the density and neglecting the nonlinearity ofVxc , the effec-
tive potential may be written in the form
t
-
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Veff~r !5(
a

Veff,a~ ur2Ra!, ~8!

yielding

Ha8p8,ap5^a8p8u2
\2

2m
D1(

a9
Veff,a9uap&. ~9!

In the following we distinguish between three types
matrix elements.

~1! Three-center termsaÞa8Þa9. Because of the im-
plicitly assumed small spatial extension of the basis orbit
these terms are neglected in a two-center approximation

~2! Interatomic two-center matrix elements^a8p8uVeff,a
1Veff,a8uap&. If the orbital indexp stands for angular and
magnetic quantum numbers, these interatomic two-ce
matrix elements may be represented6 as linear combinations
of Slater-Koster elementsVll 8m ~only matrix elements be-
tween orbitals with the same magnetic quantum number
vive!, the coefficients being determined exclusively by t
orientation of the atom paira,a8 in the crystal. For an el-
ementary metal there are ten independent Slater-Koster
ments when includings, p, andd states. In the traditiona
two-center approximation, the Slater-Koster elementsVll 8m
depend only on the distance between the sitesRa andRa8 .
In the present model, we extend this to include a depende
on the environment of the atomsa anda8.

~3! Intra-atomic matrix elementsa5a8. For an elemen-
tary metal there are three intraatomic matrix elements~es ,
ep , and ed! whose environment dependence is tak
into account by ed5ed

01(a9Ded(r aa9), es5ed1es-d
0

1(a9Des-d(r aa9) and an analogous equation forep . Here
the quantities with superscript 0 denote the parts indepen
of the environment and theDe l are the environment-
dependent contributions. In the present model, all matrix
ements withpÞp8 are neglected.

C. Parametrization of the Hamiltonian matrix

According to Sec. II B, we must find an appropriate p
rametrization for ten Slater-Koster elementsVll 8m , respec-
tively, the intraatomic terms and the pair potentialf(r aa8).
We thereby assume thatVll 8m , De l , andf(r aa8) are envi-
ronment dependent. The environment dependence ofDe l be-
comes obvious from Sec. II B. Concerning the Slater-Kos
elements, the following situation appears: If we try to
independently nearest-neighbor and next-nearest-neig
Slater-Koster elementsV1 andV2 as a function of the lattice
constanta of the bcc crystal to anab initio band structure
~Sec. II D!, we obtain a gap betweenV1 and V2 especially
for theVsss elements which cannot be described by a para
etrization for which the Slater-Koster elements depend
clusively and smoothly on the distance. There are at le
two reasons for this gap: First, when we fit to anab initio
band structure, we formally arrive at environment-depend
two-center elements, although these do not depend expli
on the environment~see Sec. II B! because we have ne
glected three-center matrix elements. Second, we have
gued in Sec. II B that the use of an orthogonal method m
be conceived as working implicitly with Lo¨wdin orbitals
which may be obtained by a Lo¨wdin transformation of origi-
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1464 57HAAS, WANG, FÄHNLE, ELSÄSSER, AND HO
nally nonorthogonal atomiclike orbitals. However, the tw
center Hamiltonian matrix elements of the Lo¨wdin orbitals
then depend on the structural configuration, although
original two-center Hamiltonian matrix elements do not.
the following we therefore will allow for a dependence of t
Hamiltonian matrix elements on the environment. W
thereby hope that this will also help to cure part of the pro
lems arising from the use of an incomplete minimal basis
@point ~a! of Sec. II B#. Concerning the pair potential, a con
tribution to the environment dependence may arise from
neglect of the many-body terms ofexc and Vxc ~Sec. II B!,
and another contribution may arise from that part of the p
potential which accounts for the neglect of the nondiago
overlap matrix elements~Sec. II B!.

In the following we adopt the same functional form f
the distance dependence ofVll 8m , De l , and f(r aa8),
namely,

f ~r aa8!5C1 exp~2C2r aa8!~12Saa8!; ~10!

i.e., the primary distance dependence is given by the ex
nential and the environment dependence is modeled by
screening function introduced by Tanget al.,15

Saa85tanh 2jaa8 , ~11!

jaa85C3(
a9

expS 2C4

r aa91r a8a9
r aa8

D C5

. ~12!

There are 5 parametersCi ~with C2•••C5.0! for the 14
functionsVll 8m ~10!, De l ~3!, andf ~1!, and the 3 parameter
e l , so that, altogether, the model would contain 73 para
eters.

The meaning of the screening function for the value
f (r aa8) is discussed for the two atomic arrangements sho
in Fig. 1. Figure 1~a! represents a situation where the ato
a9 is far from the line connecting the atomsa anda8. In this
situation we have a large value of (r aa91r a8a9)/r aa8 , and
hencejaa8 and Saa8 are small so that there is nearly n
screening of the exponential in Eq.~10!. In contrast, ifa9 is
on the midpoint of the line connectinga anda8 @Fig. 1~b!#,

FIG. 1. Arrangement of atoms used in the text to illuminate
effects of the screening function.
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then (r aa91r a8a9)/r aa8 is 1, jaa8 and Saa8 may be larger
~depending on the parametersC3 , C4 , and C5! and there
may be an appreciable screening of the exponential in
~10!. It will become apparent from Fig. 4 that the abov
discussed gap between the first- and second-nearest-neig
Slater-Koster elements is naturally obtained by the use of
screening procedure. It should be noted that an environm
dependent parametrization was also suggested by othe
thors. Mehl and Papaconstantopoulos17 as well as Mercer
and Chou22 used environment-dependent intraatomic mat
elements. Andriotis23 introduced a dependence of the matr
elements on the local coordination numbers. Serraet al.24

did not use environment-dependent matrix elements, but t
introduced an environment-dependent correction term for
whole band-structure part of Eq.~5! based on suitably de
fined local coordination numbers as well as a correspond
correction term for the pair-potential part.

All interactions in our model are truncated at a cuto
radius of 8.9 a.u. Depending on the structure and the lat
constant, this means that in all our investigated systems u
typically third-nearest-neighbor interactions are included
that the computational effort for molecular-dynamics sim
lations remains moderate. Because of the screening of
interatomic matrix elements, these are automatically rat
short ranged so that we do not need an explicit cutoff fu
tion to shorten the interaction range.

D. Determination of the parameters

We first reduced the actual number of parameters used
the fits by imposing for the preexponential factors the u
versal ratios6 Vpds :Vpdp52):1 and Vdds :Vddp :Vddd5
(26):4:(21) for all interaction shells, saving altogether 1
parameters. Furthermore, we realized from the fits thatVppp

is small and can be neglected without a noticeable chang
the results, saving 5 more parameters~actually Vppp is not
smaller than part of thedd-matrix elements which we keep
but the occupied bands are mainly ofd character and there
fore the neglect ofVppp does not matter much!. We thus end
up with altogether 53 parameters, which are yet to be de
mined. This large number of fit parameters contributes a
computational problem, because the fit function certainly
hibits a large number of local minima and it is nearly impo
sible to find numerically the absolute minimum. Startin
from different initial values of the parameters will mo
probably yield fit parameters corresponding to differe
minima. Concerning this problem, we agree with the sta
ment given in the paper of Cohenet al.25 ‘‘Great care is
needed to test the resulting model for reasonable beha
outside the range of the fit.’’ This care may be taken
different ways. First, we can exclude all those models wh
yield unreasonable results for such configurations outside
range of the fit and try to find another model related to a
other minimum of the fit function which yields reasonab
results. Second, we can include additional configurations
the fit which are close to the configurations to be inves
gated, hoping that then our fitting procedure yields autom
cally a more adequate minimum of the fit function. We w
proceed on the second line.

In a first attempt we proceeded along the line of Ta
et al.15 for C: i.e., we determined the parameters by a fit

e
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ab initio data for the band structure along lines of high sy
metry in the Brillouin zone and the total energy for Mo
various crystal structures~sc, bcc, fcc! and for a variety of
lattice parameters around the respective equilibrium lat
parameters~we omitted the structures with low coordinatio
numbers, i.e., linear chain and graphite or diamond struct
which are important for covalent materials, but not for tra
sition metals!. All the ab initio calculations are performe
using the linear-muffin-tin-orbital method in atomic-sphe
approximation26 ~LMTO-ASA!. It should be emphasized tha
we fit simultaneouslyto data from band structure and tot
energy. Alternatively, we could first fit the matrix elemen
to the band structure and then the pair potential to the t
energy. This, however, would restrict the variational deg
for the fit, and it would be somehow inconsistent because
neglect of the off-diagonal elements of the overlap ma
affects both the band structure and the pair potential~see
Sec. II B!.

It turned out that the so-obtained TB model yields uns
isfactory results, for instance, for the vacancy formation
ergy, for some phonon dispersion branches, for the ela
constantC44, and for the energies and relaxations of s
faces. We therefore included additional data in the datab
for the fitting procedure. Our hope is that by including mo

FIG. 2. Total energy vs volume for sc, bcc, fcc, and hcp Mo a
for Mo in the A15 structure. The dashed and solid lines repres
the TB andab initio LMTO-ASA data, respectively.
-

e

e,
-

al
e
e

x

t-
-

tic
-
se

than just a minimal set of fit configurations the se
consistency effects which are neglected explicitly in t
present model are taken into account implicitly: If we ma
aged to correctly describe all conceivable fit configuratio
the model would implicitly include the self-consistency e
fects. To be specific, we have included the following info
mations.

~i! The experimental phonon frequencies at the poi
N,H,P of the phonon Brillouin zone. We used the expe
mental data because theab initio data depart27,28 from the
experimental results.

~ii ! The experimentally obtained elastic constantC44.
~iii ! The vacancy formation energy obtained29 by the

mixed-basis pseudopotential~MBPP! method30–33 for an un-
relaxed supercell with 16 sites and one vacancy.

~iv! The unrelaxed~100! surface energy obtained34 by the
MBPP method.

~v! Information on the surface relaxation. It was observ
experimentally35 that the topmost surface layer of molybd
num exhibits an inward relaxation of about 10%. It would
extremely time consuming if we obtained for each set of
parameters the actual surface relaxation of the tight-bind
model defined by these parameters and then included
deviation of the calculated and the experimentally obser
relaxation into the database for the fitting procedure. Inste
we calculated the total energy for a system for which n

d
nt

FIG. 3. TB band structure~dots! of bcc Mo ata055.8 a.u. in
comparison with theab initio LMTO-ASA band structure~solid
lines!.
0
6
7
5
5
6
3
7
6
0

TABLE I. Values of the 53 independent parameters of our TB model.

C1 @Ry# C2 @a.u.21# C3 C4 C5

Vsss 21.96039 0.49567 0.91879 0.32609 3.2968
Vpps 0.15126 0.00335 1.72287 0.57285 4.4002
Vdds 24.28813 0.75383 1.22539 2.06345 1.8813
Vsps 0.21139 0.10603 0.14827 0.00823 9.4387
Vsds 20.58079 0.43117 20.40798 0.51628 12.4063
Vpds 24.20194 0.79336 19.34963 0.50985 12.3501
Des-d 3.04032 0.79552 56.12257 1.25854 4.3345
Dep-d 1.94008 0.69334 19.41967 0.92420 3.5379
Ded 20.05986 0.62099 14.80478 0.62766 3.7312
f 350.43775 1.73214 14.07585 0.86263 3.1415

es-d
0 50.03738Ry, ep-d

0 50.26068 Ry, ed
050.08304 Ry
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FIG. 4. Dependences of the independent Slater-Koster elementsVll 8m , of the intra-atomic parametersDe, and of the pair potentialf, on
the interatomic distanced.
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~100! layers and a vacuum space corresponding to three
ers are repeated periodically, with the topmost layer rela
inwards by 20%, i.e., twice the experimental value. Implyi
a parabolic dependence of the total energy on the degre
inward relaxation of the topmost layer with a minimum
10% relaxation, the energy of this system should be the s
as the one of a corresponding unrelaxed system; i.e.,
include this energy difference in the database for the fitt
procedure.

To asses the quality of the fits, Fig. 2 shows the fitted to
energy curves for sc, bcc, and fcc Mo and Fig. 3 exhibits
fitted curves to the band structure in bcc Mo. Please note
for changes in the binding properties due to deviations fr
the ideal structure~phonons, defects, etc.! mainly the ener-
gies close to the Fermi energy are relevant. In addition, F
2 includes data for Mo in hcp and A15 structure, which we
not used for the fit. It becomes obvious that the TB resu
agree well with theab initio results for the hcp structure, bu
not for the A15 structure, which indicates limitations of th
transferability of our model.

The final values of the 53 parameters defining our mo
are given in Table I, and the distance dependences of
y-
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independent Slater-Koster parameters and of the intra-ato
parameters and off are shown in Fig. 4. Please note th
discontinuity in the interaction parameters, for instance,
tween the first- and second-nearest neighbors, which in
model is a natural consequence of the screening explaine
Sec. II C and Fig. 1.

Because the distance dependences of the Hamiltonian
trix elements and the pair potential are given in analyti
form, the forces on the atomg can be readily calculated via
Fg52¹gETB($Ra%) ~using the Hellmann-Feynma
theorem36 for the band-structure part! and used for the static
relaxation of atoms or for molecular-dynamics studies.

III. RESULTS

In this section we will briefly report on some results
our TB calculations in order to demonstrate the capabi
and the limitations of the model. A more extensive discu
sion concerning the TB molecular-dynamics simulations
phonons at zero and finite temperature or of the surface
laxations and reconstructions will be given elsewhere.
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TABLE II. Results of the TB model for the equilibrium lattice constanta0 , the elastic constantsC11,
C12, andC44, the vacancy formation energyEV

f , and the formation energyEI
f of an octahedral interstitia

atom in a relaxed supercell containing 16 sites, in comparison with results fromab initio MBPP calculations
and experimental data.

a0

@a.u.#
C11

@Mbar#
C12

@Mbar#
C44

@Mbar#
EV

f

@eV#
EI

f

@eV#

TB 5.912 4.1060.10 1.8260.10 1.2460.04 3.11 10.40
MBPP 5.926a 2.9060.1a 9.54b

Experiment 5.945c 4.50d 1.73d 1.25d 2.9e

aReference 29.
bReference 40.
cReference 37.
dReference 38.
eReference 39.
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A. Bulk properties

Table II represents the TB results for bcc Mo for t
equilibrium lattice constanta0 , the elastic constantC11,
C12, and C44, the vacancy formation energyEV

f for a re-
laxed supercell with 54 sites, and the formation energyEI

f for
an octahedral interstitial atom in a relaxed supercell with
regular lattice sites, in comparison with experimental res
and with results from the MBPP approach. The quantitiesa0
andC44 were included in the fit, and therefore the compa
son simply tests for the quality of the fit. In contrast, t
results forC11, andC12, for EV

f in the relaxed supercell, an
for EI

f are predictions of the TB model, which agree rath
well with the data from experiments (C11,C12,EV

f ) and/or
the MBPP calculation (EV

f ,EI
f). For EV

f the agreement with
experiments and the MBPP method is excellent. It ther
should be noted that the agreement with the MBPP met
for the unrelaxed supercells is worse: In the TB mo
~MBPP calculation! the energy gain due to the relaxatio
~structural relaxation of the atoms around the vacancy
volume relaxation of the supercell after introduction of
vacancy! is 0.5 eV~0.16 eV!. For the interstitial atom on the
octahedral site, there are very short interatomic distan
Therefore, this configuration is different from any configur
tion used for the fit, and the good agreement between the
result and the MBPP result is astonishing. To reduce
computational effort~for the MBPP method!, we used a
small supercell for comparison. To obtain realistic values
EI

f for comparison with experiments, much larger superc
had to be considered. Again, the agreement between the
and MBPP results is much worse for the unrelaxed inter
tial configuration~where the interatomic distances are ev
smaller!, for which the TB value forEI

f is nearly twice the
MBPP value, although the relaxational displacements of
atoms obtained by the methods are rather similar.

Figure 5 exhibits the total energy as function of the d
placement of an atom alonĝ111& into a nearest-neighbo
vacancy in an unrelaxed supercell with 16 sites. A doub
peak structure of the total energy similar to the one obtai
by Tsaiet al.41 for Fe via pair-potential calculations is foun
both in the TB model and in the MBPP study.

Figure 6 exhibits the TB results for the phonon freque
cies at zero temperature as obtained by a dynamical-m
approach~see, for instance, Ref. 42! and by frozen-phonon
6
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calculations~see, for instance, Ref. 43!. In the dynamical-
matrix approach anharmonicities are accounted for as in R
42. In the frozen-phonon calculations we fitted for the hig
symmetry points in the Brillouin zone the energy versus d
placement data by a polynomialE5ad21bd41cd6 and cal-
culated the phonon frequency from the coefficienta.
Alternatively and for intermediate points on high-symme
lines, we performed the frozen-phonon calculation for o
single but small displacementd50.01a0 for which we as-
sumed that the harmonic approximation holds. The valid
of this assumption was confirmed by test calculations with
even smaller displacement ofd50.001a0 and by the good
agreement of the so-obtained frequencies with those from
polynomial fit at high-symmetry points. The calculations a
converged with respect to the number ofk points used for the
sampling of the electronic Brillouin zone, except for theH
point ~for the problems involved in the calculation of theH
point phonon in Mo, see, for instance, Ref. 28!. From Fig. 6
it becomes obvious that there are small discrepancies
tween the results from the dynamical-matrix approach a
the frozen-phonon approach, because of the follow
reason:42 In the frozen-phonon calculations all conceivab

FIG. 5. Increase of the total energy per supercell as function
the displacement of an atom along^111& into a nearest-neighbo
vacancy in bcc Mo~unrelaxed supercell with 16 sites!. Open
circles, TB; solid dots,ab initio MBPP.



ct
tr
ct
to

b
su
la
h

om
lt

ite
e
o

rs
d

to
cu
la
n

cies
c-
m

ms

ill
at
ther
ho-

n
ng
tly
the
se

t an

ear
g
or-

ith
f
ed
our

PP
r

rgy
-

the
ord-
ect
P

e-

ng
ots

om

the
ll.

1468 57HAAS, WANG, FÄHNLE, ELSÄSSER, AND HO
couplings between the atoms are accounted for exa
whereas in the supercell calculations of the dynamical ma
the long-range couplings are affected by finite-size effe
Whereas in Na and K, for instance, it is sufficient to take in
account couplings up to the third-nearest-neighbor shell,42 in
Mo couplings up to a much larger range have to
considered44 to obtain an accurate phonon spectrum. The
percell containing 250 atoms which we used in our calcu
tions of the dynamical matrix obviously is not large enoug
In Fig. 7 we therefore compare the more reliable data fr
frozen-phonon calculations with the experimental resu
obtained44 by inelastic neutron scattering at 296 K. In sp
of some quantitative discrepancies, the qualitative agreem
is satisfactory: The most important phonon anomalies in M
i.e., the low frequency of theH point phonon, the lowering
of the T2 mode when approaching theN point along theS
line, and the crossing of the longitudinal and the transve
phonon branches along theF line, are correctly reproduce
by the TB model.

As mentioned in the Introduction, it was our concern
develop a transferable TB model for applications in mole
lar dynamics. To demonstrate the feasibility of such calcu
tions based on our TB model, we performed a microcano

FIG. 6. TB results for the phonon branches of bcc Mo alo
high-symmetry lines. Solid lines: dynamical-matrix method. D
~longitudinal modes! and triangles~transversal modes!: frozen-
phonon calculation.

FIG. 7. Comparison of the phonon frequencies in bcc Mo fr
the TB method~frozen-phonon calculation, solid lines! and from
inelastic neutron scattering~Ref. 44! at T5296 K ~dots!.
ly,
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cal molecular dynamics study forT510 K for a box
containing 54 atoms and determined the phonon frequen
from the Fourier transform of the velocity correlation fun
tion. The results agreed very well with those obtained fro
frozen-phonon calculations for a supercell with 54 ato
when using the same number ofk points for the sampling of
the electronic Brillouin zone. In a future publication we w
report on our TB molecular-dynamics study of phonons
elevated temperatures which were performed to see whe
the present model is able to reproduce the shifts of the p
non frequencies with temperature observed45 by inelastic
neutron scattering.

B. Surface properties

As mentioned in Sec. II D, we included information o
the ~100! surface properties in the database for the fitti
procedure. Thereby the results for the bulk are only sligh
affected, whereas the inclusion is really essential for
treatment of the surface: When we did not include the
data for the fitting procedure, we arrived at~100! and ~110!
surface energies which were about 25% too small, and a
inward relaxation of the topmost~100! layer which was
twice the relaxation found inab initio calculations and in
experiments. When including the~100! surface energy in the
fit, we obtained good results~see below! for the surface en-
ergies of both the~100! and ~110! surfaces.

We investigated thep(131) relaxation of the~100! sur-
face, i.e., the inward or outward relaxation of the planes n
an unreconstructed~100! surface, for supercells containin
slabs withNs57, 9, and 11 planes and a vacuum space c
responding to 3 layers separating the slabs~Table III!. The
results for the relaxations were rather well converged w
respect to the number ofk points: Doubling the number o
k points in the irreducible part of the Brillouin zone chang
the results by less than 5%. For the two outermost layers
results agree quite well with those obtained by a MB
calculation34 for Ns57, and with the experimental values fo
the relaxation of the topmost layer obtained by low-ene
electron-diffraction~LEED! experiments, which yield an in
ward relaxation of (9.562)% ~Ref. 35! or 11.5%~Ref. 46!.

Concerning the surface reconstruction, we found that
~100! surface is stable with respect to displacements acc
ing to aM 1-surface phonon mode, but unstable with resp
to an M5-surface phonon mode, in agreement with MBP
calculations.34 A comparison between the TB and MBPP r

TABLE III. Relaxation of thep(131) ~100! surface.Dd12 is
the relative change of the interlayer distance~in percent! between
the first and second layers compared to the interlayer distance in
bulk. nS represents the number of atomic planes in the superce

MBPPa TB
nS57 nS57 nS59 nS511

Dd12 210.7 28.7 211.0 211.9
Dd23 12.7 13.0 14.3 15.1
Dd34 10.3 21.5 22.7 23.4
Dd45 10.3 11.2
Dd56 20.6

aReference 34.
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sults for the relaxation and reconstruction data of the res
ing (&3&)45° surface is given in Table IV. Future calcu
lations with larger supercells are required in order to find
whether the model is also able to yield the experimenta
observed (7&3&)45° reconstruction~see, for instance
Ref. 47!. The surface energies for the~100! surface are given
in Table V. The results agree very well with the MBPP da
of Wanget al.34 For the surface energy of an unrelaxed a
nonreconstructed~110! surface, our TB model withns57
yields a value of 1.38 eV per surface atom. Including rel
ation of the topmost layer, a full-potential-LMTO
calculation48 with ns57 obtained a value of 1.34 eV pe
surface atom.

Finally, we have calculated the local density of electro
states for the layers near the surface. In agreement with
potential linearized-augmented-plane-wave calculations49 we
found that for the surface layer the Fermi energy is locate
a sharp peak of the electronic density of states, wherea
the bulk it is located in a pseudogap.

IV. DISCUSSION

We have developed a highly transferable orthogonal tw
center TB model for Mo with special emphasis on the ap
cability in molecular-dynamics studies. The key ingredie
are as follows.

~i! The matrix elements and the pair potential depend
the environment in order to account implicitly for the effec
of the neglected three-center matrix elements, for the no
thogonality effects, and for the variation of the finite set
basis orbitals in different configurations as well. Altogeth
the model contains 53 fit parameters.

~ii ! The large number of fit parameters makes the mo
flexible enough for a fit to many experimental data and
data fromab initio calculations for various strongly differing
atomic configurations. The hope is that thereby se
consistency effects which are not explicitly accounted for
the model are implicitly taken into account. On the oth

TABLE IV. Relaxation and (&3&)45° reconstruction of the
~100! surface.Dd12 has the same meaning as in Table III. T
quantitiesd i denote the displacements~in percent of the net con
stant for the reconstruction, 8.361 a.u.! of the atoms in thei th plane
parallel to the surface along the surface^11& direction. NS repre-
sents the number of atomic planes in the supercell.

MBPPa TB
nS57 nS57 nS59 nS511

Dd12 27.9 26.6 26.9 27.8
Dd23 11.2 11.4 12.1 12.5
Dd34 10.3 21.1 21.4 22.1
Dd45 20.1 10.6
Dd56 20.3
d1 4.8 5.5 5.2 4.8
d2 0.4 1.9 1.7 1.6
d3 20.1 0.6 0.4 0.4
d4 ;0.0 0.5 0.3 0.2
d5 0.2 ;0.0
d6 ;0.0

aReference 34.
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hand, the large number of fit parameters constitutes a ser
mathematical problem because of the large number of lo
minima of the fit function. Therefore, the model has to
tested carefully for configurations outside the range of the

The transferability of the model has been tested for s
configurations which were not explicitly included in the
~cohesive energies for special structures, phonon spect
energy of formation and migration of a vacancy, formati
energy of an interstitial atom, surface relaxations and surf
reconstructions, surface energies!. In most cases the quant
tative agreement between the TB results and the data f
ab initio calculations and/or experiments was satisfactory
even very good. Nevertheless, there are a few cases
which the agreement is not yet really satisfactory. For
stance, the TB result for the cohesive energy of Mo in
A15 structure deviates much more from theab initio data
than the results for the other crystal structures. Another
ample is the tendency of our model to overestimate the
fects of structural relaxation: For the vacancy and es
cially for the interstitial atom, our relaxation energies a
much larger than the correspondingab initio data, and with-
out explicitly including in the fitting procedure some info
mation on the relaxation near the surface the TB mo
would arrive at a far too strong surface relaxation. We th
that the explicit neglect of self-consistency effects might
responsible for the problems of the model to describe
relaxation effects correctly as long as no information at all
the relaxation properties for the considered configuration
included in the fitting procedure.

Altogether, we think that in spite of the good overa
transferability of the developed TB model, still great care
needed when applying the model to other situations:
many problems in materials science, the TB model is
quired to circumvent the tough restrictions for the syst
sizes imposed when working withab initio methods. To as-
sure the transferability of our TB model to new situation
we then suggest to test the model first for small system s
againstab initio calculations. If the transferability is con
firmed, then the model is extremely useful for consideri
the sometimes very large system sizes required in mate
science.

ACKNOWLEDGMENT

One of the authors~H.H.! acknowledges financial suppo
from the Deutscher Akademischer Austauschdienst.

TABLE V. Surface energies~in eV per surface atom! for an
unrelaxed, relaxed, and (&3&)45°-reconstructed~100! plane.

nS

p(131)
Unrelaxed

p(131)
Relaxed

(&3&)45°
Relaxed

7 MBPPa 2.18 2.07 2.056
7 TB 2.198 2.110 2.069
9 TB 2.193 2.086 2.070

11 TB 2.181 2.056 2.052

aReference 34.
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