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Anisotropic transport of quantum Hall meron-pair excitations
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Double-layer quantum Hall systems at total filling factornT51 can exhibit a commensurate-
incommensurate phase transition driven by a magnetic fieldBi oriented parallel to the layers. Within the
commensurate phase, the lowest charge excitations are believed to belinearly confined meron pairs, which are
energetically favored to align withBi . In order to investigate this interesting object, we propose a gated
double-layer Hall bar experiment in whichBi can be rotated with respect to the direction of a constriction. We
demonstrate the strong angle-dependent transport due to the anisotropic nature of linearly confined meron pairs
and discuss how it would be manifested in experiment.@S0163-1829~98!07503-1#
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The quantum Hall effect has served as a canonical
ample of a strongly correlated, two-dimensional electron s
tem. Since the strong perpendicular magnetic fieldB'

quenches the kinetic energy of the electrons, the elect
electron correlations become crucial. These correlations
manifest themselves in a variety oftopological charges: pat-
terns or textures in the spin or isospin of the two-dimensio
~2D! electrons. In the case of a single-layer quantum H
system, Sondhiet al. have shown that even when the Ze
man gap vanishes, the quantum Hall effect survives at s
filling factors includingn51.1,2 They argued that in this cas
the lowest-energy charged excitations are Skyrmions, to
logical excitations consisting of dimples in the electron s
distribution that involve multiple spin flips.1–4 Subsequently
Barrett et al. performed NMR Knight shift measuremen
and clearly demonstrated the existence of multiple spin-
excitations that may be a manifestation of these Skyrmio
excitations.5–7

The closely related double-layer quantum Hall syste
~DLQHS’s! have also drawn much theoretical and expe
mental attention.2,8–13When the distanced between the lay-
ers is comparable to the mean intralayer particle spac
strong interlayer correlations induce a many-body quan
Hall effect atnT51/m (m is an odd integer!, wherenT is the
total filling factor. The layer degrees of freedom~i.e., upper
or lower! can be viewed as a spin-1

2 isospinvariable and the
description of DLQHS’s can be mapped onto itinerant qu
tum ferromagnets.2,8,9,14We emphasize that the real spins a
fully spin polarized alongB' due to the Zeeman gap and th
excitations consist of variations in the isospin.15 It has been
argued that for the experimentally relevant set of paramet
linearly confined meron pairs~LCMP’s! are the lowest-
energy charged excitations. They too are genuine topolog
excitations made from textures in the isospin distribution9,16

as shown in Fig. 1. In contrast to Skyrmions, these exc
tions cannot be seen via NMR Knight shift measureme
because they do not couple to the nuclear magnetic mom
Such excitations are notoriously difficult to observe and h
been seen only indirectly via transport measurements.12

In this paper we propose a method of investigating to
logical excitations by forcing them to pass through a narr
channel. As the constriction is approached, details of the
citations can be measured. This method can be used on
570163-1829/98/57~3!/1378~4!/$15.00
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tems in which it is hard to couple with the relevant isosp
~e.g., valley Skyrmions in silicon 2D electronic systems.17!
Here we concentrate on the LCMP: By noticing that t
orientation of the LCMP tends to follow the direction of th
magnetic fieldBi applied parallel to the layers, we demo
strate the strong transport anisotropy depending on the r
tive angle between the gate andBi . The method can be
generalized to other classes of topological objects.18

Following the magnetic analogy, we map the layer d
grees of freedom onto aS5 1

2 isospin variable, where an
electron in the upper layer has an isospinu ↑ & and one in the
lower layer has an isospinu ↓ &.2 A local charge imbalance
between the two layers corresponds to^Sz(r )&Þ0 in that
region. Such charge fluctuations between the layers hav
energy gap at long wavelengths and are suppressed. T
while the true spin of the electron points in theẑ direction,
the isospin is forced to lie in thex̂-ŷ plane in isospin space
so the system is equivalent to a quantumXY ferromagnet.
Using the spin texture state ansatzuu(r )&5(u ↑ &
1eiu(r )u ↓ &)/2, we obtain the energy functionalE@u#,

FIG. 1. Isospin configuration of a finite-length meron pair ex
tation: The arrows represent the isospin orientations. Merons w
the opposite vorticy and the same charge1

2 e are located at both
ends of domain wall. The inset shows the solution profile off(x)
along a line passing between the meron pair.
1378 © 1998 The American Physical Society
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57 1379BRIEF REPORTS
E@u#5E d2r H 1

2
rs~¹u!22

t

2pl B
2cosu~r !J , ~1!

whereu(r ) represents the isospin orientation in the plane,rs
is the isospin stiffness,t stands for an interlayer tunnelin
amplitude, andl B5(\c/ueuB')1/2.

The first term indicates that the isospins tend to be para
to each other, which minimizes the overlap of the electro
due to the Pauli exclusion principle and so minimizes
Coulomb exchange energy. The second term reflects the
that the tunneling term lowers the energy of electrons i
symmetric superposition of the two layer states, which c
responds tôSx&5 1

2. This favors orienting the isospin alon
the x̂ direction in isospin space. Hence the ground state
this Hamiltonian will be the Slater determinant of the co
pletely filled symmetric state.

The presence of an in-plane magnetic fieldBi makes the
physics of DLQHS’s much more intriguing. SupposeBi is
parallel to theŷ coordinate. Choosing the gauge potent
A5(0,B'x,2Bix), we see that the tunneling matrix eleme
from one layer to the other will pick up an Aharanov-Boh
phaseeiQx, with Q5dBi /l B

2B' , and that this phase rotate
or ‘‘tumbles’’ as we move inx. The imposition ofBi leaves
the orbital degrees of freedom intact and we obtain the
lowing energy functional for the ansatz given above:

E@u#5E d2r H 1

2
rs~¹u!22h~r !•m~r !J , ~2!

where the fictitious magnetic field h(r )5

(t/2pl B
2)(cosQx,sinQx) tumbles along thex̂ coordinate with

a period 2p/Q, which couples to the isospinm(r )
5„cosu(r ),sinu(r )…. This is the well-known Pokrovsky
Talapov model, which exhibits a highly collectiv
commensurate-incommensurate transition.19 For small Q
and/or smallrs , the phase tracks the tumbling field, so th
u(r )5Qx. As Bi increases, the local field tumbles too ra
idly and a continuous phase transition to an incommensu
state with broken translation symmetry occurs.9,19 The
ground-state energy of the commensurate state is given

E0@Q#

A
5

1

2
rsQ

22
t

2pl B
2 . ~3!

For the clarity of further discussion, we introduce a pha
field f(r )5u(r )2Qx, which represents an isospin orient
tion measured with respect to the direction ofh(r ). For the
commensurate state, the isospin is parallel toh(r ) yielding
f(r )50. The energy functional for the generic excited sta
can be written in terms of thef(r ) field as

EA@f#5rsQLyDf1E d2r H 1

2
rs~¹f!22

t

2pl B
2

3@12cosf~r !#J , ~4!

whereLy is the system size along theŷ direction andDf
[f(x5`)2f(x52`), the number of full rotations the
isospin makes with respect to the tumbling fieldh(r ), is a
topologicalcharge.20
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These rotations or phase slips withDf562p occur over
a finite width and can be viewed as domain walls.19 If the
domain-wall string soliton~DWSS! has finite length, its end
points will be localized excitations in the isospin textu
called merons. The domain wall serves to link the meron p
so that they are linearly confined, as shown in Fig. 1. It h
been argued that the LCMP is the lowest-energycharged
excitation of the DLQHS within the commensura
phase.2,9,15

Suppose we have a LCMP extending over the system
and making an anglea with Bi . Since the second term o
Eq.~4! is invariant under spatial rotations~that is, rotations in
r ), dependence of the LCMP activation energy on its orie
tation in the plane comes entirely from the first term, whi
depends onLy—the projected length to theŷ direction. The
first term can be viewed as a chemical potential for
LCMP with mD522prsQLy . We notice that for the non-
topological excitations withDf50, the activation energy
hasno angle-dependence. For the sake of simplicity, we c
take the LCMP to be aligned along theŷ axis. The analytical
solution for the profile of the domain wall is well-known an
given by f(x)524tan21@exp((2prs/t)1/2x/l B)#.19 Based
on this solution, the energyT0 of the LCMP per unit length
is given to be (4t/pl B)(2prs /t)1/2. Hence the string ten-
sion is given by

T@a,Bi#5T0H S 12
Bi

Bi
cD 1

Bi

Bi
c
~12cosa!J , ~5!

whereBi
c5B'(4l B /pd)(t/2prs)

1/2. WhenBi.Bi
c , it is en-

ergetically favorable to create DWSS’s of infinite length~in
other words, the LCMP’s become unbound! making a phase
transition to an incommensurate phase.8,9,12Within the com-
mensurate phaseBi,Bi

c , the activation energy of the DWSS
increases linearly with the length.

Since the merons carry charge6 1
2 e depending on the

vorticity and core-spin configurations,2 one can construct a
finite-energy charged excitation by attaching two mero
with the same charge and opposite vorticity. The activat
energyELCMP of the LCMP with the lengthR and the rela-
tive anglea with respect toBi can be determined by balanc
ing the Coulomb repulsion and the linear string tension

ELCMP5T~a,Bi!R1
e2

4eR
12EMC , ~6!

where e is the dielectric constant andEMC represents the
meron core energy obtained by integrating out the sh
distance degrees of freedom. Equation~6! is optimized when
the LCMP is oriented alongBi , that is,a50. The equilib-
rium distanceRc is given by

Rc5S e2

4eT~a50,Q! D
1/2

}~12r!21/2, ~7!

where r5Bi /Bi
c is a magnetic field measured in units

critical valueBi
c . It is amusing to note that the rotations ofBi

can be used as a knob to orient the LCMP. AsBi increases,
the string tension decreases as 12r and the length of the
LCMP increases with (12r)21/2. At finite temperature, one
needs to take into account the effect of thermal fluctuati
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1380 57BRIEF REPORTS
that can distort this object via stretchingor rotation. The
energy costDE(a,R,Bi) of small fluctuations over the opti
mal solution of the LCMP is given by

DE@a,R,Bi#>
1

2
kRS 12

R

Rc
D 2

1
1

2
kaa2, ~8!

where the spring constantskR5e2/2eRc}(12r)1/2 and ka
5rT0Rc}r/(12r)1/2. In order to detect this interesting ob
ject, we propose a gated Hall bar experiment where the r
tive orientation of the constriction with respect toBi can be
varied. In Fig. 2, we have shown a quantum Hall bar tha
gated in the middle by putting metallic gates in both laye
The constriction has a channel widthW, which can be varied
by adjusting the gate voltage. For simplicity, the channe
assumed to have a ‘‘hard wall’’ that prevents the transpor
charge carriers. ThenT51 state can be considered as
vacuum of the LCMP. The perpendicular magnetic fieldB'

is applied so that the total filling factornT of the system is
slightly away from 1. Since the lowest charge excitations
argued to be the LCMP, the ground state of the system
have LCMP’s. Since the LCMP tends to be parallel toBi ,
the transport through a constriction will have a strong dep
dence on the relative anglec betweenBi and the constric-
tion. The transport probabilityTtr(Bi ,c) of the LCMP pass-
ing through a narrow constriction is given by

Ttr~Bi ,c!;uT u2E
0

2p

daE
0

We /ucos~c2a!u
dR

3@We2Rucos~c2a!u#e2bDE~a,R,Bi !, ~9!

wherec is a relative angle between the gate andBi , b is
inverse temperature, anduT u2 is a transmission coefficient
Since the channel widthW should be larger than the mero
core sizeRMC , which is estimated to be about 2l B ,21,22 the
effective channel widthWe is set equal toW22RMC . We
assume thatuT u2 has no angle dependence.23 As Bi ap-

FIG. 2. Schematic diagram of a gated Hall bar: The domain-w
string soliton is a linearly confined meron pair.Bi is the magnetic
field applied parallel to the layer andB' is a strong perpendicula
magnetic field.c is the relative angle betweenBi and the constric-
tion. Depending onc andBi , the meron pair will either easily pas
through the gated region or be blocked.
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c , kR vanishes as (12r)1/2 and ka diverges as

r/(12r)1/2. In this limit, Ttr(Bi ,c) can be obtained analyti
cally

Ttr~Bi ,c!;uT u2We
2~12r!1/4

cosc

~kBT!1/2

~T0e2/4e!1/4
. ~10!

Note the strong angle dependence ofTtr(Bi ,c)}1/cosc. At
c50, the LCMP tends to be parallel to the constrictio
Since the LCMP that is larger than the narrow channel c
not easily pass through it, the transport probability rapid
decreases asBi gets toBi

c , where the length of the LCMP
becomes very large. Presumably a quantum Hall edge s
transport through a constriction will persistevennearBi

c .24,25

We speculate that it is independent ofc up to the leading
order in the coupling between the bulk and edge states c
tributing mainly to the angle-independent backgrou
signal.18 If we rotate the field byp/2, the LCMP’s tend to be
oriented perpendicular to the constriction, which w
strongly enhance the transport probability. We defineA(Bi)
to be the ratio ofTtr(Bi ,c50) to Ttr(Bi ,c5p/2),

A~Bi![
Ttr~Bi ,c50!

Ttr~Bi ,c5p/2!
, ~11!

which measures the transport anisotropy. Based on the
periment by Murphyet al.,12 we have chosen the following
set of parameters: the Coulomb energye2/el B>130 K and
t>0.5 K. The isospin stiffnessrs is estimated to be about 0.
K and the string tensionT0 is about 1.6 K.2,15 At Bi /Bi

c

50.9, the length of the LCMP is estimated to be abo
15l B;1400 Å. We have chosen two values ofWe to be
5l B ,8l B and the temperature is set to be 300 mK.

Figure 3 showsA(Bi) as a function ofr. We notice that
at Bi50, transport is isotropic as expected since the anis
ropy is due to a finiteBi . As Bi increases and approache

ll

FIG. 3. Transport anisotropy of linearly confined meron p
excitations: The effective width of constrictionWe is chosen to be
5l B ,8l B . A(Bi) is plotted as a function ofr5Bi /Bi

c at T;300
mK.
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Bi
c , the anisotropy drastically increases, which we belie

can be a clear signature to identify the LCMP. This anis
ropy can only be seen below a certain temperatureTKT . In
the absence of tunneling, we expect the Kosterlitz-Thou
~KT! phase transition to occur atTKT .26,2 Above TKT , there
will be many free merons that carry a charge6 1

2 e. Finite
tunneling converts the KT transition into a crossover due
the explicitly broken U~1! symmetry. Hence our picture o
the linearly confined meron pairs as the lowest charged
citations holds belowTKT . The transition temperatureTKT is
estimated to be about (p/2)rs;0.6 K.27 We notice that the
temperature dependence ofA(Bi) is weak well below the
transition.

To summarize, we propose that topological charges in
electronic systems can be probed by a gate geometry. Th
especially important if the excitation is based upon an i
spin that couples poorly to most experimentally controlla
ys
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parameters. We have shown that for the case of linearly c
fined meron pairs there is a strong transport anisotropy
to its topological nature. In order to detect this fascinati
object, we propose a transport experiment through a nar
constriction with a variable angle between the constrict
and the parallel magnetic fieldBi . We have clearly demon
strated that the transport has a strong angular dependen
Bi gets closer to the critical valueBi

c . In other cases param
eters such as the size, energy, and stiffness of the topolo
excitation might be probed.
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