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Site preferences and formation energies of substitutional Si, Nb, Mo, Ta,
and W solid solutions in L10 Ti-Al
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Modifications to alloy chemistry are often used to tailor the intrinsic flow behavior of structural materials.
Models of solution strengthening, high-temperature yield stress and creep must relate the effects of chemistry
to the mechanisms which influence these material properties. In ordered alloys, additional information regard-
ing the crystallographic site occupancy of substitutional solid solutions is required. The energy of intrinsic and
substitutional point defects inL10 TiAl are calculated within a first principles, local density functional theory
framework. We calculate the relaxed structures and energies of vacancies, antisites, and substitutional defects
using a plane-wave pseudopotential method. The results of these total energy calculations are incorporated into
a simple thermodynamic model in order to determine the density of point defects as a function of temperature
and stoichiometry. Defect densities are presented as a function of alloy chemistry and temperature for binary
TiAl and ternary additions~Si, Nb, Mo, Ta, and W!. Defect formation energies are calculated using the derived
chemical potentials of each atomic species for several alloy compositions. The predicted site selection of the
solutes are in excellent agreement with recent x-ray emission experiments using a quantitative statistical
method for atom location by channelling enhanced microanalysis.@S0163-1829~98!06818-0#
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I. INTRODUCTION

The local density functional theory provides a robu
framework for calculating the cohesive properties of a w
variety of materials. As methods and computational perf
mance improve, it has become possible to accurately ca
late an increasing number of intrinsic properties of met
and nonmetals. The advent of iterative diagonalizat
schemes for plane-wave psuedopotential methods have
abled calculations in semiconductors of surfa
reconstruction,1 ab initio molecular dynamics,2 and disloca-
tion dissociation.3 Existing conjugate-gradient methods ha
been extended to treat metals and have been applied to
defects4 and grain boundaries5 in simple metals and bulk
properties in ordered intermetallics.6 While partial band oc-
cupancy and multiplek-point sampling increase the com
plexity of the calculation, the iterative diagonalizatio
method remains quite stable for even large supercells~larger
than 100 atoms!. Intermetallic alloys often require larger su
percells and by their nature imply a multicomponent crys
bonding ~i.e., metallic and covalent bonding!.7 The plane-
wave basis is well suited for treating local and nonlo
bonding while at the same time permitting an efficie
method for evaluating the Hellmann-Feynman forces. In t
paper we use the conjugate-gradient plane-wa
pseudopotential method to study the electronic structure
point defects inL10 TiAl including the substitutional ternary
elements Si, Nb, Mo, Ta, and W.

The TiAl alloys are representative of an emerging class
high-temperature structural materials. These materials ar
attractive alternative for aerospace applications due to
provements in alloy density and flow behavior.8 Alloy de-
570163-1829/98/57~21!/13459~12!/$15.00
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signers have taken great strides in moving from precipitat
hardened multicomponent materials, the so-called supe
loys, to intermetallic alloys such as TiAl and NiAl. In som
cases the intermetallic alloys offer substantially better str
tural properties than superalloys.9 However, the body of
knowledge regarding these materials is still somewhat l
ited in comparison to the materials that are currently in s
vice. Establishing a better fundamental understanding of
mechanisms that influence flow and fracture is needed.

It is well established that point defects can have a stro
influence on the flow and fracture behavior of intermetalli
B2 NiAl and L10 TiAl have a strong dependence of yie
stress with stoichiometry and alloy designers regularly
ternary additions to achieve solid solution strengthenin9

For ordered alloys, additional information regarding t
crystallographic site occupancy of ternary elements is
quired. In this work the sublattice site selection and the f
mation energy of ternary elements is estimated using de
energies that are calculated within the local density appro
mation. These energies include the relaxation of the lattic
the proximity of the point defect.

II. METHOD AND COMPUTATIONAL DETAILS

The point defects in TiAl are calculated using an iterati
preconditioned conjugate-gradient method based on a pl
wave expansion for the electronic orbitals and a pseudo
tential representation of the electron ion interactions.10 This
method, originally introduced by Teteret al., has been ex-
tended to treat metals and has been used previously in
culations of the formation energies and lattice relaxation
point defects in Li and Al.4 Convergence of the Kohn-Sham
orbitals was achieved using charge density mixing and
13 459 © 1998 The American Physical Society
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positions of atoms surrounding the defect centers were o
mized using a quasi-Newton method. The band-by-band
timization method for the electronic orbitals is well doc
mented, other relevant details regarding this set
calculations are reviewed briefly below.

Pseudopotentials for this study were generated using
Troullier and Martins soft-core method.11 The expansion in
nonlocal components is truncated atl 52, with thes scatter-
ing channel being approximated by the local pseudopo
tial. Pseudopotentials are generated from the nonspin po
ized valence ground state configurations. The cutoff radii
the different pseudopotentials used in this study are show
Table I. This set of cutoff radii represents a balance
tween transferability of the pseudopotentials and the con
gence of the cohesive energy within a plane-wave basis.
pseudopotentials are then cast in a fully separable form
minimize computational overhead in the superc
calculations.12 In this study the Ti pseudopotential requires
plane-wave cutoff of approximately 60 Ry in order to co
verge the defect energies to better than 0.2 mRy. See
example, Fig. 1. The other pseudopotentials~Al, Si, Mo, Nb,
Ta, and W! can be run at smaller cutoffs ranging from 20–
Ry. Gaussian broadening is used to perform the Brillo
zone energy integrations with Monkhorst-Pack speciak
points to sample the irreducible wedge in the first Brillou
zone.13,14A Gaussian broadening parameter of 0.030 Ry w
employed throughout these calculations. The point de
calculations in TiAl are based on a 32 atom supercell wit
specialk points. The test calculations on the elastic mod
of TiAl and the simple bcc metals, described below, typica
employed ~8,8,8! k-point sampling grids. The exchange
correlation potential of Ceperley and Alder was employ
for both the generation of the pseudopotentials and the
percell calculations.15,16

TABLE I. Cutoff radii ~a.u.! for the pseudopotentials in thi
study.

Channel Al Si Ti Nb Mo Ta W

s 1.80 1.90 2.48 2.48 2.48 2.42 2.45
p 2.00 1.90 2.96 2.89 2.89 2.88 2.84
d 2.00 1.90 2.13 1.98 1.88 1.51 1.86

FIG. 1. Convergence of AlTi defect energy with plane-wave cu
off energy. The defect energy at a plane wave cutoff of 80 Ry
used as a reference energy.
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In order to test the transferability of the pseudopotenti
the logarithmic derivative of the pseudo and all electr
atomic wave functions were compared. Also the lattice
rameters, bulk modulus (K), and elastic constants were ca
culated for TiAl, Si, and the respective simple bcc meta
The lattice parameters and bulk modulus can be determ
by fitting the energy as a function of hydrostatic strain
Murnaghan’s equation of state~MES!.17 Similarly the elastic
constants can be determined by applying symme
restricted strains to the lattice and fitting the energy dep
dence to second and fourth order polynomials. This pro
dure requires strains in excess of 5% of the lattice parame

An alternative procedure, which we have used here, is
evaluate the stress tensor for symmetry-restric
strains.18–20 This has several advantages over traditio
methods for determining the elastic constants.21 First,
smaller strains, which are within the elastic limit, can
employed. Typically these strains range from 0.2–0.5 %
the lattice constant. Second, far fewer calculations
needed because severalCi j can be determined from on
strain tensor calculation. For example, to determine theCi j
of TiAl using traditional methods of fitting energy as a fun
tion of strain, approximately thirty energy minimization ca
culations are required.21 Using the stress tensor only tw
calculations are required, including a third reference calcu
tion for the unstrained lattice. Details of this method a
described in Appendix A. The calculated lattice paramete
bulk moduli, and elastic constants for TiAl are shown
Table II. The elastic constants for TiAl were calculated u
ing the traditional and stress tensor methods and we
good agreement between the two methods. The lattice c
stants andCi j are in good agreement with previous loca
density approximation~LDA ! calculations and available ex
perimental results.

Similar preliminary calculations were performed on S
Mo, Nb, Ta, and W the results of which are presented
Table III. The elastic constants were calculated from
stress tensor and the bulk moduli were calculated two wa
using MES and the elastic constants. Lattice parameters
in good agreement with experimental results. TheE(e i j )
~MES! results for the lattice constants are consistently lar
than those predicted by the stress tensor. The bulk mod
derived from MES tends to fall between the experimen
and the results derived from the elastic constants. The dif
ences between the calculated and measured elastic cons
are consistent with the results of other LDA studies on
elastic constants of metals.

III. RESULTS

The g phase of TiAl is an orderedL10 fcc derivative
structure consisting of alternating~001! layers of Ti and Al.
The primitive cubic cell is body centered tetragonal and
conventional unit cell has the lattice parameters listed in
ble II. We find the calculated band structure in very go
agreement with previous full-potential linear muffin-tin
orbital ~FP-LMTO! results.32 Figures 2~a! and 2~b! show
the characteristicd2 and p-d hybrid bonding found in this
intermetallic alloy. In the~001! plane consisting of Ti atoms
there is hybridd2 bonding between nearest-neighbor Ti site
Also, there is apz charge polarization about the Al sit

s
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TABLE II. Calculated equilibrium lattice parameters and elastic molduli~Mbar! for TiAl using the
pseudopotentials in this study. The results of previous full potential LAPW and experimental studies a
included.

Method a~a.u.! c/a K C11 C12 C13 C33 C44 C66

E(e i j ) 7.484 1.026 1.25 1.77 0.99 0.93 1.81 1.11 0.85
s(e i j ) 7.460 1.020 1.20 1.71 0.96 0.91 1.75 1.11 0.84
FLAPW a 7.467 1.01 1.26 1.90 1.05 0.90 1.85 1.20 0.50
FLAPW b 7.372 1.037 1.27 1.88 0.98 0.96 1.90 1.26 1.00
FP-LMTO c 1.25 1.76 0.99 0.98 1.79 1.21 0.60
Exp.d 7.571e 1.016e 1.09 1.86 0.72 0.74 1.76 1.01 0.77
Exp. f 7.514 1.023 1.11 1.87 0.75 0.75 1.82 1.09 0.81

aReference 22.
bReference 21.
cReference 23.
dReference 24.
eReference 25.
fReference 26.
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which has been linked to strong cohesion of the Al and
~001! planes. This is in excellent aggreement with previo
full-potential linear augmented plane wave~FLAPW! and
layered Korringa-Kohn-Rostoker~KKR! calculations.33,34

The structure and energy of the point defects were ca
lated in two steps. First the point defects were introduc
into an otherwise perfect lattice represented by a 32-a
supercell. The self consistent electronic structure was ca
lated for this configuration using a plane-wave cutoff of
i
s

u-
d
m
u-

Ry. Next the positions of the first nearest-neighbor ato
were optimized using a quasi-Newton method until the v
tor components of the force on any atom was less than
31023 Ry/Bohr. This converges the total energy to bet
than 0.3 mRy. Results for these calculations are shown
Table IV. The defect energies are defined as the energy
ference between the defect cell and the perfect lattice. O
mizing the nearest-neighbor positions around the defect
reduce the defect energies by as much as 5 mRy. Chang
etals
experi-

e

TABLE III. Calculated equilibrium lattice parameters and elastic moduli for Si and the simple bcc m
using the pseudopotentials developed for this study. The results of previous electronic structure and
mental studies are included when available. Calculation ofC44 in Si requires information regarding th
internal strain parameter. These calculations gave the value shown in parentheses.

Property Method Si Nb Mo Ta W

E(e i j ) 10.1931 6.245 5.981 6.215 5.988
s(e i j ) 10.1934 6.207 5.967 6.182 5.978

a ~a.u.! APW-MTA a 6.161 5.904 6.225 5.983
FPLMTO b 6.139 5.879 6.070 5.879

Exp.c 10.2659 6.2506 5.9486 6.228 5.974

E(e i j ) 0.985 1.88 2.70 2.16 3.26
~C1112C12)/3 0.953 1.97 2.81 2.23 3.24

K ~Mbar! APW-MTA a 1.948 2.881 2.008 3.256
FPLMTO b 1.89 2.97 1.87 3.05

Exp.d 0.992 1.73 2.70 1.93 3.14

C11 ~Mbar! s(e i j ) 1.62 2.87 4.70 3.04 5.33
Exp.d 1.68 2.53 4.79 2.66 5.32

C12 ~Mbar! s(e i j ) 0.62 1.52 1.87 1.82 2.20
Exp.d 0.650 1.33 1.65 1.58 2.05

C44 ~Mbar! s(e i j ) 0.88~0.58! e 0.21 1.01 0.66 1.43
Exp.d 0.804 0.309 1.08 0.874 1.63

aReference 28.
bReference 29.
cReference 30.
dReference 31.
eReference 27.
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the defect energies of this magnitude can significantly af
the predicted density of thermal defects. In this study
assumed that the defect prefers the lattice site, no atte
was made to break the symmetry of the defect center.
some defects additional strain energy may be realized
relaxing the second and perhaps third nearest-neighbo
oms. However, in most of the cases considered in this w
the lattice misfit is small and the strain energy from the s
ond and third nearest-neighbor atoms will be less tha
mRy. The displacement of the first nearest-neighbor ato
~Table IV! is typically less than 1% of the lattice constan
The magnitude of these strains is consistent with the str
used to calculate the elastic moduli for TiAl, Si, and the b
metals described in the previous section.

IV. DISCUSSION

The defect energies presented in the results section,
ble IV, give changes in the energy of the supercell wh
include changes in the alloy composition. In order to der
defect formation energies from these results some infor
tion regarding the chemical potentials for each chemical s
cies is required. In general the formation energies and che
cal potentials will be a function of temperature a
composition. In this work we are particularly interested
how these quantities change with the stoichiometry of
host material. Constitutional defects are required for sub
tutional ternary solutes and for variations from stoichio
etry. The chemical potentials and formation energies as

FIG. 2. Charge density contour plots of the~a! all Ti ~001! plane
and the~b! mixed ~010! plane. Charge density is in units of 1022
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fined by thermodynamics will reflect the changin
requirements for constitutional defects as a function of co
position.

In the ordered intermetallics there is an additional co
plexity, compared to the simple metals, in defining the def
formation energy as measured in the laboratory due to
constraints of chemical homogeneity. There is chemical d
ing force to keep the composition homogeneous in a gi
volume of material. This requires that thermal point defe
form in ways that maintain the local composition. In a bina
alloy there are four primitive excitations that satisfy this co
straint: the double vacancyVa1Va , the double antisiteAb
1Ba , and two triple defects 2Va1Ab and 2Vb1Ba . Here
the subscript refers to the sublattice on which the defect
sides andV, A, andB refer to the vacancy,A andB atomic
species, respectively. The point defects associated with t
excitations are assumed to be noninteracting, so the effec
clustering or ordering are not considered. Ordered interm
tallics that accomodate deviations from stoichiometry
forming Ab(Vb) on theA rich side andVa(Ba) the B rich
side are often called triple defect compounds. Triple def
mechanisms are known to dominate in severalB2 interme-
tallics ~NiAl, CoAl, and FeAl!. In g-TiAl the density of va-
cancies is small compared to deviations from stoichiome
and constitutional and thermal defects are dominated by
antisite mechanism.35,36

Recently, the thermodynamic properties of point defe
in triple defect materials have been investigated in detail
several groups. Mayeret al. explored a grand canonical for
malism for B2 FeAl using the defect energies calculat
from a mixed-basis pseudopotential method in the local d
sity approximation.37 Analytic expressions and numerical s
lutions for the chemical potentials for a range of tempe
tures and composition were presented. At low temperatu

TABLE IV. Defect energies~Ry! and the components of th
displacement vectors of the representative nearest-neighbor at
The atoms are in the first quadrant with the defect site located a
origin. The vector components are in units of 1023 of the respective
lattice parametersa and c. The reference energy per atom of th
perfect lattice isEref527.0021 Ry.

Defect energy Nearest-neighbor displacemen

Defect Unrelaxed
R̄ions

optimized Rx
Ti Rz

Ti Rx
Al Rz

Al

V Al 5.2850 5.2846 21.09 23.84 20.82 0.00
V Ti 8.9870 8.9830 27.84 0.00 23.02 23.46
Ti Al 23.6837 23.6842 0.70 22.30 1.22 0.00
Al Ti 3.7793 3.7727 211.10 0.00 0.14 3.66
SiAl 24.0929 24.0982 24.78 27.74 3.05 0.00
SiTi 20.2765 20.3042 226.92 0.00 20.91 6.16
NbAl 28.8652 28.8676 1.22 25.49 4.65 0.00
NbTi 25.1845 25.1856 0.37 0.00 0.32 0.44
MoAl 215.9447 215.9495 22.02 29.88 0.21 0.00
MoTi 212.2300 212.2313 24.94 0.00 23.74 20.90
TaAl 28.9537 28.9549 0.27 22.86 1.87 0.00
TaTi 25.2620 25.2619 0.03 0.00 20.12 0.00
WAl 215.7657 215.7717 22.94 210.62 21.23 0.00
WTi 212.0466 212.0493 24.44 0.00 24.42 21.81
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TABLE V. Expressions for the formation energies of point defects in terms of the chemical potentia
the defect energies in Table IV.

Point defects
Va Vb Ab Ba Cb Ca

Hd Ea
V1mA Eb

V1mB Eb
A1mB2mA Ea

B1mA2mB Eb
C1mB2mC Ea

C1mA2mC
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the chemical potentials were found to change rapidly as
alloy composition changed from Fe to Al rich. The variatio
in chemical potentials with stoichiometry is consistent w
the formation of different types of constitutional defects
these compositions. Using a different approach Mishin a
Farkas developed identical analytical expressions for
chemical potentials and formation energies for point defe
in B2 NiAl.38 Also, Hagen and Finnis developed a slight
different formalism and applied it toB2 NiAl, yielding simi-
lar analytic expressions for the chemical potentials as a fu
tion of stoichiometry.39 Defect energies from embedde
atom simulations were used to illustrate trends in defect c
centration as a function of temperature and composition.
and Yoo40 also used a numerical thermodynamic model sim
lar to that of Foiles and Daw41 to study triple defects in NiAl
and FeAl, using point defect energies calculated from a fi
principles mixed basis method.

In order to predict the site occupancy of the various po
defects at finite temperature we develop a numerical ther
dynamic model similar to the one introduced by Foiles a
Daw.41 The free energy is minimized in the grand canoni
ensemble to obtain the chemical potentials and the con
tration of point defects. This is similar to the numerical mo
els proposed by Mayeret al.37 and Fu and Yoo,40 however,
we have extended the scheme to ternary systems. Exten
the model to higher multicomponent systems~e.g., quater-
nary systems! is straightforward. For simplicity consider firs
a binary system such asg-TiAl. Assume that the concentra
tion of point defects is small so that the interaction of po
defects can be neglected. TheL10 lattice has two sublattice
designated bya andb, and a total number of lattice sitesN
will be included in the ensemble.A and B designate the
species that reside on thea andb sublattices in the perfec
crystal. Each lattice site will be occupied by an atom of t
appropriate species for that lattice site, a vacancy, or
other species. The thermal concentration of defects can
derived from an ensemble at fixed temperature and chem
potentialsm i . In a binary alloy there are six unknowns to b
determined: the density of the vacancies and antisites and
two chemical potentials. Minimizing the grand potential wi
respect to the density of thermal defects gives four equat
for the density of thermal defects at equilibrium. The rema
e

t
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ing two equations come from~1! defining the composition
and ~2! relating the Gibb’s free energy to the chemical p
tentials at zero pressure. The input required to solve th
equations are the Helmholtz energy of the perfect unit c
the energy of the defect cells, and the desired compositio
a given temperature. The resulting coupled equations ca
solved by iteratively adjusting the chemical potentials un
the required composition is obtained. A similar approach c
be used to determine the density of substitutional tern
solutes. The numerical model, including details regarding
lutions for ternary systems, is described in more detail
Appendix B. The current model is a slight improvement ov
the original work of Foiles and Daw in that the density
thermal defects is proportional to the partition function.

Many of the features of the binary alloy model can
illustrated analytically, this is also the case for the terna
systems. The energy of a grand canonical ensemble oN
atom sites in anL10 lattice, for low temperature and zer
pressure is

E5E01Na
v Ea

v 1Nb
v Eb

v 1Na
BEa

B1Nb
AEb

A1Na
CEa

C1Nb
CEb

C .
~1!

The definition of the point defect formation energy
Hd5(]E/]Nd)NA ,NB ,NC

. For a system consisting ofN lattice
sites a variation in the number of point defects will chan
NA , NB , or NC . The free energy of the atomic specie
written as the chemical potentials, are added to account
the changes in energy due to variations in the number oA,
B, or C atoms:

V5E01Na
v Ea

v 1Nb
v Eb

v 1Na
BEa

B1Nb
AEb

A1Na
CEa

C1Nb
CEb

C

2mANA2mBNB2mCNC , ~2!

where

NA5
N

2
2Na

v 1Nb
A2Na

B2Na
C ,

NB5
N

2
2Nb

v 1Na
B2Nb

A2Nb
C , ~3!

NC5Na
C1Nb

C .
inary
nthalpy
TABLE VI. Formation energies for the point defect complexes that preserve composition in the b
alloy. Expressions are evaulated using the calculated defect energies in Table IV and the energy of e
per atom in the bulk material@e.g.,Eref5E0 /N5(mA1mB)/2#.

Defect complex
Va1Vb Ab1Ba 2Va1Ab 2Vb1Ba

Hdc
Ea

V1Eb
V12Eref Ea

B1Eb
A 2Ea

V1Eb
A12Eref 2Eb

V1Ea
B12Eref

3.582 1.204 4.593 3.775
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Taking the partial derivative with respect to the number
each defect gives the formal definition of the formation e
ergy for each point defect. These are shown in Table V. T
formation energy of the four primitive excitations that mai
tain the local composition, the vacancy pair, antisite pair, a
triple defects can be expressed in terms of the defect ene
and the energy/atom in the bulk (E0 /N[Eref). The expres-
sions for these formation energies are shown in Table
along with the respective numerical values predicted fr
the electronic structure calculations. The antisite pair mec
nism has a significantly lower formation energy compared
the other defect mechanisms, therefore we expect antisite
dominate the thermal defects and constitutional defects in
binary alloy.

Following Mishin and Farkas38 we express the total en
ergy at zero temperature in terms of the energy/atom in
alloy u. Using the definition of the chemical potentialm i
5(]E/]Ni)Ni

and using the number densities for the conc

tration of speciesi :

mA5u1nA

du

dnA
, ~4!

mB5u2~12nA!
du

dnA
. ~5!

Near stoichiometrynA50.5 and u5Eref . We then write
du/dnA as du/dnA , wheredu is the change in the energy
atom due to the formation of a single constitutional def
and dnA is the respective change in alloy composition.
shown by Mishin and Farkas the two chemical potentials
then be expressed in terms ofEref , dNA , anddNB . Intro-
ducing a constitutional defect, and expressing this chang
composition asdNA1dNB ,

mA5
dEsite

defect22ErefdNB

dNA2dNB
, ~6!

mB5
dEsite

defect22ErefdNA

dNB2dNA
. ~7!

For alloys dominated by antisite defects we need to cons
two cases. AnA-rich alloy will form Nb

A antisites anddNA

and dNB will be 11 and 21, respectively. For aB-rich
alloy, Na

B antisites will givedNA anddNB equal to21 and

TABLE VII. Expressions and numerical values for themAl and
mTi ~in Ry! for stioichiometric TiAl and for small deviations from
stoichiometry. The numerical values are based on the defect e
gies presented in Table IV. Here thea andb subscripts refer to the
Al and Ti sublattice, respectively.

Composition
Ti rich stoichiometric Al rich

mAl
Eref2Ea

Ti/2 Eref1(Eb
Al2Ea

Ti)/4 Eref1Eb
Al/2

25.1600 25.1379 25.1158

mTi
Eref1Ea

Ti/2 Eref1(Ea
Ti2Eb

Al)/4 Eref2Eb
Al/2

28.8442 28.8664 28.8885
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11, respectively. This gives analytical expressions for
chemical potentials for compositions close to stoichiome
The expressions and respective numerical values foun
this study are shown in Table VII. Expressions for t
chemical potentials at stoichoimetry are taken as the ave
of the chemical potentials found for theA-rich andB-rich
alloys. The variation in chemical potential as a function
stoichiometry is consistent with the formation of constit
tional defects as required for a given composition.

Using these expressions for the chemical potentials
can evaluate the formation energy of the intrinsic point d
fects ing-TiAl as a function of stoichiometry. The numerica
values for the formation energies are shown in Table V
The derived formation energies reflect several constraints
order for a finite density of constitutional defects to
present at low temperature the formation energy of th
defects must approach zero. Also, the formation energy
the point defect excitations which maintain the local comp
sition are independent of composition since these energie
not depend on the chemical potentials. Therefore,Ha

V1Hb
V ,

Ha
V1Hb

A , and 2Ha
V1Hb

A are independent of stoichiometry.
The site selection of the ternary defects, at low tempe

ture, can also be determined as a function of stoichiome
using the chemical potentials in Table VII. The difference
defect formation energy (dHdefect5Ha

defect2Hb
defect) are plot-

ted in Fig. 3 as a function of stoichiometry. Here Ti rich a
Al rich refer to alloys with TiAl and AlTi constitutional de-
fects, respectively. Positive and negative values fordHdefect

indicate that theb and a sublattice are prefered, respe
tively. The formal definitions of the chemical potential an
formation energy for the ternary solutes imply that the fo
mation energy for the prefered constitutional defect will
approximately equal to zero at low temperatures. This de
mines both the chemical potential and the formation energ
for the solutes. The chemical potentials and formation en
gies of the various ternary solutes for low temperatures

er-

TABLE VIII. Expressions and numerical values for the form
tion energies of vacancies and antisites ing-TiAl ~in eV! for
stoichiometric TiAl and for small deviations from stoichiometr
The numerical values are based on the defect energies presen
Table IV. Here thea andb subscripts refer to the Al and Ti sub
lattice, respectively.

Composition
Ti rich stoichiometric Al rich

VAl
Eref1Ea

V2Ea
Ti/2 Eref1Ea

V1(Eb
Al2Ea

Ti)/4 Eref1Ea
V1Eb

Al/2

1.695 1.995 2.296

VTi
Eref1Eb

V1Ea
Ti/2 Eref1Eb

V1(Ea
Ti2Eb

Al)/4 Eref1Eb
V2Eb

Al/2

1.888 1.587 1.286

AlTi
Ea

Ti1Eb
Al (Ea

Ti1Eb
Al)/2 0.0

1.204 0.602 0.0

TiAl
0.0 (Ea

Ti1Eb
Al)/2 Ea

Ti1Eb
Al

0.0 0.602 1.204
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TABLE IX. Expressions and numerical values for the formation energies~in eV! and chemical potentials
~in Ry! of ternary elements ing-TiAl at low temperatures for compositions near stoichiometry. Change
these quantities with alloy composition reflect the presence of different constitutional defects as design
the table heading. The numerical values are based on the defects energies presented in Table IV. Hea
andb subscripts refer to the Al and Ti sublattice, respectively.

Composition
Ti rich Stoichiometric Al rich

MAl
Eref1Ea

M2 Eref1Ea
M1 Eref1Ea

M1

Ea
Ti/22mM (Eb

Al2Ea
Ti)/42mM Eb

Al/22mM

MTi
Eref1Eb

M1 Eref1Eb
M1 Eref1Eb

M2

Ea
Ti/22mM (Ea

Ti2Eb
Al)/42mM Eb

Al/22mM

mSi 29.2582 29.2361 29.2140
SiAl 0.0 0.0 0.0
SiTi 1.4933 0.8922 0.2896

mNb 214.0298 214.0519 214.0741
NbAl 0.0299 0.6310 1.2376
NbTi 0.0 0.0 0.0

mMo 221.1095 221.0976 221.1198
MoAl 0.0 0.1387 0.7412
MoTi 0.4624 0.0 0.0

mTa 214.1149 214.1282 214.1504
TaAl 0.0 0.4814 1.0934
TaTi 0.1197 0.0 0.0

mW 220.9317 220.9156 220.9378
WAl 0.0 0.0816 0.6841
WTi 0.5195 0.0 0.0
i
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shown in Table IX as function of stoichiometry. Again, T
rich and Al rich refer to alloys with TiAl and AlTi constitu-
tional defects, respectively. The chemical potentials listed
Tables VII and IX are consistent with the chemical pote
tials found using the numerical model described in Appen
B. A small dHdefect (,0.1 eV'1200kB) implies that at fi-
nite temperature the ternary will be shared between the
sublattices. However, ternary defects formed by thermal
citation are also required to maintain local chemistry. Th
are two primitive excitations that meet this requireme
based on the exchange of a ternary defect between the
sublattices:

Ca
Ba1Cb , ~8!

Cb
Ab1Ca . ~9!

The ternary exchange energies are easily evaluted s
the composition remains constant. The equilibrium conc
tration of point defects associated with these defect mec
nisms varies with temperature according to

na
Bnb

C

na
C 5exp S 2~Ha

B1Hb
C2Ha

C!

kBT D , ~10!
n
-
x

o
x-
e
t
wo

ce
-

a-

nb
Ana

C

nb
C

5exp S 2~Hb
A1Ha

C2Hb
C!

kBT D , ~11!

where the formation energy for the two exchange mec
nisms are given by

ECa→b5Ea
B1Eb

C2Ea
C , ~12!

FIG. 3. The difference in formation energy of ternary substi
tional defects~Al, Nb, Mo, Ta, and W! residing on different sub-
lattices dHdefect5Ha

defect2Hb
defect for compositions near stoichiom

etry in g-TiAl.
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TABLE X. Expressions and numerical values for the formation energies~in eV! of the ternary exchange
defects as discussed in the text. The numerical values are based on the defect energies presented in
Here thea andb subscripts refer to the Al and Ti sublattice, respectively.

Defect complex Ternary element
Reaction Formation energy Si Nb Mo Ta W

Ma
Tia1Mb Ea
Ti1Eb

M2Ea
M 1.493 20.030 0.462 0.120 0.520

Mb
Alb1Ma Eb
Al1Ea

M2Eb
M 20.290 1.234 0.741 1.084 0.684
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ECb→a5Eb
A1Ea

C2Eb
C . ~13!

The ternary elements produce constitutional defects
any given temperature and underlying stoichiometry so
ratio of the defect concentrations can vary substantially. A
consequence the formation energy for the ternary excha
mechanisms can go to zero, or actually be less than zer
the formation energy for a ternary exchange is small it w
strongly influence the site selection of ternaries with a sm
dHdefect. For example, Fig. 3 shows a smalldHNb for Ti-rich
TiAl. However, the ternary exchange which produces NTi
has a low energy and is expected to dominate the therm
activated processes. Therefore, there will be little mixing
Nb between the two sublattices due to thermal activation
higher temperatures. The formation energies for the tern
exchange mechanisms for the various solutes, calcul
from the data in Table IV, are shown in Table X.

The results from the numerical model described in A
pendix B for binary TiAl at 1273 K are shown in Fig. 4. A
expected the constitutional defects are dominated by anti
with the density of Al and Ti vacancies less than 1026

throughout this range in composition. The density of vac
cies is similar to that found in simple fcc metals. The form
tion of AlTi rather than VTi for Al-rich TiAl is consistent with
the early experimental work of Elliot and Rostoker.36 Phase
diagrams for the binary alloy indicate thatg-TiAl occurs as a
single phase in a range of 48–64 % Al for temperatures
low 1600 K. The Ti-rich region has coexistinga and g
phases and compositions for theg phase with less than 48%
Al have have not been observed.

FIG. 4. Predicted point defect densities, at 1073 K, as a func
of stoichiometry.
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Results for the ternary additions in TiAl at 1273 K a
shown in Figs. 5~a!–5~e!. As expected from the data show
in Fig. 3, Si prefers the Al (a) sublattice for compositions
ranging from 42–56 atomic percent Al while Nb prefers t
Ti (b) sublattice. The site preference for Mo, Ta, and
depends on the stoichiometry of the host alloy. Figure
shows the dependence of site occupancy with stoichiom
for the five ternaries considered in this study for a tern
concentration of 1 at. % and a temperature of 1273 K.

Independent of the current study, Rossouwet al. have
measured site occupancy using the transmission electron
croscopy~TEM! x-ray spectroscopy technique of atom loc
tion by channelling-enhanced microanalysis~ALCHEMI !
used in conjuction with a statistical multivariate method42

Standard ALCHEMI uses the differences and ratios of ch
acteristic x-ray emission intensities for different fast electr
channeling conditions to determine atom locations. Unfor
nately, the results of standard ALCHEMI measurements
often difficult to reproduce. Rossouwet al. find that by
adopting a statistical method the effects of systematic er
in the collected data can be minimized, and a quantita
estimate of the uncertainties in the results can be obtaine
their study of ternary additions in TiAl the composition o
the g phase could not be determined unambiguously us
energy-dispersive x-ray analysis~EDXA!.42 The results of
the current first principles study indicate that site selection
some of the ternary additions are quite sensitive to the
derlying stoichiometry of theg phase. An estimate of the
composition of theg phase is needed in order to compare t
current results with experiment.

The initial ingots studied by Rossouw and co-workers h
nominal compositions of~Ti 52-Al 48) 99-M1, whereM is the
ternary impurity. These were then heat treated at 1473 K
six hours to produce ag-a2 duplex structure. The most re
cent studies of the TiAl binary phase diagram show the s
vus line between thea21g phase field and theg phase at
approximately 48.75% Al and 49% Al for the temperatur
1473 and 800 K, respectively.43–45Depending upon the cool
ing rates the compositions of theg phase alloys could rang
from 48.75 to 49.00 at. % Al. Also, the presence of terna
elements can shift the solvus line from that found for t
binary alloy. Figure 7 compares the experimental data
Rossouwet al. to the results of the current study assuming
composition of~Ti 51-Al 49) 99-M1. The predicted results ar
in excellent agreement with experiment.

V. SUMMARY

The electronic structure of point defects ing-TiAl, in-
cluding the ternary elements Si, Nb, Mo, W, and Ta as s
n
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FIG. 5. Predicted point defect densities, at 1473 K, as a function of stoichiometry for ternary elements Si, Nb, Mo, Ta, and
av
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k of
stitutional defects, have been calculated using a plane-w
pseudopotential method. The nearest-neighbor ato
positions were relaxed according to the calculated Hellma
Feynman forces. The resulting point defect energies w
used in a thermodynamic model to predict the formation
e-
ic
n-
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-

ergy and density of constitutional and thermal point defe
as a function of stoichiometry and temperature. Predic
consitutional defects are consistent with experimental ob
vations for the binary alloy. Site selection for the terna
elements are in excellent agreement with the recent wor
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Rossouwet al.42 Predicting the site selection of solid solu
tions in these alloys is the first step to developing models
solution strengthening based on first-principles metho
Size and modulus misfit parameters can now be calcul
for the expected point defects and the results applied in m
els of solid solution strengthening.
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FIG. 7. Comparison of the predicted site occupancy and
experimental observations of Rossouwet al.; f Ti is the fraction of
ternary atoms occupying Ti sublattice sites.

FIG. 6. Predicted sublattice site selection, at 1273 K, of
ternary elements as a function of stoichiometry.
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APPENDIX A: EVALUATION OF Cij USING s„e i j …

In the reduced scheme the relation between stress
strain can be written

3
s11

s22

s33

s23

s31

s33

4 5Ci j 3
e11

e22

e33

e23

e31

e33

4 or 3
s1

s2

s3

s4

s5

s6

4 5Ci j 3
e1

e2

e3

e4

e5

e6

4 . ~A1!

For crystals with cubic symmetryC115C225C33, C12
5C135C23, C445C555C66, with all other Ci j 50. For a
tetragonal unit cell, such as that needed forL10 TiAl C11
5C22, C445C55, C135C23 with all other Ci j exceptC33,
C66, andC12 set equal to zero. Define a strain tensore that
will transform the lattice vectors to the strained coordina
system

ai85ai~ I1e!.

Here I is the identity matrix ande is the strain tensor
consisting of the nonrotating strains.

e5S e1 e6/2 e5/2

e6/2 e2 e4/2

e5/2 e4/2 e3
D . ~A2!

The Ci j for Si and the simple bcc metals were calculat
using a strain tensor withe15e25e45d. For TiAl two cal-
culations were used, one withe15e25e6 and a second with
e15e25e4. For all these calculations ad of 0.2% strain was
employed. The resulting stress tensors combined with
equilibrium stress tensor are then used with Eq.~A1! to de-
termine the elastic constants.

APPENDIX B: DENSITY OF THERMAL DEFECTS

The grand potential of a binary compound with only i
trinsic point defects can be written

V

N
5

E0

N
1na

v Ea
v 1nb

v Eb
v 1na

BEa
B1nb

AEb
A2TS

2S 1

2
2na

v 1nb
A2na

BDmA2S 1

2
2nb

v 1na
B2nb

ADmB ,

~B1!

whereE0 is the total energy of the stoichiometric crystal,N
is the total number of sites,S is the configurational entropy
and mA and mB are the chemical potentials. The subscrip
and superscripts denote the sublattice (a or b) and species
occupying that siteA, B, or vacancy (V). Ex

y are the energy
differences between the perfect crystal and a crystal cont
ing one defect as denoted by the superscript and subsc
Nx

y andnx
y are the number and number density of the parti

lar defect ~e.g., na
V5Na

V/N). For this discussion, it is as
sumed that there are an equal number ofA and B sites,
consistent with theL10 lattice.

e

e
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The configurational entropy is proportional to the natu
log of the number of possible arrangements of the atoms
the sites:

S5kB ln F ~N/2!!

Na
A!Na

B!Na
V!

~N/2!!

Nb
B!Nb

A!Nb
V!

G . ~B2!

From the Stirling formula, lnN!'N ln N2N, for large N,
and, the configurational entropy of the A sites can be rew
ten

ln S ~N/2!!

Na
A!Na

B!Na
V!

D '~N/2!ln~N/2!

2Na
A ln Na

A2Na
B ln Na

B2Na
V ln Na

V

52Na
A ln~2na

A!2Na
B ln~2na

B!

2Na
V ln~2na

V!, ~B3!

where the factNa
A1Na

B1Na
V5N/2 has been used.

The grand potential can be rewritten as

V

N
5

E0

N
1na

VEa
V1nb

VEb
V1na

BEa
B1nb

AEb
A

1kT@na
A ln~2na

A!1na
B ln~2na

B!1na
V ln ~2na

V!

1nb
B ln~2nb

B!1nb
A ln~2nb

A!1nb
V ln~2nb

V!#

2S 1

2
2na

V1nb
A2na

BDmA2S 1

2
2nb

V1na
B2nb

ADmB .

~B4!

Minimization of the grand potential with respect to th
different defect concentrations yields expressions relating
defect concentrations to the chemical potentials and the
fect energies. For antisites and vacancies on thea sublattice
this gives

na
B5na

Ae2b[Ea
B

2~mB2mA!] , ~B5!

na
V5na

Ae2b~Ea
V

1mA!, ~B6!

whereb5(kT)21, and

na
A5

1

2
2na

V2na
B ~B7!

has been used to define the partial derivatives of these n
ber densities with respect to the number densities of the
fects ~e.g., ]na

A/]na
V521). Expressions for the density o

defects on theb sublattice can be obtained in a similar ma
ner using

nb
B5

1

2
2nb

V2nb
A . ~B8!
al
on

it-

e
the
de-

m-
de-

-

Equations~B5! and ~B6! can be used with Eq.~B7! to
solve forna

A :

na
A5

1

2

1

11e2b[Ea
B

1~mA2mB!]1e2b~Ea
V

1mA!
. ~B9!

An analogous expression fornb
B can be found using the the

expressions for the defect densities on theb sublattice and
Eq. ~B8!. Using Eq.~B9! in Eqs. ~B5! and ~B6! gives the
number density of the point defects on thea sublattice in
terms of the chemical potentials and the defect energies:

na
V5

e2b~Ea
V

1mA!

2Z,
, ~B10!

na
B5

e2b[Ea
B

1~mA2mB!]

2Z
, ~B11!

where

Z511e2b~Ea
V

1mA!1e2b[Ea
B

1~mA2mB!] . ~B12!

Analogous expressions fornb
A andnb

V are derived in a similar
manner.

For a ternary alloy the grand potential needs to incorp
rate an additional chemical potential, substitutional def
energies for the ternary on each sublattice, and the num
densities of the ternary defects@see Eqs.~2! and ~3!#. After
including terms for the number of ternary defects in the co
figurational entropy derivation of the expressions forna

C and
nb

C is straighforward using the preceeding arguments. In
ternary case the number densities for the defects take
form

na
V5

e2b~Ea
V

1mA!

2Z
, ~B13!

na
B5

e2b[Ea
B

1~mA2mB!]

2Z
, ~B14!

na
C5

e2b[Ea
C

1~mA2mC!]

2Z
, ~B15!

where

Z511e2b~Ea
V

1mA!1e2b[Ea
B

1~mA2mB!]1e2b[Ea
C

1~mA2mC!] .
~B16!

Analogous expressions fornb
V , nb

A , and nb
C are derived as

before.
*Also at Materials Research Division, UES Inc., 4401 Dayto
Xenia Rd., Dayton, OH 45432.

1K. D. Brommer, M. Needels, B. E. Larson, and J. D. Joannop
ulos, Phys. Rev. Lett.68, 1355~1992!.
n-

o-

2G. Galli, R. M. Martin, R. Car, and M. Parrinello, Phys. Rev. B
42, 7470~1985!.

3T. A. Arias and J. D. Joannopoulos, Phys. Rev. Lett.73, 680
~1994!.



ev

,

lic

a,

ong
M.

he

hys.

of

op-

.

fer,

r,

-
A,

,

y,

13 470 57C. WOODWARD, S. KAJIHARA, AND L. H. YANG
4R. Benedek, L. H. Yang, C. Woodward, and B. I. Min, Phys. R
B 45, 2607~1992!.

5A. F. Wright and S. R. Atlas, Phys. Rev. B50, 15 248~1994!.
6S. Ogut and K. M. Rabe, Phys. Rev. B50, 2075~1994!.
7J. Hafner,From Hamiltonians to Phase Diagrams, Vol. 70 of

Solid State Sciences~Springer-Verlag, Berlin, 1987!, p. 239.
8Y. Kim, JOM 46, 30 ~1994!.
9D. M. Dimiduk, D. B. Miracle, Y-W. Kim, and M. G. Mendiratta

ISIJ Int. 31 1222 ~1991!.
10M. P. Teter, M. C. Payne, and D. C. Allan, Phys. Rev. B40, 12

255 ~1989!.
11N. Troullier and Jose Luis Martins, Phys. Rev. B43, 1993~1991!.
12L. Kleinman and D. M. Bylander, Phys. Rev. Lett.48, 1425

~1982!.
13C.-L. Fu and K.-M. Ho, Phys. Rev. B28, 5480~1983!.
14H. J. Monkhorst and J. D. Pack, Phys. Rev. B13, 5188~1976!.
15D. M. Ceperley and B. J. Adler, Phys. Rev. Lett.45, 566 ~1980!.
16J. P. Perdew and A. Zunger, Phys. Rev. B23, 5048~1981!.
17F. D. Murnaghan, Proc. Natl. Acad. Sci. USA30, 244 ~1944!.
18O. H. Nielsen and R. M. Martin, Phys. Rev. Lett.50, 697~1983!.
19 O. H. Nielsen and R. M. Martin, Phys. Rev. B32, 3780~1985!.
20In-Ho Lee, Sun-Ghil Lee, and K. J. Chang, Phys. Rev. B51, 14

697 ~1995!.
21M. J. Mehl, B. M. Klein, and D. A. Papaconstatopoulos, inInter-

metallic Compounds: Principles and Applications, edited by J.
H. Westbrook and R. L. Fleischer~Wiley, New York, 1994!.

22C. L. Fu and M. Yoo, inAlloy Phase Stablity and Design, edited
by G. M. Stocks, D. P. Pope, and A. F. Giamei~Materials Re-
search Society, Pittsburgh, 1991!.

23A. J. Freeman~private communication!.
24Y. He, R. B. Schwarz, and A. Migliori, J. Mater. Res.10, 1187

~1995!.
25Pearson’s Handbook of Crystallographic Data for Intermetal

Phases, edited by P. Villars and L.D. Calvert~American Society
for Metals, Metals Park, OH, 1985!, Vol 2.

26K. Tanaka, T. Ichitsubu, H. Iniu, M. Yamaguchi, and M. Koiw
Philos. Mag. Lett.73, 71 ~1996!.

27C44 is determined using two calculations, one with a strain~1-e4)
. and a second calculation with atomic displacements al
^111&. This procedure is decribed in O. H. Nielsen and R.
Martin, Phys. Rev. B32, 3792~1985!. Alternatively,C44 can be
determined by relaxing the internal stress by minimizing t
Hellmann-Feynman forces of the strained calculation.

28M. Sigalas, D. A. Papaconstantopoulos, and N. C. Bacalis, P
Rev. B45, 5777~1992!.

29V. Ozolins and M. Korling, Phys. Rev. B48, 18 304~1993!.
30W. B. Pearson,Handbook of Lattice Spacing and Structures

Metals II ~Pergamon, New York, 1967!, Vol. 2.
31Single Crystal Elastic Constants and Calculated Aggregate Pr

erties: A Handbook, edited by G. Simmons and H. Wang~MIT
Press, Cambridge, MA, 1971!.

32J. Wills ~private communication!.
33C. L. Fu and M. Yoo, Philos. Mag. Lett.62, 159 ~1990!.
34C. Woodward, J. M. MacLaran, and S. Rao, J. Mater. Res7,

1735 ~1992!.
35U. Brossmann, R. Wurschum, K. Badura, and H.-E. Schae

Phys. Rev. B49, 6457~1994!.
36M. J. Elliot and W. Rostoker, Acta Metall.2, 884 ~1954!.
37J. Mayer, C. Elsasser, and M. Fahnle, Phys. Status Solidi B191,

283 ~1995!.
38Y. Mishin and D. Farkas, Philos. Mag. A75, 169 ~1997!.
39M. Hagen and M. Finnis, Mater. Sci. Forum207-209, 245~1996!.
40C. L. Fu, Y.-Y. Ye, M. H. Yoo, and K. M. Ho, Phys. Rev. B48,

6712 ~1993!.
41S. M. Foiles and M. S. Daw, J. Mater. Res.2, 1 ~1987!.
42C. J. Rossouw, C. T. Forwood, M. A. Gibson, and A. R. Mille

Philos. Mag. A74, 77 ~1996!.
43F. Zhang, S.-L. Chen, and Y. A. Chang, inGamma Titanium

Alluminides, edited by Y-W. Kim, R. Wagner, and M. Yamagu
chi ~The Minerals, Metals and Materials Society, Pittsburg, P
1995!, pp. 131–140.

44H. Okamoto, J. Phase Equilib.14, 120 ~1993!.
45P. A. McQuay, D. M. Dimiduk, H. A. Lipsitt, and S. L. Semiatin

in Titanium ’92 Science and Technology, edited by F. H. Froes
and I. Caplan~The Minerals, Metals and Materials Societ
Warrendale, PA, 1993!, pp. 387–398.


