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Fermi disks model for 3He films adsorbed on graphite within a density-functional approach

M. M. Calbi and E. S. Herna´ndez
Departamento de Fı´sica, Facultad de Ciencias Exactas y Naturales, Universidad de Buenos Aires

and Consejo Nacional de Investigaciones Cientı´ficas y Te´cnicas, Argentina, RA-1428 Buenos Aires, Argentina
~Received 7 July 1997; revised manuscript received 6 January 1998!

We investigate the energetics and structure of3He layers adsorbed on graphite in the submonolayer regime.
We have assumed translational invariance parallel to the substrate, however, taking into account the perpen-
dicular motion of the atoms. The energetics and stability properties can be interpreted in terms of a model that
regards the film as a collection of two-dimensional~2D! systems in momentum space, whose parameters,
however, arise from a full 3D self-consistent calculation. The range of validity of the model is established,
indicating that, in addition to describing the submonolayer regime, it can be applied as well to films admitting
several fluid layers such as those appearing on weakly binding substrates. We can also make a preliminary
analysis of the ability of the 3D-energy functional to reproduce the equation of state of the film.
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I. INTRODUCTION

Films of liquid helium adsorbed on substrates have c
stituted a vivid field of research for several years, in view
the various structural and thermodynamic aspects amen
to both experimental and theoretical approaches. In part
lar, the study of wetting phenomena and prewetting tran
tions has received considerable attention, both from
viewpoint of density-functional theory1–4 and of variational
hypernetted-chain–Euler-Lagrange~HNC-EL! descriptions
of quantum liquids.5 The theoretical effort related to3He
films has been concentrated on their formation and wet
behavior upon weakly binding substrates such as al
metals,2,3 and it is worthwhile recalling that the prediction
of nonlocal density-functional theory concerning prewetti
transitions are in satisfactory qualitative agreement with
cent experimental data.6 However, strong adsorbers may giv
rise to a different phase diagram; in particular, graphite
been shown to adsorb fluid helium monolayers up to an a
coverage of about 0.04 A22, with subsequent layering bein
preceded by the formation of commensurate and incomm
surate solid phases that permits a solid-liquid coexiste
region within a certain range of coverages.7–13 These solid,
two-dimensional~2D! systems have been reported to app
in both the first and the second spatial layers of3He films on
graphite~for a review, see, for example, Ref. 14!. Moreover,
even in the monolayer regime, a strictly 2D description
the film is unable to provide self-binding,15,16 while on the
other hand, a variational approach that considers the mo
of the helium atoms perpendicular to the substrate has b
successful in predicting the existence of a self-bound fluid
submonolayer density.16

Starting from the pioneering work of Stringari,17 density
functionals for quantum liquids have been improved in s
eral steps in order to extend their application from the s
plest homogeneous bulk system up to finite
dimensionality- reduced systems such as droplets,18–21 films
adsorbed on substrates,3,22 and free surfaces.23 Recently, it
has been shown that a convenient choice and parametriz
of a nonlocal, finite range density functional can account
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a variety of properties of liquid3He, 3He droplets, mixtures
of both isotopes of liquid helium, and mixed3He-4He
clusters.21,24,25Within this framework, it has been possible
describe the equation of state of liquid helium and its eff
tive interaction with a good fit to both density and magne
Landau parameters over the whole range of fluid densit
and stability of drops together with a prediction of their pa
ing behavior.21 Furthermore, the zero sound dispersion re
tionship at zero and finite temperatures has been adequ
reproduced, together with the location and widths of t
paramagnon peaks,24 and more recently, it has been demo
strated that the structure and energetics of mixed clus
presents features in good agreement with preliminary exp
mental observations.25

It is then challenging to resort to the density-function
approach to investigate to what extent a monolayer or s
monolayer of3He adsorbed on graphite can be regarded a
2D fluid. As a byproduct, it is worthwhile testing whether
density functional—whose parameters have been adjuste
fit properties of the bulk systems—can account for the ph
diagrams of these films. Although there is not enough exp
mental evidence about the nature of the ground state,
also important to know if the density functional predicts
gas or liquid ground state, in order to compare with oth
calculations.

In this work, we investigate the structure of3He films
adsorbed on graphite starting from density-functional theo
and develop a quasi-2D model that allows one to visua
the film in momentum space as a collection of Fermi dis
whose Fermi momenta, provided by a self-consistent ca
lation, permit one to define associated areal densities on
spatial plane parallel to the substrate. The atomic mot
along thez coordinate is in charge of building the differen
bandheads for these Fermi disks, and the complete energ
of the film can be traced to a set of 2D thermodynamic va
ables, unambiguously constructed. This model is prese
in Sec. III. In Sec. IV we display the results of our calcul
tions for the submonolayer regime and show that these
sults can be interpreted in terms of the model for a uniq
disk. The summary is the subject of Sec. V.
13 258 © 1998 The American Physical Society
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II. DENSITY-FUNCTIONAL MODEL FOR 3He FILMS

In order to investigate the energetics and structure of3He
films adsorbed on graphite, we consider a general, nonl
density functional that describes bulk liquid3He at zero tem-
perature. The ground-state wave function of the film is
sumed to be a Slater determinant of single particle~SP!
statesf i(r ) and we write the total energy of the system
the form

E~r!5E dr
\2

2m* ~r !
t~r !

1
1

2E drE dr 8V~r2r 8!r~r !r~r 8!

1
1

2E dr $crg12~r !1d1@¹r~r !#21d2r~r !

3@¹r~r !#2%1E drVs~r !r~r !, ~2.1!

where

r~r !52(
i

uf i~r !u2, ~2.2!

t~r !52(
i

u¹f i~r !u2. ~2.3!

In applications to systems with finite or reduced dimensi
ality such as films and droplets, as well as to compute
dynamical susceptibility of liquid3He, some densitiesr ap-
pearing in Eq.~2.1! are replaced by a coarse grained on
r̃(r ), averaged over a sphere of radiush with a step weight-
ing function w(r2r 8). The kinetic energy term contains
density-dependent effective mass and the two-body inte
tion V(r ,r 8) is a Lennard-Jones potential with either soft
truncated core.3,21,24,25The last term in Eq.~2.1! includes the
interaction energy of the helium atoms with the substra
through a potentialVs . If we assume that the SP wave fun
tions take the form

fkn~r2 ,z!5
1

AA
eik•r2f kn~z! ~2.4!

and minimize the energy functional with respect tor(r ),
subjected to the constraint that the wave functions rem
orthonormal, we arrive at a Hartree-Fock~HF! equation:

2
d

dzF \2

2m* ~z!

d fkn

dz G1F \2

2m* ~z!
k21V~r!G f kn~z!

5«kn f kn~z! ~2.5!

with the SP potential

V~r!5
dE

dr
. ~2.6!

In addition, the particle and kinetic energy densities read
al

-

-
e

,

c-

,

in

r~r2 ,z!52(
n
E dk

~2p!2
„f kn~z!…2, ~2.7!

t~r2 ,z!52(
n
E dk

~2p!2
@k2

„f kn~z!…21„f kn8 ~z!…2#.

~2.8!

The SP energies«kn form a discrete set of 2D momentum
continua, each labeled by the indexn that indicates the num
ber of nodes of the functionf kn(z). Since the system is no
spin-polarized, the particles occupy theN/2 states of lowest
energy, filling each continuum up to a maximum momentu
kFn so that

(
n

~kFn!252pr2[2p(
n

r2n , ~2.9!

where the coverager2 is a homogeneous 2D density:

r25E dzr~r !5
N

A
. ~2.10!

In Eq. ~2.9!, the partial areal densityr2n is defined through
the 2D relationship to the corresponding Fermi moment
kFn . The occupancy of the SP states is thus determined
the competition between the binding ability of the substr
and the diluteness of the layer. For each coverage, the
equation must be solved self-consistently; in this work,
occupied SP levels are those with energies«0(k), with 0
<k<A2pr2.

III. THE FERMI DISKS MODEL

If the HF solutions are such that

f kn~z![ f n~z!, ~3.1!

the momentum dependence of the SP energies for each
erage can be written as

«kn5«n1ank2 ~3.2!

with a 2D wave vectork, and one can thus detect the form
tion of well defined Fermi disks upon different bandhea
«n , wherean is an inertial parameter for thenth disk. We
can then regard the film as a collection of quasi-2D syste
since the mass and kinetic energy densities can be writte

r~r2 ,z!5(
n

r2nrn~z!, ~3.3!

t~r2 ,z!5(
n

r2nF1

2
kFn

2 rn~z!1tn~z!G , ~3.4!

where

rn5@ f n~z!#2 ~3.5!

and

tn~z!5@ f n8~z!#2. ~3.6!

Using these definitions and relations, the areal ene
density becomes
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E

A
5(

n
r2nF1

2

\2

2mn*
kFn

2

1E dz
\2

2m* ~z!
tn~z!1E dzVs~z!rn~z!G

1
1

2(nn8
r2nr2n8H E dzE dz8V~z2z8!rn~z!rn8~z8!

1
1

2E dzcr~z!grn~z!rn8~z!

1
1

2E dz@d11d2r~z!#rn8~z!rn8
8 ~z!J ~3.7!

with the disk effective mass

\2

2mn*
5E dz

\2

2m* ~z!
rn~z!. ~3.8!

The above expression for the energy density indicates
the film consists of a set of broad spatial slices, each of th
homogeneous on the plane parallel to the substrate with
densityr2n and extended along thez direction according to a
local densityrn(z). The total energy of such a system clea
includes the 3D kinetic and the substrate potential energ
each separate slice, together with their mutual interac
driven by the softened Lennard-Jones potential and by
repulsive, density-dependent term. This view of the film
consistent with the whole set of thermodynamic functio
requested to establish the stability of the film. In fact, expr
sion ~3.3! for the total density permits us to identify a loc
3D one for each diskn:

r3n~z!5r2nrn~z!, ~3.9!

showing that the 2D homogeneous densityr2n is

r2n5E dzr3n~z!. ~3.10!

Taking into account Eq.~3.9!, the disk local pressure is the

P3n~z!5r3n
2 ~z!

]

]r3n
S E

ND5rn~z!r2n
2 ]

]r2n
S E

ND ,

~3.11!

from which we can define a quasi-2D pressure for thenth
disk,

P2n5E dzP3n~z!5r2n
2 ]

]r2n
S E

ND . ~3.12!

Furthermore, the local 3D chemical potential is

m3n5
E

N
1

P3n~z!

r3n~z!
5

E

N
1

P2n

r2n
, ~3.13!

which is independent ofz and can be identified as th
quasi-2D chemical potential

m2n[m3n[mn . ~3.14!
at
m
D

of
n
e

s
-

If we consider, additionally, the 3D local inverse compre
ibility k3n :

1

k3n
5rn~z!r2n

]P2n

]r2n
, ~3.15!

after thez integration, the corresponding quasi-2D expre
sion is

1

k2nr2n
5

]P2n

]r2n
. ~3.16!

In addition, we can verify the relationship

]P2n

]r2n
5r2n

]mn

]r2n
~3.17!

so that the quasi-2D inverse compressibility can be ca
lated from the standard thermodynamic rule

1

k2nr2n
5r2n

]mn

]r2n
. ~3.18!

A further consistency relationship arises from the fact t
the common Fermi energy of the disks can be written as

«F5«n1
\2kFn

2

2mn*
~3.19!

for all n, which shows that the disk parameters«n ,kFn ~or
r2n), andmn* are not independent.

IV. RESULTS AND DISCUSSION

In this work we have performed an exploration of th
available density functionals in order to discern their sim
larities and differences in what concerns the description o
film with very low areal density adsorbed on a strong pote
tial. We have found that density functionals such as th
presented in Refs. 21 and 24 present some inconvenienc
their application to these strongly confined, quasi-2D s
tems. On the one hand, the parabolic effective mass of th
functionals, i.e.,

\2

2m*
5

\2

2m
1Ar1Ãr2, ~4.1!

acquires negative values within a small interval of high de
sities that may, however, appear in the largely compres
film. As in previous applications to the structure of pure a
doped droplets,25,31 this can be circumvented adopting th
parametrization of the form originally proposed by Stringa

\2

2m*
5

\2

2m
S 12

r̃~r !

rc
D 2

, ~4.2!

which coincides with the preceding one in the density d
main of the homogeneous 3D liquid. Moreover, the coar
grained density

r̃~r2 ,z!5(
n

r2n r̃n~z! ~4.3!
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with

r̃n~z!5E dz8w~z2z8!rn~z!, ~4.4!

wherew(z2z8) is the reduced weight function with radiu
h,

w~z2z8!5E dr2w~r2r 8!, ~4.5!

takes the place ofr in the local contributionrg of Eq. ~2.1!.
However, the most notable inconvenience arises from
fact that these density functionals predict a too large bind
energy for the fluid in the submonolayer regime. This is d
to the fact that this density functional has been parametr
in such a way that the coefficientsd1 andd2 of the gradient
terms vanish. Although this gives rise to an adequate
scription of soft surfaces, i.e., the free one in semi-infin
3He, where the soft-core LJ potential accounts for the s
face tension, we have verified that when sharp surfaces
pear such as those of the density profiles of an adso
submonolayer of3He on graphite, a properly parametrize
curvature energy is requested in order to increase its bin
energy. In fact, replacement of the effective mass~4.1! by
~4.2! is equivalent to reparametrizing the density function
and is not consistent with vanishing gradient terms. This
fect is taken into account in the density functional of Ref.
which is thus selected to illustrate our results, together w
the substrate potential

Vs~z!5Ae2az2
C3

z3
2

C4

z4
~4.6!

with A5226.7 K, a53.175 A21, C351830.9 K A3, and
C4510305.9 K A4. Although this adsorption potential i
probably not the most accurate one, the choice is conven
to compare our results with those in Ref. 16.

We have solved the HF equation for coverages betw
0.002 and 0.07 A22. In Figs. 1 and 2 we show the equilib
rium density profilesr(z) and the correspondingz depen-

FIG. 1. Density profiles for coveragesr2 5 0.02, 0.04, and 0.07
Å 22, from bottom to top.
e
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dence of the HF mean field for several coverages. We
observe the existence of only one layer and, in fact, the o
of the second fluid layer of3He on graphite has been exper
mentally located atr250.108 A22.16 It is important to no-
tice that for a given coverage, the height of the peak exce
by a factor of about 3 the corresponding one for a
substrate.3 This behavior, easily traceable to the strong bin
ing ability of the graphite field, has also been found for la
ers of 4He on graphite as compared to those on Na, howe
for much larger areal densities than those here employ2

By contrast, variational HNC/EL calculations performed in
r2 range between 0.05 and 0.18 A22 do not seem to exhibit
such large differences.5 We stress that abover2
'0.04 A22, the 3D peak densities are compatible wi
those of bulk solid helium; it should be kept in mind, how
ever, that the present description is not able to deal with s
structured phases as the registered or incommensurate
that have been experimentally detected.14

We display in Fig. 3 the bandheads«n(0) for n50,1,2 as
well as the chemical potentialm at zero temperature, which
in this work is the Fermi energy«0(kF), as functions ofr2.
It should be noticed that in the current scale, the chem
potential can be hardly distinguished from the lowest ba
head; the numerical size ofum2«0u remains of the order of 1
K, similar to the values encountered for weaker substrat3

We observe that filling of the second 2D disk has to begin
coverages greater than 0.07 A22. At these areal densities,
seems that the formation of a second spatial layer, nam
the appearance of a well defined peak in the density pro
also takes place, in agreement with the occupancy of a
Fermi disk. The same behavior is observed for the growth
the second layer of 3He adsorbed on weak bindin
substrates3 although in this case, while the number of occ
pied disks keeps on increasing with coverage, the numbe
spatial layers remains constant as the film approaches
bulk limit.

It is worthwhile noticing that whenever one can descri
the z dependence of all SP states with the same func
f n(z) labeled by a given number of nodes@cf. Eq. ~3.1!#, the
Fermi disks model permits us to understand the thermo

FIG. 2. Mean single-particle field for the same coverages of F
1, from bottom to top.
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13 262 57M. M. CALBI AND E. S. HERNÁNDEZ
namic behavior of this submonolayer film as a 2D syst
driven by the 3D character of the interaction between p
ticles and that of the substrate field. In the present wo
where the substrate potential is strongly attractive, we fi
that the model is legitimized up to coverages around 0
A22, which corresponds to only one occupied disk (r2
5r20). This is due to the fact that the validity of the qu
dratic approximation~3.2! cannot be asserted beyondr2
'0.07 A22, since the various bandheads resemble e
other closely, as seen in Fig. 3, so that coupling betw
disks becomes more effective . We have verified that wh
for the lowest areal densities the wave functionsf kn(z) re-
main insensitive to the value of the 2D momentumk, this is
no longer true for values ofr2 close to or above 0.07 A22.
On the other hand, taking into account the results of Ref
we can expect that for weak binding substrates the mo
holds up to higher coverages~near 0.4 A22), compatible
with the filling of many Fermi disks.

In Fig. 4, we have plotted the effective mass given by E
~3.8! as a function of the coverage. We have also calcula
three other quantities that could be associated with a
effective mass

~i! An average ofm* (z) weighted with the kinetic energy
density

\2

2mt*
5

*dz
\2

2m* ~z!
t~z!

E dzt~z!

. ~4.7!

~ii ! The inverse of the inertial parametera0 arising from a
quadratic fit of the SP spectrum for the first Fermi disk,

ma* 5
\2

2a0
. ~4.8!

~iii ! A simple spatial average,

FIG. 3. Bandhead energies as functions of the coverage.
crosses represent the values of the zero temperature chemica
tential.
r-
,
d
7

h
n
e

3,
el

.
d
k

mz* 5
1

dE dzm* ~z!, ~4.9!

where d is the film thickness associated with the dens
profile.

We observe in Fig. 4 that althoughm* , mt* , andma* take
similar values at coverages smaller than 0.03 A22, their dif-
ferences increase withr2. The trivial 2D reduction given by
a simple average turns out to be definitively unsuitable. A
reference, we have included some experimental values
tracted from heat capacity data.26

Figure 5 shows the dependence of the total energy
particleE/N with coverage. We have numerically calculate
the disk pressure~3.12! and the 2D Landau parameterF0

s

given by

1

k~r2!r2
2

5
]m

]r2
5

p\2

m* ~r2!
@11F0

s~r2!# ~4.10!

he
po-

FIG. 4. Comparison among various possible definitions of
effective mass. The full circles are experimental values from R
26.

FIG. 5. Total energy per particle as a function of coverage
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with the effective massma* ~see Fig. 6!. The values presente
here are in excellent agreement with a careful computatio
the effective interaction between the helium atoms.27

We find that the ground state of the film is a gas in t
attractive well provided by the adsorber. Although the int
action between the helium atoms contains an attractive
the only negative contribution to the total energy comes fr
the substrate energy

Es5E drVs~r !r~r !. ~4.11!

This is a consequence of two facts. On the one hand,
many-body wave function proposed here does not m
room for correlations in the plane parallel to the substrate
that the LJ interaction acts only between planes, contribu
an areal energy density

ELJ

A
5

1

2E dzE dz8V~z2z8!r~z!r~z8! ~4.12!

with

V~z2z8!

5H 4pes2F S 1

5

s

z2z8
D 10

2
1

2S s

z2z8
D 4G , uz2z8u>hl

16.05, uz2z8u<hl .

~4.13!

On the other hand, the densityr(z) is nonvanishing at a
width of about 2 Å in thez direction, within which the par-
ticles are correlated by the repulsive core of the full inter
tion. In fact, one can see that the self-bound state foun
Ref. 16 does not arise from the competition between kin
and interaction terms, but rather from the more indirect b
ance that originates the dependence of the substrate en
on the areal coverage; the density dependence of the at
tive LJ contribution compensates for that of the kinetic e
ergy in such a way that their sum remains almost const
The same effect takes place in the current HF energy;

FIG. 6. Pressure and Landau parameterF0
s as functions of the

coverage.
of

-
il,

e
e
o
g

-
in
ic
l-
rgy
ac-
-
t.
e

sum of all contributions, except the substrate one, is pra
cally independent of the coverage, and the density dep
dence of the total energy comes basically from the adso
energy. The main difference between the present work
the variational calculation in Ref. 16 rests precisely on t
contribution, which strongly depends on the model used
calculate the density profiles.

In Ref. 2, it has been pointed out that the densi
functional frame attributes gas character to a purely 2D3He
fluid. The same result can be obtained using a variatio
Monte Carlo technique. When one takes into account
perpendicular motion of the atoms, the Monte Carlo meth
predicts a bound fluid state16 but, in contrast to that result
we find here that the effect of thez delocalization of the
atoms is not enough to form a self-bound state. There is
yet no conclusive experimental evidence favoring the ex
tence of a self-bound state in a submonolayer fluid adsor
on graphite; in particular, specific heat measurements8–10

provide information on transitions from a fluid to a sol
phase, but do not account for theE vs r equation of state.
However, we note that if the film is self-bound, the bindin
energy of the atoms may be very small, so that a very ac
rate model together with a proper choice of the substr
potential would be required to reproduce such a sensi
equation of state.

The deficiency of density functionals to predict the bin
ing energies of these nonuniform systems has already b
indicated for a strictly 2D4He fluid.28 The Monte Carlo
calculation29 as well as the experimental measurement30

predict a bound state, while the zero range density functio
yields an insignificant binding.5 This situation is, however
improved in the framework of a new functional for nonh
mogeneous4He systems,28 whose accuracy can be compar
to that of microscopic calculations. With respect to the3He
films, we have to observe that the gradient terms, which h
not been included to investigate other nonhomogeneous
tems such as helium droplets,25,31 represent a large contribu
tion for these strongly adsorbed films and it is strictly nec
sary to obtain reasonable figures for their equation of sta

V. SUMMARY

We have explored a problem investigated previous
namely, the structure of helium films, focusing on~i! a sub-
strate such as graphite, whose deep attractive field for
3He atoms permits the formation of submonolayers exhi
ing solid phases, and~ii ! a finite range density functional tha
has been proven capable of describing structure and the
dynamics of bulk helium and droplets, plus dynamical de
sity and spin susceptibility of the liquid at low temperature
Within this density-functional frame, it has been possible
develop a model of the film in momentum space that allo
us to interpret the system as a collection of 2D ones w
well defined 2D parameters such as disk effective mass
disk areal density. Although our calculations can be exten
to higher areal coverages, we have here preferred to rem
at submonolayer densities in order to test the abilities of
present model, which is not supposed to remain applica
when the various bandheads become too close together.
plications to layering on weak binding substrates appea
be promising, in view of the apparent decoupling betwe
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13 264 57M. M. CALBI AND E. S. HERNÁNDEZ
disks that supports the quadratic fit to the spectrum~3.2! up
to moderately large coverages.3

A byproduct of the Fermi disks model is a straightforwa
interpretation of the effective atom-atom interaction obtain
from double functional differentiation of the total energ
density.27 The dynamical susceptibility of these films is
challenging issue, since it presents several interesting c
plexities. It can be seen that the strength of particle-h
transitions taking place either inside a Fermi disk or betw
two of these bands is the essential ingredient for a pro
understanding of the free response of these systems.32 Al-
ys

ys

ne

,

ow

g,

.

r,
d

m-
le
n
er

though, according to the present work, the response of s
monolayers adsorbed in graphite can be calculated on
basis of a pure 2D Fermi liquid,33 multiple layer films may
offer a richer range of possibilities. Calculations are
progress and will be presented elsewhere.
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