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Nonlinear optical absorption and LO-phonon emission in steady-state terahertz-driven
three-dimensional electron gases
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We present a detailed theoretical study on nonlinear transport and optical properties in three-dimensional
electron gases~3DEG’s! subjected to intense terahertz~THz! electromagnetic radiation fields. The steady-state
electronic transition rate induced by electron-photon-phonon interactions in a 3DEG system has been derived
by using an approach from which the effects of multiphoton processes can be easily included. By solving the
momentum- and energy-balance equations based on a steady-state Boltzmann equation, where electron inter-
actions with LO phonons are taken into account, we have investigated the dependence of electron temperature,
relaxation time, mobility, multiphoton absorption and emission, and photon-assisted LO-phonon emission on
the intensity and frequency of the THz radiation fields. A number of important and distinctive transport and
optical phenomena have been observed and predicted theoretically. These results are pertinent to transport
measurements in the presence of a radiation field and to the application of recently developed far-infrared laser
sources such as free-electron lasers.@S0163-1829~98!11219-5#
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I. INTRODUCTION

With the development of novel means of scientific inve
tigation, such as free-electron lasers~FEL’s!, it has become
possible to investigate the transport and optical propertie
an electronic device under intense far-infrared~FIR! or tera-
hertz ~THz! electromagnetic~EM! radiations. FEL’s can
provide the tunable source of the linearly polarized THz
diations with which one can study the dependence of
physical properties in a device system on the frequency
intensity of the EM radiation field. THz radiation is of sig
nificant impact on the investigation and characterization
condensed-matter materials such as low-dimensional s
conductor systems and nanostructures. Recently, experim
tal measurements1–5 have been conducted in investigatin
the nonlinear response of a two-dimensional electron
~2DEG! to THz radiation fields provided by UCSB~Refs.
1–3! and FELIX ~Refs. 4 and 5! FEL’s. Some interesting
phenomena, such as resonant absorption of THz radiat1

THz radiation enhanced electron temperature,2 THz-photon
induced impact ionization,3 LO-phonon bottleneck effect,4

THz-photon-assisted resonant tunneling,5 etc., were observed
in different 2DEG structures. These experimental obser
tions have impelled further theoretical study.6,7 Moreover,
the current availability of experimental measurements at T
EM fields has resulted in proposals for observing phot
induced quantum resonance effects such as magnetoph
phonon resonances.8 It can be foreseen that the study
THz-driven electron gases in semiconductor structures
make a major impact in the fields of semiconductor phys
and optoelectronics.

At present, most of the experimental and theoretical w
on THz-driven electron gases is focused on the 2DEG s
tems such as GaAs-based heterojunctions and quan
wells. To have a better understanding of the transport
optical phenomena observed in dimensionally reduced e
tronic systems such as 2DEG’s, it is of value to examine h
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an ideal three-dimensional electron gas~3DEG! responds to
such intense THz EM radiations; this is the main motivati
of the present study.

The investigation of nonlinear transport and optical pro
erties in polar semiconductors such as GaAs has bee
fundamental importance both for basic physics and for
applications in electronic and optical devices. There exis
number of theoretical studies on high-frequency ac respo
of bulk semiconductor materials. Important contributio
have been made by some authors.9–14 However, these inves
tigations focused either on the linear response,9,10 or on the
situation with a weak ac field under a strong dc bias,11,12 or
on the problems of thev2Edc relation13 and thermal-noise
temperature.14 Furthermore, in most theoretical studies9–14

on linear and nonlinear ac responses in semiconductors,
often takes the high-frequency~HF! approximation ~i.e.,
based on the diagrams that contribute to the HF conductiv
as shown in Ref. 15! under which~i! only one photon pro-
cess is taken into consideration;~ii ! the effect of the EM
radiation field is represented by an ac electric field;~iii ! the
presence of the ac electric field does not vary the basic
tures of fundamental quantities such as the electron den
density~d-d! correlation function, Green’s function, memor
function, etc.; and~iv! the influence of the radiation field o
the physical properties of the device system is achie
mainly through introducing an effective frequencyV→V
6v, with v being the photon frequency, into these functio
~especially the Green’s function! obtained in the absence o
the radiation. Very recently, some authors16,17 have at-
tempted to develop theories going beyond the HF treatm
Most importantly, it was found16 that when the effects of the
EM radiation field are considered more exactly using, e
the approach of the gauge-invariant spectral function or
two-time Green’s function derived directly from the solutio
of the time-dependent Schro¨dinger equation, the Green’
function ~or electron density of states! of the electronic sys-
tem may differ sharply from that obtained in the absence
the EM field. Important radiation effects such as t
12 939 © 1998 The American Physical Society
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12 940 57W. XU
blue shift of the absorption edge, arisen from the dynam
Franz-Keldysh effect, have been predicted. This implies
the usage of theories9–15 based on the HF approximatio
~where the Green’s function and/or the electron d-d corre
tion function were employed in the similar form of those
the absence of the EM field! may be greatly limited, espe
cially in the presence of an EM field with relatively low
frequency~LF! and high intensity. A theoretical approach17

to study electron transport driven by microwave irradiatio
in which the multiphoton processes are taken into acco
has been developed. However, the work of Ref. 17 dealt o
within a low-temperature limit~i.e., T→0! where electron-
impurity scattering is taken into account for Si-based s
tems.

The brief review given above shows that more work
THz-driven 3DEG’s, in particular for GaAs-based syste
subject to intense THz or FIR radiations, is required. T
paper is a contribution in this direction. The present stud
organized as follows. In Sec. II, we present an approac
deal with electron-photon-phonon interactions in a 3DE
system. This approach has gone beyond the conventi
treatment for electron-photon-phonon interactions in
presence of the radiation field. Using this theory, t
electron-photon interactions can be included in a more e
way. In conjunction with the conventional transport me
surements from which the response of a 3DEG to the ra
tion field can be detected and studied, in Sec. III we der
the momentum- and energy-balance equations by introd
ing the electronic transition rate induced by electron-phot
phonon interactions, obtained from this study, into the Bo
zmann equation. The momentum- and energy-bala
equations can be used as a powerful means in order to s
the nonlinear transport and optical properties in an electro
system, through calculating the dependence of such qu
ties, like electron-energy-loss rate and mobility, on the int
sity and frequency of the EM radiation. In Sec. IV, w
present a detailed consideration for electron-photon-pho
interactions along with transport and optical properties i
GaAs-based 3DEG structure. The numerical results obta
from this study for THz-driven 3DEG’s are presented a
discussed in Sec. V. Finally, the present study is summar
in Sec. VI.

II. ELECTRON-PHOTON-PHONON INTERACTIONS

In this paper, we consider an electronic system that ca
described by a single-electron Hamiltonian:H(t)5H0(t)
1H8(t), whereH8(t) can be treated as a perturbation. F
an ideal 3DEG system subjected to an EM radiation fi
polarized along thex axis, the Hamiltonian for a noninter
acting electron can be written by

H0~ t !5
@px2eA~ t !#21py

21pz
2

2m*
. ~1!

Here,~1! a parabolic-conduction band structure has been
cluded; ~2! px52 i\]/]x is the momentum operator;~3!
A(t) is the vector potential induced by the EM radiation; a
~4! m* is the effective-electron-mass. Furthermore, we h
used the Coulomb gauge to describe the EM radiation fi
in which the vector potentialA and the scalar potentialf
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satisfy “•A50 and f50. These gauge conditions corre
spond to a situation where the charge densityr50 and the
current densityj50, which are true for the case of noninte
acting electrons in the absence of scattering, inhomogen
external driving field, etc. After using the dipole approxim
tion for the radiation field and takingA(t)5A0 sin(vt), with
v being the frequency of the EM field, the solution of th
time-dependent Schro¨dinger equation, i\]c(R,t)/]t
5H0(t)c(R,t), is obtained as

uK ;t&5cK~R,t !

5uK ;0&e2 i @E~K !12g\v#t/\eir 0kx@12cos~vt !#eig sin~2vt !,

~2!

which has been normalized. Here,R5(x,y,z), K
5(kx ,ky ,kz) is the electron wave vector,uK ;0&5uK &
5eiK•R is the electron wave function att50, E(K )
5\2K2/2m* , r 05eE0 /(m* v2) with E0 being the strength
of the radiation electric field,g5(eE0)2/(8\v3), and
2g\v is the energy of the radiation field. We have used
relationE(t)5]A(t)/]t5E0cos(vt) with E05vA0 .

In the presence of a perturbation Hamiltonian~induced
by, e.g., electronic scattering mechanism!, H8(t)5H je

iv j t,
where H j is time independent andv j is the characteristic
frequency for thej th scattering center, we now employ th
following notations:~i! ua&5uK ;t& andEa5E(K )12g\v;
~ii ! vba5(Eb2Ea1\v j )/\; and ~iii ! Vba(t)
5^buH8(t)ua&. Following the standard theory for time
dependent perturbations,18 the first-order contribution to the
amplitude in the$H0(t)% representation, due to the transitio
from ua& to ub& induced byH8(t), can be calculated by

^buU ~1!ua&5E
0

t

dt
Vba~t!

i\

5
^K 8uH j uK &

i\
e2 ir 0~kx82kx!

3E
0

t

dt eivbateir 0~kx82kx!cos~vt!. ~3!

Using the identityeiz cosx5Sm52`
` imJm(z)eimx, with Jm(x) be-

ing a Bessel function, the steady-state transition rate for s
tering of an electron from a stateuK & to a stateuK 8& is ob-
tained as

W~K 8,K !5Wba5 lim
t→1`

]

]t
z^buU ~1!ua& z2

5
2p

\
z^K 8uH j uK & z2 (

m52`

`

Jm
2 @r 0~kx82kx!#

3d@E~K 8!2E~K !1m\v1\v j #. ~4!

For electron-phonon interactions, after~i! assuming that
the system under study can be separated into the electro
interest and the rest of the crystal, i.e.,uK ,c;t&5uK ;t&uc&
whereuc& represents the state of the crystal system;~ii ! tak-
ing the electron-phonon interaction Hamiltonian to be in t
form H j5VQ(aQeiQ•R1aQ

† e2 iQ•R), where Q5(qx ,qy ,qz)
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is the phonon wave vector, (aQ
† ,aQ) are the canonical con

jugate coordinates of the phonon system, andVQ is the
electron-phonon interaction coefficient; and~iii ! taking v j
→7vQ , where the sign2 ~1! refers to absorption~emis-
sion! of a phonon with an energy\vQ , the steady-state tran
sition rate for electron-photon-phonon interactions in
3DEG system becomes

W~K 8,K !5
2p

\
F NQ

NQ11G uVQu2dK8,K1Q (
m52`

`

Jm
2 ~r 0qx!

3d@E~K 8!2E~K !2m\v7\vQ#, ~5!

whereNQ5(e\vQ/kB
T
21)21 is the phonon occupation num

ber, and the indexm corresponds to the process ofm-photon
absorption~emission! when m.0 (m,0). In the presence
of the EM radiation, the electrons can interact with the
diation field via the channels of photon emission and abso
tion. In this paper, we limit ourselves to the situation whe
the hot-phonon effects such as phonon drift can be neglec
Equation ~5! exhibits features distinctive for electron
photon-phonon interactions in a 3DEG structure. We n
that in sharp contrast to an isotropic transition rate obtai
from using Fermi’s golden rule in the absence of the E
field, the presence of the linearly polarized EM radiati
results in an anisotropic electronic transition rate charac
ized by the dependence ofr 0qx via a termJm

2 (r 0qx). Equa-
tion ~5! has also reflected the fact that in the presence of
EM radiations, the electron-phonon scattering~or optical ab-
sorption and emission! can be accompanied by electron
transitions through the photon absorption and emission~or
phonon scattering!.

In the absence of the radiation field, i.e.,E050, Eq. ~5!
becomes that obtained using the Fermi’s golden rule, du
the feature limx→0Jm(x)5d0,m . For the case of HF and/o
low-intensity radiations, i.e.,r 0qx!1, Eq.~5! can be written
in the following form:

W~K 8,K !.
2p

\
F NQ

NQ11G uVQu2dK8,K1Q

3 (
m50

`
1

~m! !2 S r 0qx

2 D 2m

3d@E~K 8!2E~K !7m\v7\vQ#. ~6!

Here we have used the relation

Jm
2 ~x!5(

k
~21!k~x/2!2~m1k!~2m12k!!

3@~2m1k!! #21@~m1k!! #22

and takenk50 whenx!1. Previously, the interactions be
tween electrons and phonons and also those between
trons and photons are treated by separate interac
Hamiltonians.19 Using this approach, the net effect o
electron-phonon interactions in the presence of multipho
processes can be calculated by the second- or higher-o
perturbation theories, which is very complicated and
simple analytic results are available. The transition rate
duced by one-photon absorption process~i.e., m51! shown
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by Eq.~6! is identical to that obtained from using the secon
order perturbation theory.20 This implies that the electron
photon interactions can only be treated as a perturba
when the conditionr 0qx!1 is satisfied. From these result
one can find that the theoretical approach used in this st
for the case of an ideal 3DEG is much more useful to d
with such problems like multiphoton processes and, the
fore, is much better than the previous treatment for electr
photon-phonon interactions. For the case where the ti
dependent Schro¨dinger equation, in which the EM field is
included, can be solved analytically, it is unnecessary to t
electron-phonon and electron-photon interactions separa

III. MOMENTUM- AND ENERGY-BALANCE EQUATIONS

To set up a tractable method to study nonlinear transp
and optical properties of an electronic device has been
outstanding problem. It is well known that the balance eq
tion approach is a powerful tool in studying the nonline
response of an electron gas to the dc and/or ac fields app
In this paper, we develop a simple model to investigate
transport and optical properties in THz-driven 3DEG’s. W
start from a steady-state Boltzmann equation for a 3DEG
the case of degenerate statistics,

F

\
•“K f ~K !5gs(

K8
$ f ~K 8!@12 f ~K !#W~K,K 8!

2 f ~K !@12 f ~K 8!#W~K 8,K !%, ~7!

where f (K ) is the steady-state momentum distribution fun
tion for an electron in a stateuK &, gs accounts for spin de-
generacy, andW(K 8,K ) is the steady-state transition rate f
an electron scattered from stateuK & to stateuK 8&. Further-
more,F is the external force acting on the electron. It shou
be noted that when the transition probability is calcula
from the solution of the Schro¨dinger equation in which the
effects of the EM field have been included, the force te
induced by the EM field will not appear in the drift term o
the left-hand side of the Boltzmann equation.

In the present study, we consider the situation where
transport and optical properties of a device system are
tected and studied by the classical transport measurem
In these experiments, two quantities, the mobility~or con-
ductivity! and the electron-energy-loss rate~EELR!, are con-
nected to the optical absorption and phonon emission. W
the radiation is polarized along thex direction, one can apply
the external dc probing electric fields~or currents! along the
x andy direction and measure the current~or field! along the
different directions. In this case, one hasF52e(Ex ,Ey,0).
Now, we can derive the balance equations from the Bo
mann equation given by Eq.~7!. With the balance equation
approach, one may detour the difficulties in solving the Bo
zmann equation directly and keep the main merits of
Boltzmann equation to describe the response of electron
the applied fields in the presence of different scatter
mechanisms. We have successfully applied this approac
the problem of hot-electron transport in 2DEG’s in strong
and ac fields.7,21 Using the balance equation approach bas
on the Boltzmann equation, the idea is to choose a cer
functional form for the electron distribution function~EDF!,
of which the drifted EDF is popularly used. We assume t



e
gh

f

n

se

ua
a-
th
d

n

n

an
e
e
b

-

d
ap-

only
ady
en

do
on.

c-

ric
g

we

ies

by

he
ion

12 942 57W. XU
the electron momentum distribution function can be d
scribed by a statistical energy distribution function throu
f (K )5 f (E), where E5\2(kx2m* vx /\)2/2m* 1\2(ky

2m* vy /\)2/2m* 1\2kz
2/2m* and the EDF is drifted by the

average electron velocities~vx andvy! due to the presence o
the dc electric fields~Ex and Ey!. Thus, we can derive the
following relation:

] f ~K !

]kj
5

\2

m* S kj2
m*

\
v j D ] f ~E!

]E , ~8!

which leads to

(
K

] f ~K !

]kj
50, ~9a!

(
K

ki

] f ~K !

]kj
52

Ne

2
d i j , ~9b!

with Ne being the volume electron density in the system, a

(
K

E~K !
] f ~K !

]kj
52

\

2
Nev j . ~9c!

Here we have used the condition of electron-number con
vation. After using the density of states for a 3DEG@i.e.,
D(E)5(2p2)21(2m* /\2)3/2AEQ(E), whereE is the elec-
tron energy#, we have

Ne5
1

2p2 S 2m*

\2 D 3/2E
0

`

dEAE f~E!, ~10!

where f (E) is the electron-energy-distribution function.
From Eq.~9a!, one can find that the mass-balance eq

tion ~multiplying (K to both sides of the Boltzmann equ
tion! has been balanced by the EDF chosen above. At
first moment, the momentum-balance equations can be
rived by multiplying (Kkj to both sides of the Boltzman
equation. Using Eq.~9b!, we have

eEj5
2qs\

Ne
(

K8,K
~kj82kj ! f ~K !@12 f ~K 8!#W~K 8,K !.

~11!

At the second moment, the energy-balance equation ca
derived by multiplying(KE(K ) to both sides of the Boltz-
mann equation. After using Eq.~9c!, we have

Nee

2
~Exvx1Eyvy!5gs (

K8,K
@E~K 8!2E~K !#

3 f ~K !@12 f ~K 8!#W~K 8,K !.

~12!

Applying free-electron lasers as the driving force to
electron gas, the strength of the radiation field can be v
strong andE0 can be on the order of kV/cm. Normally, in th
transport experiments the dc probing electric field can
applied on the order of V/cm.1,2 When the probing dc electric
fields are small enough, i.e.,Ex!1 andEy!1, the average
electron velocities~vx andvy! are also very small. Expand
ing f (K ) with respect tov j gives
-

d

r-

-

e
e-

be

ry

e

f ~K !. f ~X!2\~vxkx1vyky!
] f ~X!

]X
, ~13!

where X5\2K2/2m* . When the expansion is terminate
with the linear terms of the velocities, the usage of the
proximation given by Eq.~13! is equivalent to the relaxation
time approximation in the linear response theory.22 It should
be noted that the linear response discussed here relates
to the probing dc fields applied. Furthermore, at a ste
state~in which the effects of the radiation field have be
included within the electronic transition rate! and using the
momentum- and energy-balance equation approach, we
not need to take a time average in the Boltzmann equati

After using the approximation given by Eq.~13! and not-
ing that the mobility and conductivity are defined, respe
tively, by m i j 52v j /Ei ands i j 5Neem i j , which can be ob-
tained experimentally from applying the probing elect
field along thei direction and measuring the current alon
the j direction, from the momentum-balance equations
have

mxy5myx50 and m j j 5
e

m*
t j , ~14!

where the momentum-relaxation time in different geometr
can be calculated by

1

t j
.

2gs\
2

m* Ne
(

K8,K
~kj82kj !kj

] f ~X!

]X
W~K 8,K !. ~15!

Using Eq. ~13! and noting that the EELR is defined byP
5(sxxEx

21syyEy
2)/2 when sxy5syx50, from the energy-

balance equation we have

P.gs (
K8,K

@E~K !2E~K 8!# f ~X!@12 f ~X8!#W~K 8,K !,

~16!

whereX85\2K82/2m* .
Introducing the steady-state transition rate induced

electron-photon-phonon interactions, i.e., Eq.~5!, into Eqs.
~15! and ~16! and takinggs52, we obtain

1

t j
5

m* 2

4p4\5Ne
(
m

E d3QF NQ

NQ11G
3uVQu2Jm

2 ~r 0qx!
qj

2

Q3 ~«Q2am
6! f ~y! ~17!

and

P5
2m* 2

8p4\5 (
m

E d3QF NQ

NQ11G am
6

Q

3uVQu2Jm
2 ~r 0qx!E

0

`

dx f~x1y!@12 f ~x1y1am
6!#.

~18!

Here, am
65m\v6\vQ , «Q5\2Q2/2m* , and y5(«Q

2am
6)2/4«Q . It should be noted that when the effects of t

radiation have been included within the electronic transit
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57 12 943NONLINEAR OPTICAL ABSORPTION AND LO-PHONON . . .
rate, at steady state, the mobility or conductivity will n
longer be in the form of the Drude formula7,19 through s
5(Nee

2/m* )@t/(11 ivt)#.
For an electronic system with relatively low electron de

sity and at relatively high temperature~or high electron tem-
perature!, the Maxwellian is the most popularly used stat
tical electron-energy-distribution function. In this paper, w
take a Maxwellian-type of electron distribution, charact
ized by an electron temperatureTe , as the EDF through

f ~x!5ce2bx, ~19!

whereb51/kBTe andc is a normalization factor. Introduc
ing Eq. ~19! into the condition of electron number conserv
tion, Eq. ~10!, one hasc54Ne(pb\2/2m* )3/2. Using Eq.
~19!, the momentum-relaxation time in different geometr
becomes

1

t j
5A2m* /p

b3/2

4p2\2 (
m

E d3QF NQ

NQ11G uVQu2Jm
2 ~r 0qx!

3
qj

2

Q3 ~«Q2am
6!expF2

b

4

~«Q2am
6!2

«Q
G , ~20!

and the EELR is in the form

P52A2m* /p
Neb

1/2

8p2\2 (
m

E d3QF NQ

NQ11G am
6

Q
uVQu2

3Jm
2 ~r 0qx!expF2

b

4

~«Q2am
6!2

«Q
G

3S 12
c

2
e2bam

6

expF2
b

4

~«Q2am
6!2

«Q
G D . ~21!

IV. FOR A GaAs-BASED 3DEG STRUCTURE

For bulk semiconductors such as GaAs, when thex, y,
andz directions are chosen along the crystal axes, the e
trons in the conduction band~especially in theG band! can
be treated roughly as a 3DEG,23 due to ~i! the zinc-blende
symmetry of the crystal structure;~ii ! the parabolic nature o
the band structure~especially around theG point!; and ~iii !
relatively large energy gaps between conduction and vale
bands and between different valleys. Moreover, the pho
energy of FIR or THz radiations (\v;meV) is much less
than the energy gaps (Eg;eV) among different bands an
valleys in GaAs. Therefore, for a THz-driven 3DEG realiz
from bulk semiconductors such as GaAs, the effects of in
band and intervalley transitions via corresponding opti
processes can be neglected when the radiation intensity i
extremely high. Hence, the theoretical model and approac
discussed in Secs. II and III in this paper can be used
GaAs-based 3DEG structure.

When an electron gas is subjected to intense EM ra
tions, the EM field will lead to the excitation of the electro
in the system and to the variation of the electron temperat
For polar semiconductors such as GaAs, the frequency o
phonon oscillation associated with longitudinal-optic~LO!
modes is at about THz (vLO/2p.8.85 THz). Therefore, the
electron–LO-phonon interaction is the principle channel
relaxation of excited electrons in a GaAs-based 3DEG,
-
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to its large energy transfer during a scattering event. T
Fröhlich Hamiltonian24 can be used to describe the nature
electron–LO-phonon interactions through

VQ5 i ~4paL0!1/2
\vLO

Q
, ~22!

where \vLO is the LO-phonon energy at the long
wavelength limit,L05(\/2m* vLO)1/2 is the polaron radius,
and a is the electron–LO-phonon coupling constant. Aft
introducing Eq.~22! into Eqs.~20! and ~21! and takingvQ

→vLO , NQ→N05(e\vLO /kBT21)21, and am
65m\v

6\vLO for LO-phonon scattering, the momentum-relaxati
time in different geometries is obtained as

1

t j
5

a~b\vLO!3/2

Ap\
F N0

N011G(
m

E
0

` dy

y
~y2am

6!

3expF2
b

4

~y2am
6!2

y G
3E

0

1

dx Jm
2 ~r 0xA2m* y/\2!Rj~x!, ~23!

whereRx(z)52z2 andRy(z)512z2, and the EELR is ob-
tained by

P5PLO2POP. ~24a!

Here, PLO is the EELR induced by electron–LO-phono
coupling

PLO5\vLO (
m52`

`

@~N011!I m
22N0I m

1#, ~24b!

which is the difference between phonon emission and
sorption accompanied by different processes of photon em
sion and absorption.POP (2POP) is the EELR ~electron-
energy-gain rate! induced by electron interactions with th
radiation field

POP5 (
m52`

`

m\v@~N011!I m
21N0I m

1#, ~24c!

which is the summation of the processes caused by emis
and absorption of phonons and photons. Furthermore,

I m
65avLONeAb\vLO /pE

0

` dy

y

3expF2
b

4

~y2am
6!2

y G S 12
c

2
e2bam

6

3expF2
b

4

~y2am
6!2

y G D
3E

0

1

dx Jm
2 Sr 0xA2m* y/\2D . ~24d!

From Eq.~24a!, we see that for the weak probing electr
fields Ex!1 andEy!1, P5(sxxEx

21syyEy
2)/2!1. Taking

P→0, we havePLO.POP, which reflects the fact that the
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electrons in the system gain~or lose! the energy mainly from
the EM fields applied via the processes of optical absorp
~or emission! and lose~or gain! the energy via the channe
for emission~absorption! of phonons. Therefore, for a THz
driven 3DEG, the absorption and emission of phonons~pho-
tons! can be achieved by the processes of electronic tra
tions accompanied by optical~phonon! emission and
absorption, which is anindirect photon-absorption~phonon
emission! mechanism.

From Eq.~23!, one can find that, in the presence of an E
radiation polarized along thex direction, the relaxation time
tx may be different from that ofty , because of the aniso
tropic feature in the electronic transition rate induc
electron-photon-phonon interactions. This feature may re
in mxxÞmyy or sxxÞsyy , which can be measured exper
mentally. The physical reason behind this anisotropic c
duction behavior is that the EM radiation polarized along
certain direction may break the symmetry of the sample
ometry.

WhenE050 ~i.e., r 050!, due toJm
2 (0)5d0,m , we have

1

tx
5

1

ty
5

1

t
5vLO

4abe
3/2

3p1/2 N0ebe/2

3F ~11eb02be!K1S be

2 D1~12eb02be!K0S be

2 D G ,
~25a!

PLO5Ne

\vLO

te
, ~25b!

and

1

te
5vLO

2abe
1/2

p1/2 FN0ebe/2~eb02be21!

3K0S be

2 D2
c

2
K0~be!G . ~25c!

Here, b05\vLO /kBT, be5\vLO /kBTe , and Kn(x) is the
modified Bessel function. Equations~25! are the well-known
results obtained in the absence of the EM radiation. For
electron density electron gas~i.e., c!1! and whenTe→T,
PLO50.

V. RESULTS AND DISCUSSIONS

The numerical results of this paper pertain to GaAs-ba
3DEG structures. The material parameters for GaAs
taken as~1! effective-electron-mass ratiom* /me50.0665
with me the electron rest mass;~2! electron–LO-phonon cou
pling constanta50.068; and~3! LO-phonon energy\vLO
536.6 meV~i.e., vLO/2p58.85 THz!. Furthermore, in all of
the calculations,~i! we consider ann-type-doped GaAs with
the typical electron densityNe51023 m23; ~ii ! we take the
lattice temperatureT577 K at and above which the stron
electron–LO-phonon scattering is present in GaAs; and~iii !
we include contributions fromm50,61,62,...,620 optical
channels. Including more multiphoton processes in the
culation influences the results only for low-frequency a
high-intensity radiations.
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By solving the energy-balance equation, given byPLO
5POP in the case of the weak probing fields, we can obt
the electron temperatureTe and the EELR induced by emis
sion and absorption of phonons and photons via differ
optical processes for a given radiation field with strengthE0
and frequency v. Introducing Te obtained into the
momentum-balance equations, given bym j j 5et j /m* , we
can obtain the mobility~mxx and myy! in different geom-
etries. It is interesting to note that the inclusion of the E
field within the electronic transition rate can simplify consi
erably the numerical calculation through using t
momentum- and energy-balance equation approach. W
considering the EM field as an ac driving force in the dr
term of the Boltzmann equation, one has to solve s
consistently the momentum- and energy-balance equation
order to obtainTe .7 This is very CPU consuming. Using
theoretical approaches developed in this study, we can ob
Te by solving the energy-balance equation alone. Moreov
using these approaches, we can study easily the optica
sorption and phonon emission through different channels
multiphoton processes.

A. Electron temperature and electron-energy-loss rate

The influence of the intensityE0 and frequencyv of the
THz laser radiations on electron temperature of a 3DEG
shown in Figs. 1 and 2. We find the following.~1! At rela-
tively low-frequency radiations, the electrons in the syst
will be slightly cooling down, i.e.,Te,T ~see Fig. 1 and

FIG. 1. Electron temperatureTe as a function of radiation fre-
quencyv/2p for different radiation intensitiesE0 . Ne is the elec-
tron density.

FIG. 2. Electron temperature as a function of radiation intens
for different radiation frequencies.
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v/2p52 THz in Fig. 2!. ~2! With increasing radiation fre-
quency,Te first increases then decreases~see Fig. 1!. The
peak of Te shifts to the higher-frequency regime with in
creasingE0 . This effect is more pronounced for the hig
intensity radiations.~3! Te increases with increasingE0 ~see
Fig. 2!. The electrons in the system can be more efficien
heated by a relatively LF radiation field.~4! The higher the
radiation frequency is, the larger the radiation intensity
quired to heat the electrons~see Figs. 1 and 2!.

Electron temperature measures how efficiently an elec
can gain the energy from the fields applied and lose
through the emission of a phonon. In low-intensity and
low-frequency regimes wherev!vLO , the process for an
electron to lose the energy via LO-phonon emission is m
more efficient than that to gain the energy via photon abso
tion, due to the larger energy transfer caused by LO-pho
scattering. As a consequence, the requirementPLO.POP
may lead to lowering the electron temperature so that
effects of LO-phonon absorption become stronger. This
fect results from predominantly forward scattering induc
by the LO-phonon scattering mechanism.25 The cooling of
electrons through this mechanism was observed in nonlin
electron transport in strong dc fields21 and in the presence o
nonquantizing magnetic fields.25,26 At radiations with suffi-
ciently high intensity and high frequency, an electron can
accelerated quickly to reach an energy levelE>\vLO .
When the time of this process required is shorter than
relaxation time required to emit a LO phonon, electrons w
be heated. From Figs. 1 and 2, one can find that for a Ga
based 3DEG, the heating of electrons occurs at aboutv/2p
;2 THz whenE0.10 kV/cm. With further increasing radia
tion frequency so thatv;vLO , an electron can easily gai
the energy, via the photon absorption, to reachE;\vLO and
lose the energy via phonon emission. When this two-s
process is analogous to an elastic scattering event, the
tron gas will not be heated~i.e., Te;T!.

The influence of the THz radiation on the total EEL
induced by LO-phonon emissionPLO or photon absorption
POP ~noting PLO5POP! is shown in Figs. 3 and 4. At a fixe
v, Te increases with increasingE0 so that LO-phonon emis
sion scattering and photon absorption scattering incre
with E0 . As a result, the EELR~PLO or POP! increases with
increasing radiation intensity~see Fig. 4!. From Fig. 3, we

FIG. 3. Total electron-energy-loss rate as a function of radia
frequencyv/2p for different radiation intensitiesE0 . The results
are shown forPLO /Ne or POP/Ne , i.e., the average EELR pe
electron.
y

-

n
it
r

h
p-
n

e
f-
d

ar

e

e
l
s-

p
ec-

se

see that at a fixed radiation intensity, a peak of the opt
absorption~or phonon emission! can be observed at abou
v/2p;1 THz. With increasingE0 , the peak shifts to the HF
regime and looks more broadened. We note that the pea
the optical absorption observed here for a 3DEG is v
similar to the resonant absorption observed in THz-driv
2DEG’s ~Refs. 1 and 6! where, however, the spectrum o
THz optical absorption was shown at a fixed electron te
perature and the peak was observed at aboutv/2p
;0.5 THz.

In the absence of an EM field, the dependence of
EELR induced by LO-phonon scattering on electron te
perature can be described by a simple relation:27

PLO /Ne5~\vLO /t* !e2\vLO /kBTe, ~26!

wheret* is the effective hot-electron relaxation time. Usin
the data shown in Fig. 4 we can examine the validity of t
relation in the presence of the EM radiations, by plotti
log10(PLO /Ne) versus 1/Te , as shown in Fig. 5 for differen

radiation frequencies. The results shown here indicate
PLO;e2\vLO /kBTe can be roughly seen at high-intensity~or
largeTe! radiations. A significant conclusion we draw from
Fig. 5 is that in the presence of intense THz radiations,
~26! can be used to describe the relationship between
EELR and the electron temperature through introducing
frequency-dependent hot-electron relaxation time:t*
→t* (v). This approach has been employed by Asm

n
FIG. 4. Total electron-energy-loss rate per electron as a func

of radiation intensity for different radiation frequencies.

FIG. 5. Total electron-energy-loss rate per electron as a func
of the inverse of the electron temperatureTe for different radiation
frequencies. The results are presented using the data shown in
4.
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et al.1 in analyzing their experimental data. At low-intensi
radiations~or smallTe!, the dependence ofPLO on Te may
be modified strongly by the intensity and frequency of t
radiation field.

B. Multiphoton absorption and photon-assisted
phonon emission

The contributions from different optical processes to
total energy of optical absorption in a 3DEG structure
shown in Figs. 6 and 7. As can be seen from Eq.~24c!, the
process ofm50 does not contribute to optical absorptio
The optical absorption is an overall contribution to EEL
from photon emission (m,0) and absorption (m.0). From
Fig. 6, we see that at a fixed radiation intensity, LF opti
absorption can be achieved by electronic transitions via m
tiphoton channels. At LF radiations~v/2p,2 THz at E0
520 kV/cm!, optical absorption via different multiphoto
processes increases withv. With further increasing radiation
frequency (v/2p.2 THz), optical absorption viam>2
channels and via photon emission decreases and the ab
tion peaks induced by these optical processes can be
served at aboutv/2p;2 THz. At HF radiations ~e.g.,
v/2p.6 THz when E0520 kV/cm!, optical absorption is
achieved mainly through one-photon absorption proce

FIG. 6. Optical absorption energy per electron, induced by
ferent photon processes, as a function of radiation frequencyv/2p
at a fixed radiation intensity.m.0 (m,0) corresponds to a
m-photon absorption~emission! process and the solid curve is th
total contributions from all optical channels~see Fig. 3!.

FIG. 7. Optical absorption energy per electron, induced by
ferent photon processes, as a function of radiation intensity
fixed radiation frequency. The solid curve is the total contributio
from all optical processes~see Fig. 4!.
e
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From Fig. 7, we note that at a fixed radiation frequency,~i! at
low-intensity radiations, optical absorption results main
from one-photon absorption process~i.e., from m51!; ~ii !
the contributions fromm>2 channels and from photo
emission to optical absorption increase rapidly withE0 ; and
~iii ! at high-intensity radiations~e.g., E0.15 kV/cm when
v/2p54 THz!, optical absorption is determined by mult
photon absorption processes~i.e., by those withm>2!. From
Figs. 6 and 7, one can find that the contribution due to p
ton emission~i.e., those associated withm,0! to EELR ~or
optical absorption! is much smaller than that from photo
absorption~i.e., those withm.0!. These theoretical result
indicated that multiphoton absorption processes can bec
the principal channels for optical absorption in bulk sem
conductor materials subjected to high-intensity and/or lo
frequency radiations. The radiations provided by FEL’s, w
E0;1 kV/cm andv;1 THz, can be used to observe the
multiphoton effects. Experimentally, the total energy of o
tical absorption in an electronic device can be measu
through7 sxxE0

2/25POP, which can be deduced from th
data of the applied radiation field and of the conductiv
measured at the corresponding radiation.

In the presence of an intense EM field, the emission of
phonons from an electron gas can be generated via electr
transitions accompanied by the absorption and emission

-

-
a

s

FIG. 8. Intensity of LO-phonon emission, induced by differe
photon processes, as a function of radiation frequencyv/2p at a
fixed radiation intensity. m.0 (m,0) corresponds to a
m-photon absorption~emission! process and the solid curve is th
total contributions from all optical channels~see Fig. 3!.

FIG. 9. Intensity of LO-phonon emission, induced by differe
photon processes, as a function of radiation intensity at a fi
radiation frequency. The solid curve is the total contributions fro
all optical absorption processes~see Fig. 4!.
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the photons. The contributions from different optical pr
cesses to LO-phonon emission in a GaAs-based 3DEG
presented in Figs. 8 and 9. For an electron gas subjecte
EM radiations, zero-photon process may contribute to
emission of the phonons. We find that similar to the case
optical absorption via multiphoton processes, LO-phon
emission from a THz-driven 3DEG can be achieved throu
multiphoton absorption and emission. This effect is mo
pronounced for radiations with relatively low frequency~see
Fig. 8! and/or high intensity~see Fig. 9!. The peaks of LO-
phonon emission via different optical channels can be
served at aboutv/2p;2 THz ~see Fig. 8!. At HF radiations
~e.g., v/2p.6 THz when E0520 kV/cm!, LO-phonon
emission results mainly from the one-photon absorption p
cess. In Figs. 8 and 9, the EELR induced by interaction w
LO phonons via photon emission (m,0) may be negative
A negative EELR means that the electrons in the system
gain the energy from the corresponding electronic tran
tions. Together with those observed and discussed for
influence of the radiation field on electron temperature~see
Figs. 1 and 2!, we find that a negative EELR induced b
LO-phonon absorption mediated by photon emission ta
main responsibility for the cooling of electron temperatu
shown in Figs. 1 and 2. WhenTe,T, the rate of LO-phonon
absorption scattering viam,0 channels is larger than that o
emission scattering viam.0 channels and, consequentl
the EELR caused by LO-phonon scattering becomes n
tive. It can be seen from Figs. 8 and 9 that for HF a
high-intensity radiations, the processes of photon emiss
affect weakly the LO-phonon emission. The LO-phon
emission is mainly generated by electronic transitions
companied by the processes of photon absorption.

FIG. 10. Mobility, mxx in ~a! and myy in ~b!, as a function of
radiation intensity for different radiation frequencies. The cond
tivity s j j 5Neem j j .
-
re
to
e
f

n
h
e

-

-
h

an
i-
he

s

a-

n

-

C. Mobility and relaxation time

The dependence of the mobility~or conductivity s j j
5Neem j j ! measured in different geometries on the THz E
radiation is shown in Figs. 10–13. When the radiation
polarized along thex direction,m i j can be obtained experi
mentally by applying the dc probing electric field~or current!
along thei direction and measuring the current~or electric
field! along thej direction. Our theoretical results show th
for electron interactions with photons and with LO phonon
mxy5myx50 and, normally,mxxÞmyy , which is evident by
Figs. 12 and 13. In Fig. 10, at HF radiations bothmxx and
myy decrease with increasingE0 . However, a relatively LF
radiation ~e.g., v/2p52 THz! may result in an increase o
mxx with E0 in the high radiation intensity regime. At a fixe
radiation intensity, in Fig. 11 bothmxx andmyy first decrease
and then increase with increasingv. With further increasing
v ~e.g., v/2p.4 THz at E055 kV/cm!, the mobilities de-

-
FIG. 11. Mobility, mxx in ~a! and myy in ~b!, as a function of

radiation frequencyv/2p for different radiation intensities.

FIG. 12. Different dependence ofmxx andmyy on the radiation
intensity is evident.
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pend weakly onv. At a fixedE0 , r 0;v22 decreases rapidly
with increasingv. When r 0qx!1, the electron relaxation
time and the EELR depend very little on the EM radiatio
From theoretical results given by Eqs.~20! and ~23! and
shown in Figs. 12 and 13, we can find that the differen
betweenmxx and myy can be observed more markedly at
radiation field with higher intensity~see Fig. 12! and inter-
mediate frequency~see Fig. 13!. WhenE050, mxx5myy due
to limr 0→0Jm

2 (r 0qx)5d0,m . In the presence of the EM radia
tions, an anisotropic conduction caused by electron-pho
impurity scattering in semiconductor Si-based structures
low temperatures was predicted by Brandes.17 The results
presented in this paper indicate that the anisotropic cond
tivity tensors can also be measured in GaAs-based struc
subjected to intense THz radiations, due to electron-pho
phonon interactions in relatively high temperatures.

The dependence of relaxation time~or scattering rate! in
different geometries of a THz-driven 3DEG on intensity a
frequency of the EM radiations is presented in Figs. 14 a
15. At a fixed radiation intensity and in the LF~HF! regime
~see Fig. 14!, the electronic scattering is mainly through mu
tiphoton ~zero-photon! channels. At a fixed radiation fre
quency and in the low-intensity~high-intensity! regime~see
Fig. 15!, zero-photon~multiphoton! process accompanied b
the LO-phonon scattering is the main channel for electro
transitions. An important conclusion we draw from tho
shown in Figs. 14 and 15 is that the rate of electron-phot
phonon scattering in a GaAs-based 3DEG structure can
comparable to the frequency of the THz radiations. This f
ture implies that THz radiations may couple strongly to t
electronic system and may modify significantly the proces
of momentum and energy relaxation for excited electrons
the device. Hence, THz-driven 3DEG’s can exhibit some
portant and distinctive features in their nonlinear transp
and optical properties.

D. The case of low-frequency radiations

The results discussed and shown above are mainly for
case ofv/2p;1 THz. Now we discuss some features o
tained from the present theory for 3DEG’s subjected to lo
frequency~i.e., v!1 andv→0! EM radiations. Theoretica
results given by Eq.~24c! and shown in Fig. 3 indicate tha
in the presence of the weak probing fields and when
radiation frequencyv→0, POP;\v→0, which leads to

FIG. 13. Different dependence ofmxx andmyy on the radiation
frequency is evident.
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Te→T ~see Fig. 1! for all radiation intensities. For LF radia
tions, the photon energy\v is very small. In this case, elec
tron interactions with the radiation fields via photon emiss
and absorption will be less efficient. In the present study,
EM radiation has been taken into account within the Co
lomb gauge28 in which “•A50 and f50, and, conse-
quently,r50 andj50 for free electrons. Thev→0 limit of
this approach is essentially different from those by sim
taking the radiation field as an ac electric field, which cor
sponds to a gauge variation:A→0 and f→E0x cos(vt).
When an EM radiation is taken as an ac electric field,
have the following.~1! r50 and j50 cannot be satisfied
Therefore, it can only be used for the case of interact
electrons through, e.g., taking into consideration in the le
hand side of the Boltzmann equation.7 ~2! The solution of the
Schrödinger equation at thev→0 limit is characterized by
the Airy functions, which will result in different electronic
transition rate after using the time-dependent perturba
theory. ~3! A gauge-translational approach29 has to be em-
ployed in order to study, e.g., the transport problem. Ho
ever, by using the coordinate transformation proposed
Truscott,30 the time-dependent Schro¨dinger equation in
which the radiation field is taken as an ac electric field
vÞ0 can also be solved analytically. It can be justified th
the electronic transition rate obtained from using this wa
function is the same as those given by Eqs.~4! and~5!. This
implies that Eqs.~4! and~5! are gauge invariant. So, the on
problem that arises from taking the EM radiation field as
vector potential alone or as an ac electric field alone is at

FIG. 14. Scattering rate, 1/tx in ~a! and 1/ty in ~b! induced by
different photon processes, as a function of radiation freque
v/2p at a fixed radiation intensity.m.0 (m,0) corresponds to
a m-photon absorption~emission! process and the solid curve is th
total contributions from all optical channels.
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v→0 limit. The theoretical results shown in this paper ind
cate that at thev→0 limit, an EM radiation field cannot be
treated as an ac electric field.

For the case of a radiation field with low frequency a
low intensity so that v!vLO and r 0qx;1, due to
(m52`

` Jm
2 (x)51 in Eq.~23!, the momentum-relaxation tim

is independent ofv and E0 and can be determined by Eq
~25a!. The mobility now is given bymxx5myy5et/m* . For
the case of a radiation field with low frequency and hi
intensity~noting r 0;E0 /v2! so thatr 0qx@m, the relaxation
time in different geometries@see Eq.~23!# and the EELR
@see Eqs.~24!# may depend on the intensity and frequency
the radiation field, because whenx@m, Jm(x);x21/2 cos(x
2mp/22p/4).

In the calculations, we only include the contributio
from optical processes regardingm50,61,62,..., and620,
to save CPU time. From the fact that a stronger effect
electron-photon-phonon interactions can be observed w
umuv;vLO , in LF regime, more multiphoton process
have to be included. It should be pointed out that in Figs.
13, and 14, we have shown the results for the case
v/2p.0.5 THz where a high accuracy of the numerical c
culation can be achieved. Whenv/2p,0.5 THz, the mobil-
ity ~inverse relaxation time! induced by LO-phonon scatter
ing increases~decreases! monotonically with decreasingv,
becausev!vLO so that the electron–LO-phonon interactio
via photon emission and absorption becomes weaker. U
the very LF radiations, the electronic transitions can
achieved via other scattering mechanisms, such as aco
phonons and impurities that were not taken into consid
ation in the present study. For a GaAs-based electron

FIG. 15. Scattering rate, 1/tx in ~a! and 1/ty in ~b! induced by
different photon processes, as a function of radiation intensity
fixed radiation frequency. The solid curve is the total contributio
from all optical channels.
f

f
en

,
of
-

er
e
tic

r-
as

system, the frequency of the acoustic phonons is at ab
vQ/2p.0.1 THz,31 so one would expect that in the presen
of the LF EM radiations withv/2p;0.1 THz the electron–
acoustic-phonon interaction will be an important channel
relaxation of excited electrons. Furthermore, the impuri
induced optical absorption in a 3DEG device occurs in re
tively LF regime and depends strongly on sample para
eters.

The LF andv→0 conductivity was discussed in Ref. 2
for electron–LO-phonon interactions. In Ref. 24, to calcula
correctly the LF~especially asv→0! conductivity, one has
to sum an infinite number ofdiagrams. In contrast, using the
approaches developed in the present study, we can calc
the LF conductivity by summing over an infinite number
m, which is much easier to do.

VI. SUMMARY

In this paper, we have performed a detailed theoret
study of the nonlinear transport and optical properties
THz-driven 3DEG’s. We have developed an approach
deal with electron-photon-phonon interactions in a 3DE
structure. Using this approach, the effect of the EM radiat
can be considered more exactly and the effect of multipho
processes on the transport and optical properties in an e
tron gas can be more easily and directly included. Introd
ing the electronic transition rate induced by electron-phot
phonon interactions into the steady-state Boltzma
equation, we have derived the momentum- and ener
balance equations, which can be used to study the nonli
transport and optical effects measured by, e.g., transport
periments. These theoretical approaches have been emp
to study the dependence of electron temperature, relaxa
time, mobility, multiphoton absorption and emission, a
photon-assisted phonon emission on frequency and inten
of the THz radiations in a GaAs-based 3DEG structure. T
main results obtained from this study are summarized as
lows.

For a THz-driven 3DEG, at relatively low-frequency an
low-intensity radiations, the electrons in the system will
slightly cooling down, which results from predominantly fo
ward scattering induced by the LO-phonon scattering mec
nism. The cooling of electrons in the device system w
result in a stronger LO-phonon absorption scattering
channels of photon emission and, consequently, in the
ergy gain achieved by phonon scattering via the correspo
ing optical processes. The heating of electrons can be
served more markedly at a radiation with relatively low
frequency and higher intensity.

At a fixed radiation intensity, a peak in the optical abso
tion and/or phonon emission can be observed for a 3D
system at aboutv/2p;1 THz. With increasing radiation in-
tensity, the peak shifts to the high-frequency regime a
looks more broadened. These features are very similar to
resonant absorption observed in THz-driven 2DEG’s whe
however, the spectrum of THz optical absorption was sho
experimentally1 at a fixed electron temperature and the pe
was observed at aboutv/2p;0.5 THz.

For a THz-driven 3DEG, low-frequency and/or high
intensity optical absorption can be achieved via multipho
processes. At a relatively high-frequency and/or lo
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intensity radiation, the process of one-photon absorption
principal channel for optical absorption. The electro
photon-phonon interactions via channels of photon emiss
affect weakly the electron mobility and the EELR. The ph
ton absorption and emission via electron-photon-phonon
teractions is an indirect optical mechanism. The results sh
that GaAs-based 3DEG structures can be used as nonli
electronic and optical devices working at FIR or THz r
gime.

In the presence of an intense EM field, the emission of
phonons from an electron gas can be generated via electr
transitions accompanied by the absorption of photons. L
phonon emission via multiphoton absorption can be achie
at radiations with relatively low frequencies and/or high i
tensities.

The presence of an EM radiation polarized along a cert
direction will break the symmetry of a 3DEG structure. As
consequence,~1! an anisotropic nature of the electronic tra
sition rate can be observed for electron-photon-phonon in
actions;~2! the momentum-relaxation time in different ge
ometries will be different; and ~3! the anisotropic
conductivity tensors can be measured. A larger differe
betweensxx and syy can be observed at a radiation fie
with higher intensity and intermediate frequency.
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The rate of electron-photon-phonon scattering in a GaA
based 3DEG structure can be comparable to the frequenc
the THz radiations, through varying the intensity and/or fr
quency of the radiation field. It implies that THz radiation
may couple strongly to the electronic system and m
modify significantly the processes of momentum and ene
relaxation for excited electrons in the device. And this is t
main reason why some important and distinctive features
the nonlinear transport and optical properties can be
served in THz-driven 3DEG’s.

Finally, the phenomena discussed and predicated in
present study may be observed within the radiation inten
and frequency regimes of recently developed free-elect
lasers such as UCSB~Refs. 1–3! FEL’s and FELIX.4,5 We
hope those presented in this paper could be verified exp
mentally.
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