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Magnetoconductance due to variable-range hopping in quasi-two-dimensional systems:
Application to PrBa,Cu;0,_ 4
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In this paper, we have developed a theory of magnetoconductaragmetoresistanteue to variable-range
hopping for quasi-two-dimensional systems. We have included the effect of electric fields on the calculation of
the magnetoconductance. The effects of scattering and electron-electron interactions have also been included in
our theory. We found analytical expressions for the conductivity for both the scattering and nonscattering
cases, and obtained electric- and magnetic-field-dependent power laws in certain approximations. We found
that the electric and magnetic-field dependences of the magnetoconductance had different power laws for the
scattering and nonscattering cases. We tried to explain the van Aecahmagnetoconductance experiments
of PrBa,Cu;0;_ s (PBCO thin films by using our theory. A good agreement between theory and experiment
was found if we included the effect of scattering. In the above PBCO films, it was found that the approximate
value of the concentration of localized states lies betweéhdtd 16% cm™2. [S0163-182698)00602-X]

[. INTRODUCTION tors, and the inclusion of all relevant material parameters in
the exponents. This approach differs significantly from the
There has been a considerable interest in the study gdercolation method in the calculation of mobility and con-
hopping conduction in low-dimensional systems such as oxductivity, and is better suited for obtaining analytical results
ide superconductors and related materi&l& material that  for cases where the electric field is to be included. We have
figures highly in much of this research is PsBasO,_ s  derived formulas for the magnetoconductance both with and
(PBCO because of its current and potential uses in the techwithout the inclusion of an electric field. In the former case,
nology of high-temperature superconducting junctionsthe magnetic-field dependency has been calculated to a
PBCO has been shown to conduct via a variable-range hogtigher order than in any previous work. In the latter case,
ping (VRH) mechanism along its CuOplanes$?® and so unified formulas for the conductivity including all tempera-
guasi-two-dimensionalQTD) theories are required to ex- ture, electric field, and magnetic-field dependences have
plain its properties. Recently, we have developed a theory fopeen presented. The effects of scattering and electron-
variable-range-hopping conductivity in the presence of elecelectron interactions have also been included in our theory.
tric fields for QTD and quasi-one-dimensional systérfis. The effect of scattering was investigated by Shklovskii in
We have also included the effect of electron-electron interQTD systems by using the percolation metfiddur expres-
actions in our theoretical calculations. We applied our theorysion of magnetoconductance in the presence of scattering can
to explain the electric-field-dependent conductivity data ofeasily be reduced to that of Shklovskii by making appropri-
Kabasawat al for PBCO-based S/N/S junctions and found ate approximations.
a good agreement between theory and experiment. We found that the logarithm of our expression of the mag-
Recently van Ancunet al® have measured the magnetic- netoconductance for the constant DOS in certain approxima-
field-dependent conductivity in PBCO thin films and sug-tions is proportional td*? for strong magnetic fields with-
gested that the magnetoconductance in these films is due 6wt scattering. This is in general agreement with the
variable-range hopping. They modified three-dimensionakxpressions given in Refs. 5 and 7. For electron-electron in-
expressions of the magnetoconductdnder the two- teractions, the result idY3 For weak magnetic fields with-
dimensional case and tried to fit their data by using theseut scattering we found that the logarithm of the constant
expressions. They did not include in their expressions hovdensity of states(DOS magnetoconductivity expression
the hopping exponents depended on the material parametetgave anH? magnetic-field dependence, consistent with the
which allowed them great latitude in fitting the experimentalexpression of van AncurmFor electron-electron interactions
data. The effect of a magnetic field on VRH conduction inthe result is also ah? dependence.
three-dimensional systems has been examined using the per-We used our theory to explain the PBCO thin-film mag-
colation methoifor strong(i.e., A <a,) magnetic fields and netoconductance experiments of van Ancefnal. It is found
weak (i.e., \>a,) magnetic fields, whera=%/qH, ap is  that these experiments cannot be explained by using the ex-
the localization length in the absence of a magnetic figid, pressions of magnetoconductance in the absence of scatter-
the charge of a carrier, arid is the magnetic field. ing. When the effect of scattering is included in the calcula-
In this paper, we have derived the expressions for thdions, a good agreement between theory and experiments is
magnetoconductance for QTD systems for weak and stronfpund. One fitting parameter is used to get a good agreement
magnetic fields by using the method developed by4ishis  between theory and experiments. From our theoretical calcu-
method allows for the inclusion of all pre-exponential fac-lations, we found that the concentration of localized states
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lies between 18(1/cn?) and 13 1/cn?). Experimentally, ~WhereA is called the Coulomb gap,is the dimensionality
the effect of scattering has also been observed in threedf the system, an®, andD, are constants. Here, energy is
dimensional systentsIf we include the effects of magnetic measured with respect to the Fermi energy. In the rest of the
fields and scattering, we find for the PBCO thin films of van paper, we will attach subscriptsande to the physical quan-
Ancum that the logarithm of the conductivity varies astities related to the constant DOS and DOS with electron-
B~ Y?H43 Here, B is proportional to the electric fiel, 8 electron interactions, respectively.
=(qE/2akgT with a=1/a,. This shows that the effects of ~ The following analytical expressions for the critical hop-
scattering on a QTD system can be observed through theing distanceR,, are obtained by using Eq&.1), (2.2, and
electric and magnetic-field behavior of the conductivity.  the method of Singh and Thompsdhto first order ins and
second order iny:

Il. HOPPING MAGNETOCONDUCTANCE

2(RC\3 C\2 2(RC\4
In this section, we will calculate analytical expressions of pe _ el 12 28V (R)™  2¥(RH7 9y (RY
conductivity in the presence of weak and strong magnetic " ¢ 25 S 25

fields.

2/ ne\3 e\2 2/ peV4
A. Weak magnetic fields R —Rrel1- 2 ¢ 9e y*(R%) n YR 3%4(R%)
nn R® 10 5 200

Following our previous work,we assume the localized 2.3
states are randomly distributed in energy and two- '
dimensional space coordinatésopping spaceand form a  where R°=(T/T.) "3, Re=(T/T.) Y2 T.=12a%kgDg,
discrete array of sites. We assume the spread in energies g4 T = /48a?2/kgD, .
the states is fairly small and near the Fermi level. This allows  gjmjlarly, using Eq.(2.3) and the method of Singh and

us to ignore the effects of correlations magnetic field is  Thompsor#“ the following analytical expressions for the
applied transverse to the two-dimensional space coordinateg,agnetoconductivity are obtained.

For QTD systems, the probability of a charge carrier hopping
from an initial state,E; to a final statefF; in the hopping
space for weak magnetic fieldsh¥a, while ap<pj;
<M\?%/ay) is given by

qZVpDO{z(E) w7 (Tc)

8a? 3T

o(H)=

W(R)=Woexp(~R), ext - R)
0
(R)?
(2.9

H) qzvalkBT[l(Te)l’z 3 (Te)3’2
ou(H)=— P18 o e 2 e
R=x+yx3+w—¢, w>e, (2.1 € 8a? 2\ T AT

_ 3 )
R=x+yx*, w<s, R, andR; are given as

whereW, is a constant and is the distance between two

states in the energy-space coordinates, called the range. We (Tc 3 9
— +oy
5

obtained the expression & by considering the asymptotic Ro= T

TC) 9 2( TC)5/3
o : ) T) 2857\ T) ¢
magnetic field wave functions of ShklovsRiiHere, y

=agq°H?/96h2, x=2p;;/ay, w=E;/kgT, ande=E;/kgT. s

Also, a, is the localization length, ang;; is the distance Rc:l_@ Z(E)
between two sites andj in the two-dimensional space co- ! 257\ T
ordinates. Note that the first term Ris the dominant term

compared to the subsequent terms. To evaluate the analytical T2 5(T.\%2 39 T.\52
results in the weak magnetic-field case, we considered this R8=<—e) + _< _e> — _7,2(_9) ,
condition. The effect of a magnetic field is entirely contained T S\ T 200\ T
in y.
In the evaluation of the magnetoconductance, we have 9 Te|?
considered the energy-independent and energy-dependent szl—Eyz(?) (2.5

densities of state$DOS) for the localized electrons. Mott
and other¥**assumed that the DOS of localized electrons isyg second order iny. Note that if we consider only the

constant and does not depend on energy. Later, Effos anfagnetic-field dependence, then to first orderyinve get
Shklovskif showed that if one includes the effect of ¢ the logarithm of the conductivity is proportional
electron-electron interactions, the DOS is not constant bujyr the constant density of states, in agreement with the van
depends on the energies of the localized electrons. TheX,c,m percolation resuftFor electron-electron interactions,

found that we get the new result that the logarithm of the magnetocon-
ductance is proportional td? also. When the magnetic field
D(w)=Do @>Acq/kgT, becomes zero, we see that we regain from(Zd) the well-
known Mott and Efros-Shklovskii hopping expressions for
D(w)=D;kgTeo'®™ Y w<A./kgT, (2.2 two-dimensional systenfs'
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B. Strong magnetic fields e

. e ;e yC3_, 6C;
In the presence of strong magnetic fields<a, while Ry =R 1- s EJF gER *ts E?’SR
pij>N\?la,), we obtain the following expression of the range ! ! !
using the asymptotic wave function of Shklovskii: 6 coct
28 'ysRe), (3.2
R= 7X2+ w—e, w>s 5 (Ci)z

R=yx% < 2.6
e eme @9 whereRe=(T/Tg)¥(c5) ¥, Re=(T/Tg)¥4c5) . Fol-

for QTD systems, where/=(a3/8\?). Using Eq.(2.6) and  lowing the method of Singh and ThompSdnwe get the
the method of Singh and Thompsdhwe get the expres- conductivity expressions for the constant and energy-

sions forR,, to first order ins as dependent DOS, respectively, as
Rc:Rcl_i CC CAC CrAC\3
nn Re/’ - :qvaOkBT[cg,cg ry CsCio 2cg(Ccg)
G R
RS =R°® 1—; : 2.7 +cgcg(cg)3 exp(—Rg)
(c9)? Ri

whereR®= (T/T,) " Y4(2y/3)Y? andR®= (T/T,) ~3(y/2)*3.
Following the method of Singh and Thompsthwe get
expressions of the magnetoconductivities for the constant D.(koT)2[ cece cect.  2c8(c)3
and energy-dependent DOS, respectively, as _97pD1(KsT) [ 579 5Cio_ 26(Co)

o I AR
2 —-1/2 1/2
emen-lrl 5]
o(H)= exg — |+ =1 | cges(cd)®| |exp —RS)
c 1602y Te 3 4 088 : M h 0 3.3
(c?) RI
2 —2/3 1/3
_ q VpkBTDl T Y
O'e( H ) = 16a,2,y ex Te 2 . (28) with
Note that the logarithm of the conductivity is proportional to
HY2 for the case of the constant DOS, in agreement with c ¢ c c c5 2cy - c5es o
Refs. 5 and 7 for strong magnetic fields. For electron- Ro=CoT ¥Cio, Ri1= g—?Y(Cg) +ch2 v(Ce)" ],
electron interactions, the logarithm is proportionaHd?, o !
IIl. THE EFFECT OF ELECTRIC FIELDS g 6Ci 6Cgcg
ON MAGNETOCONDUCTANCE t=cs+c5o, R§= —e—gy(cg)znL oo y(c§)?].
1 1 1

In this section, we will study the effect of electric fields

on the magnetoconductance. c . o )
The parameters; andc; appearing in the above expressions

are presented in the Appendix. F8<1 we get a3 depen-
dence for the logarithm of the conductivity for both the con-
In the presence of an electric field, the expression of thgtant DOS and the energy-dependent DOS. These results
range given in Eq(2.1) for a weak magnetic field\>a,  agree with the previous workif we consider the magnetic-
while ag= pjj=<\?/ay) becomes and electric-field dependence simultaneously, thergterl
we find that the logarithm of the conductivity is proportional
to B Y3+a;H%B for the constant DOS and3 *?
+a,H?/ 832 for electron-electron interactions. This shows
that the nature of th@ dependency of the conductivities will
where 3 is proportional to the electric fiel&, defined ag3 ~ change upon increasing the magnetic field. For weak mag-
=qE/2akgT, andq is the charge of one charge carrier. Us-netic and electric fields §<1) we get B?+asH?
ing Eq.(3.1) and the method of Singh and Thompsshwe  +a,H?8? for both cases. The factoes are numerical con-

A. Weak magnetic fields

R=x(1+Bcosd)+ yx3+w—e, w+XBCoH>¢e

R=x+vyx3, o+xBcod<e. (3.1

get the values oR,, as stants. For zero electric field, Eq8.3 reduce to Eqs(2.4).
For zero magnetic field, we recover the expressions of our
C Cc C 1
- 1_214_ 2¢c§ R°2+2% SRS previous papef.
" c¢R® 5¢¢ cs
5 e B. Strong magnetic fields
c5C
~3 ZC 32 ve C) , In the presence of an electric field, the expression of the
(c1) range given in Eq(2.6) for strong magnetic fields becomes
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R=yx’+XxBco+w—¢e, w+XBCOY>¢ the wave functionF(p) is written a§
— 2
R=yx%, w+xBco¥<s. (3.4 F(p)zexp(_g), @1
Using Eq.(3.4) and the method of Singh and Thomp36n
we get where the parametdr is called the scattering length and is
written as follows for two-dimensional systefhs:
B e
Ri =R 1-— - + . (35 1 1|43
" R® 8yR® myl/2R%2 b=— 1—(—) L, A>N"12 4.2
o al
€ B? e B? 4/3
RE=R® 1-—— +—F, _1 / 12\ -1/2 ~1/2
nn Re 4')’Re 4,yReZ b— ;|:1—q Nl/Za)\Z) ‘|, (a'N ) <\<N s
where R°= (T, /T)Y42y/3)Y?, Re=(To/T)?3(v/2)® and 4.3
y=aj3/8\2. Using the method of Singh and Thomp36émve
obtain the expressions for the conductivities for strong mag- b=s(A\2N'?), \<(aN¥?3)~12 (4.4
. . < . s 2 .
fr:zlt('jcs 1225131)@<a0, while pij>)"/a,) and weak electric whereN is the two-dimensional concentration of donor sites,

s and q’ are numerical constants, aridis a logarithmic
factor. This logarithmic factor is related to the size of a scat-
exp(—Rg) tering region and its physical interpretation is explained in
RS ’ detail in Ref. 12. Using Eq4.1), we obtained the following
expression oR:

_quDokBT[ﬂ ,32 / T)ll“( 3 )1/4

7™ 8aE \_;_7773/2\1—_0 Z

_ qupDy(kgT)? B exp— R?)
Te™ 8aE Y (R%)?

R=x(1+pBcod)+w—¢e, e<w+XBCOY,

, (3.6

= > .
to second order i, where R=X, &>w+XxBcod, (4.5

where nowx=2p;; /b. Note that Eq.(4.5) includes the ef-
T\ Y229\ 12 p2 B [ T\Y4 3\v4 fects of scattering, magnetic, and electric fields. The calcu-
C—( ) (—) Ri=1- ( ) ( ) , lated expressions of the conductivities in our previous

oAT 3 8y my2\ Te 2y articleé* would still be valid if we replace the localization
lengtha, with the scattering length. Therefore the expres-
o [T\ | B2 . B2 T\#3 2\ sions of the magnetoconductivities for the constant DOS and
Ro= (T) (5) - 4_y Ri=1- E( T_e) (;) . for electron-electron interactions can be written as
(3.7) .
Note that the logarithm of the conductivity is proportional to o :CoTGC(ﬂ)b/ Rot1 ex;{ _ (l) e
H'/2andB? for the case of the constant density of states, and ¢ E | R Te

is proportional toH'® and 82 in the presence of electron-
electron interactions. Considering the magnetic and electric
fields together, the logarithms of the conductivities give
HY2—ag;B?H ! for the constant DOS anH3—agB°H !

for electron-electron interactions, wheae and ag are nu- 2 0 12
merical constants. We see again that increasing magnetic P =ClT Ge('B)b/ Ret2 ex;{—(l)

fields will affect the electric-field behavior. For zero electric ¢ E \ (Ré)2 Te

fields, Eq.(3.6) reduces to Eq(2.8). We found that it was 2 14

difficult to get an analytical expression for the conductivity « }Jr 2_13+ it 3&) } (4.6)
for general electric fields. 2 7 Y4 ’ '

respectively, wher&®’, RY, RS, R, G(B), andG(B) can
be found from our previous workThe parameters, andc,

In this section we will include the effect of scattering on are changed from befdt@nd are nowco=qgkgDov,/4 and
the conductivity in the presence of magnetic and electric1=0(ks)’D1vp/4. Likewise, T, and T, are changed, and
fields. As the impurity concentrations in a sample increasefow depend on the scattering lengthThey will be given as
the average hopping length exceeds the mean distance bB:= 12T (4/3)]13/7Dgkgb and T ={4gT(5/4))°/
tween impurities. Thus a hopping electron meets many otherD;k3b?}*2. Notice thatR? and RJ now depend on the
impurities and scattering between the electron and impuritiesagnetic field through their dependenceTnandT,. The
occur. It is evident from three-dimensional experiments thatogarithms of the conductivities will behave bs ' for the
scattering plays an important role in the understanding otonstant DOS and~*? for electron-electron interactions,
VRH magnetoconductanéeln the presence of scattering, with respect to the scattering length. The exact form of the

IV. SCATTERING
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p(0)

InH

FIG. 1. Magnetoresistance at 4.2 K from van Ancatral. (Ref. 5 with theoretical fit.

magnetic-field behavior depends on the form of the scatterial parameter dependences. This allowed them great latitude
ing length given in Eqsi4.2), (4.3), and(4.4). For example, in fitting the experimental data by using these expressions.

for A<(aN¥?)~12 we find anH'"® dependency for the con- ~ We tried to explain the above experimental results by us-
stant DOS andH'? for electron-electron interactions. For ing our theoretical expressions. Their experiments were per-
zero electric fields the expression feg reduces to formed at very low electric fields, therefore we have ne-

glected the effect of electric fields in our calculations. The
experiments were also performed at very low temperatures
Oe= erxl{— 1. (4.7 where electron-electron interactions have been shown to be
€ important in PBCC. We used the magnetoconductance ex-
with To,xH. The above expression is in agreement withpressions derived for electron-electron interactions to explain
Shklovskii's two-dimensional percolation magnetoconduc-their data. Note that our magnetoconductivity expressions
tance result. include complete exponential and pre-exponential parts. In
It is interesting to note that the temperature dependencebke absence of scattering, we did not find a good agreement
of the conductivities in the presence and absence of scattebetween theory and experiment. This contradicts the finding
ing given by Eqs(4.6) and(3.6) respectively, are quite dif- of van Ancumet al® When we included the effect of scat-
ferent. Therefore, one can observe the effect of scattering itering in our calculatiofEq. (4.6) for electron-electron in-
QTD materials by measuring the temperature dependence téractiong a good agreement between theory and experiment
the magnetoconductivity. Similar conclusions were drawrnwas obtained. The best fit was found when we used£8)
for three-dimensional materidisThe electric-field depen- for the scattering length. Equati@d.3) can be rewritten as
dences of the QTD magnetoconductance in the predége
(4.6)] and absencgEgs. (3.6), (3.3)] of scattering are also 1
different. Hence, one can also observe the effect of scattering b= —[1-kH*?, (aNY®) 2<)<N"2 (5.1
through the electric-field dependence of the magnetoconduc- @
tivity of a QTD material.

T ) —-1/2

wherex=q’' (e/NY2a#)*3. To fit the above experiments we
usedx as the only fitting parameter. A good agreement was
found fork=7x10"% T~*3 The values of the other param-
Recently, van Ancunet al® have measured the magne- eters were taken from Ref. 4 &,=7.4x 10°%1/Pm? and
toresistance of PBCO thin films and found an exponentiall/a=8X10"° m. The theoretical results along with the ex-
positive magnetoresistance. To explain their experimentgeriment data are presented in Fig. 1. One can see that there
they modified three-dimensional percolation expressions oére slight discrepancies between theory and experiment be-
the magnetoconductarfcdor the two-dimensional case. low InH~0.3 and above IH~2.3. The disagreement may be
They found that the logarithm of the conductivity is propor- due to the simplicity of the wave functidieq. (4.1)] and the
tional toHY? for strong(i.e., A\ <a,) magnetic fields, ant#i>  approximations made to derive the analytical result of the
for weak (i.e., A>ay) magnetic fields. Their expressions magnetoconductivity. Using the value of given by Eq.
were incomplete in the exponents as they included no mate5.1), we found that the logarithm of the conductivity is pro-

V. DISCUSSION OF RESULTS
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Ib 5 ‘%& Qf«%’ % ‘% 5

0.2

FIG. 2. Predictions for weak magnetoconductance in PBCO at various electric fields for nonscattering case.

0.2

FIG. 3. Predictions for weak magnetoconductance in PBCO at various electric fields for scattering case.
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portional to[ 1/a(1— xH*3]~ 2 Sincex is small, we can - 32
expand the given expression in a Taylor series. Finally, we cI=mnpt §+,3+ 4
get that the logarithm of the conductivity varies a4 for
the PBCO thin film.

From the condition ¢N*?)~Y2<\<N~*2 given in Eq. e_ 2T
(5.1), we can put bounds on the value of the two-dimensional © 10 20 5
concentratiorN. From this condition, we have estimated that

_377775 37 6_B 3’7Tﬁ2 Ce:(T_e) llz(ce)—l/4
4 o T 1 '

the value ofN lies between 18 and 13? cm™2. This in turn 1/T.\ ¥ ¢S
allows us to estimate the maximum value of the unknown c§0=§< ?) o7
parameterq’ ~10 2 which appears in the expression of (c1)

Kabasaweet al.l proposed a condition for metal-to-insulator The factorSnl throughyls are functions oﬁ_ N1, N2, and 73
transition in PBCO which is eXprESSEngZ/a’NO.SS. This can be found in our previous Woﬁand N4y 75 and 76 are

equation gives am of about 16* cm™?. Hence, one can given as
conclude that the PBCO samples of van Ancetral. are
near the criterion of metal-insulator transition. 83
Using the parameters obtained from Fig. 1, we have also 4= 3715, B=1,
calculated the conductivity in the presence and absence of
scattering as a function of electric and magnetic fields for the
PBCO thin films. The electron-electron interaction magneto- _ B(6B°—23B'+8B°—96) (8+24B%+3B%)
conductance f(_)rmulas are used to calpulate Figs. 2 and 3 for 74~ 247 (1— B2) + 4m(1— B2)%2
the nonscatterinfEq. (3.3)] and scatteringEq. (4.6)] cases,
respectively. We chose a range of magnetic field strength 1-8
which falls within the range of the van Ancum experiment. Xtan | —| B<1, (A2)
By comparing these two figures, one can see clearly the ef- 1-8
fect of scattering on the electric and magnetic-field depen-
dence of the magnetoconductance. B(6B8°—23B%+8B%—96) +(8+24ﬂ2+ 384

e 24m(B2—1)* 8m(B2—1)%?
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75=35— B=1
APPENDIX
The parameters appearing in Eg.3) are given below. B(58°—2B%-18)  (2+3B?)
5=
677(1_ﬂ2)3 77(1_’32)7/2
.1 2B 1 . 1 58
Ci=5t—+m, C=5+m, C3=5+—+mn, 1-8
2 @ 2 2 @ _q
Xtan | —| B<1, (A3)
V1-p?
1 . 1 28 3p°
Ca=g T M Ci=pt -+t _—B(5B°-2B°-18)  (2+3p?
s 6m(B2—1)3 2m(B2—1)7R
1 58 1582 _
c=ct, i+ e xcostii(g)  p>1
2 4
o ™ T8 1 mwe 7B 1 7 6ar P
53 6 3’ 6 5 4 5’

(2B°-5B%+84B%+24)  5B(4+3p%)

c ﬂ (o G - -
7:% % = 8:%+g+3, (A1) 24m(1—- %)% 4m(1—?)9"2
_ -B
X tan 1( ) B<1, (A4)

. Tc 1/3 o1 . 2 TC Cg A\ 1—[82
[ n adl T

1 (2B5—5B%+84B2+24) 58(4+3B?)

MNe=

2m(B2-1)*  8m(p2-1)°
= 3 5 B =5 54 2A xcosh (8) B>1.
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