
PHYSICAL REVIEW B 15 MAY 1998-IVOLUME 57, NUMBER 19
Non-Abelian geometric phases and conductance of spin-3
2 holes
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Angular momentumJ5
3
2 holes in semiconductor heterostructures are shown to accumulate non-Abelian

geometric phases as a consequence of their motion. We provide a general framework for analyzing such a
system and compute conductance oscillations for a simple ring geometry. We also analyze a figure-eight
geometry that captures intrinsically non-Abelian interference effects.@S0163-1829~98!13519-1#
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I. INTRODUCTION

A nondegenerate quantum state undergoing adiabatic
lution accumulates both a dynamical as well as a geome
~Berry’s! phase.1,2 The geometric phase is responsible for
wide array of interference phenomena, and has been m
sured in optics,3 with neutral beams,4 and by magnetic
resonance.5,6 Most theoretical and experimental work has f
cussed on the adiabatic evolution of nondegenerate ei
states, where the geometric phase may be interpreted as
ing from aU(1) gauge potential. The canonical example
that of a spin in a constant amplitude magnetic fieldB(t)
5Bn̂ whose directionn̂ varies in a closed path over the un
sphere.1 The phase is determined by the solid angle s
tended byn̂ in the course of its evolution.

In certain high-symmetry situations, an entiren-fold de-
generate set of levels may adiabatically evolve. Wilczek a
Zee7 showed that in such cases theU(1) geometric phase
generalizes to aU(n) matrix,

U5PexpS 2 i R Aidl i D ~1!

where Aab
i 52 i ^au]/]l i ub& is the gauge potential matri

(ua&, ub& are adiabatic eigenstates!, $l i(t)% is a set of slowly
evolving parameters, andP is the path ordering operato
Such a system may exhibit non-Abelian effects in whic
e.g., one member of a multiplet evolves into another up
completion of a cycle in parameter space. One example
this phenomenon is in crystalline nuclear quadrupole re
nance ~NQR!, since the quadrupole HamiltonianH
5 1

2 Qi j I i I j is quadratic in the spin. When the electric-fie
gradient tensor has cylindrical symmetry, the Hamilton
can be taken to beH5\vQ(n̂•I )2, wheren̂ lies in the di-
rection of the principal axis ofQi j . The non-Abelian gauge
structure for this problem was discussed in Refs. 8–10
measured in theI 5 3

2 nucleus 35Cl by Zwanziger, Koenig,
and Pines.11 Paths in whichn̂ rotates about more than on
axis are essential if intrinsically non-Abelian aspects are
be captured.
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In this paper we consider an alternative setting for
observation of the non-Abelian geometric phase. We st
angular momentum-3

2 holes confined to conducting loops em
bedded in a two-dimensional hole gas of a heterostructure
hole’s momentump @or coordinatef(t) in a ring# acts as an
adiabatically changing quantization axis for its angular m
mentumJ. For motion around a ring, however, this amoun
to a rotation about only one axis. To exhibit the non-Abeli
effects lurking here, we propose to effectively place the s
tem in a rotating frame by imposing a static magnetic fieldH
in the plane of the ring.12 Intrinsically non-Abelian interfer-
ence effects are measurable in the conductance oscilla
of the figure-eight device discussed below~see Fig. 2!. An-
other notable feature is that unlike the case studied in Re
and 11, both hole doublets manifest a non-Abelian h
lonomy.

The coupling ofp to J, which arises naturally within a
k•p treatment of conduction electron and valence hole sta
is analogous to the spin-orbit interaction. It is qualitative
different, however, from the spin-orbit splitting of electro
states.13,14 For electrons in zinc-blende crystals, the sp
states are split because of the inversion asymmetry, whic
a quantum well or heterostructure leads to a linear coup
between spin and momentum;15 another source of linear cou
pling is the asymmetry of the quantum well or heterojuncti
itself.16 The electron’s momentum then acts as an in-pla
component of the magnetic field, and as the electron mo
around a ring its spin quantization axis traverses the u
sphere at a colatitudeu5tan21(Hz /lpf), whereHz is the
physical magnetic field~oriented perpendicular to the plan
of the ring!, pf is the azimuthal component of the electron
momentum, andl is a coupling constant.17 ~The Abelian
geometric phase due to an effective momentum-depen
field predicted in Ref. 17 has recently been experimenta
observed in Ref. 18.! Although the spin-orbit coupling is by
nature a relativistic effect, it is effectively enhanced in
crystalline environment, and the fictitious in-plane comp
nent of the field can be of considerable magnitude,19 al-
though the splitting of↑ and↓ states is still much less tha
the kinetic energy of the electrons.

This situation is quite different for holes in group IV o
III-V semiconductors, which are characterized by a 434
12 302 © 1998 The American Physical Society
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matrix Luttinger Hamiltonian, acting on states in theG8 rep-
resentation of double groups ofTd or Oh .13,14,20The effec-
tive Hamiltonian for bulk holes contains a term (p•J)2,
which distinguishes between light- (Jz56 3

2 ) and heavy-
(Jz56 1

2 ) hole branches. This term is large and is presen
bulk centrosymmetric materials. In contrast to the elect
case, characterized by the effective magnetic field, the h
Hamiltonian is thus characterized by the effective quad
pole tensor field. This leads to non-Abelian effects, wh
can be probed in the conductance of the double loop dev
discussed below.

II. HAMILTONIAN AND ITS GAUGE STRUCTURE

The effective Hamiltonian for the valence band is writt
in terms of a spin-32 operatorJ and the crystal momentum
p:14,21

H52~A1 5
4 B!p21B~p•J!2, ~2!

whereA (B) is given by 1
4 \2(mlh

216mhh
21), in terms of the

light hole and heavy hole masses. For simplicity, in t
work we take the Hamiltonian for bulk holes in the spheric
approximation; we also neglect all terms in the Hamilton
that arise due to the absence of inversion symmetry. C
sider now a geometry in which holes are confined to a r
lying within the plane perpendicular to theẑi(001) axis. The
radial coordinater is constrained to lie betweenR and R
1a, with a!R and the coordinatez is also confined. Then
the spin-dependent part of the effective Hamiltonian read

Heff5^pz
2&BJz

21 1
4 ^pr

2&B~J1e2 if1J2eif!2, ~3!

valid to ordera/R, with ^pr
2&'p2\2/a2, and^pz

2& depending
on the confining potential. We now treat thef motion semi-
classically and letf(t) be a prescribed function of time, wit
df/dt5v for motion around a ring.22 The spin Hamiltonian
becomesH5K(n̂•J)21JJz

2 , whereK5B^pr
2&, J5B^pz

2&,
and n̂5 x̂cosf(t)1ŷsinf(t) is the time-varying principle
quadrupole axis for our problem. Now this quadrupole fie
rotates about only one axis, and in order to extract n
Abelian effects from this setting, we must effectively intr
duce another axis of rotation by applying anin-plane mag-
netic field H5Hxx̂, which adds a termH852gmBHxJx /\
to the Hamiltonian. Note that there is no perpendicular co
ponent, hence no orbital effects of the magnetic field.
then eliminateHx by shifting to a rotating basis via the gaug
transformation uc&5exp(2iVtJx /\)uc̃&. In this basis, the
Hamiltonian becomes

H̃5V†H̃0V~ t !,

V~ t !5exp@ if~ t !Jz /\# exp~ iVtJx /\!,

H̃05KJx
21JJz

2 , ~4!

with V5gmBHx /\. This Hamiltonian is similar to that ex
plored in Refs. 6, 8 and 11 in the context ofJ5 3

2 NQR,
althoughH̃0 in our case is anisotropic.

We next compute the non-Abelian gauge potential ma
Aab(t):
n
n
le
-

e,

l

n-
g

-

-
e

x

Aab~f!52 i ^ã~ t !u
d

df
ub̃~ t !&, ~5!

where uã(t)&5V†ua& is an adiabatic eigenstate ofH̃. The
eigenstates ofH̃0, expressed in eigenstates ofJz , form two
degenerate blocks (s56):

u1,s&5usu2 3
2 &1vsu1 1

2 &,

u2,s&5usu1 3
2 &1vsu2 1

2 &,

Es5 5
4 ~K1J!1sAK21J22KJ, ~6!

with u15v25cos1
2q, v152u25sin1

2q, and where tanq
5A3K/(2J2K). The 434 gauge potential matrixAab is
block diagonal in this basis with 232 subblocks

Av
6~f!5S a b

b* 2aD ,

a5~ 1
2 6cosq!, ~7!

b57A3

2

V

v
sin qe2 if2 1

2

V

v
~17cosq!e1 if.

This gauge potential determines the adiabatic evolution
wave functions of holes. Finally, theU(2) phase accrued by
a state evolving according to the HamiltonianH1H8 is

U~ t1 ,t0!5eikFLe2 if1Jz /\Lq
† Wv~f1 ,f0!Lqe1 if0Jz /\,

Wv~f1 ,f0!5P expS 2 i E
f0

f1
dfAv~f! D , ~8!

whereLq transforms from theJz eigenbasis to the basis o
Eq. ~6!, kF is the Fermi momentum of the holes,L is the
distance traveled, and where the path ordering oper
places earliertimesto the right. Adiabaticity is satisfied pro
vided v,V!AK21J22KJ.

III. CONDUCTANCE OSCILLATIONS IN A LOOP

We next consider the ballistic transport of holes in t
upper (s51) doublet through a ring confined to the two
dimensional hole gas. High-mobility hole gases have b
investigated experimentally in Ref. 23. The mobility
'106 cm2/V s in these samples makes ballistic transport
such constrictions feasible. We assume that the ring is c
nected to leads through two antipodally placedT junctions,
each described by theS matrix,24

S5S r
1

A2
A12r 2

1

A2
A12r 2

1

A2
A12r 2 2

1

2

1

2

1

A2
A12r 2

1

2
2

1

2

D , ~9!
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wherer is the reflection amplitude for a wave incident fro
the incoming lead, and where, for simplicity, we assume t
S is real and is diagonal in the basis of Eq.~6!. In Fig. 1 we
plot the transmission probabilitiesTss85Ts8s—due to the
non-Abelian geometric phase an incoming hole in st
u11& may be transformed with probabilityT12 to the state
u21&. The conductance of the device is given byG
5 (e2/h) (ss8Tss85(2e2/h) T ~since both degenerate lev
els are occupied in the incoming lead!. In our computations
we assumed that holes are confined to a plane thickness
Å, the Fermi energy~for holes! is 2 meV, the ring radius is
1mm, and the width of the ring and leads is 400 Å. Th
corresponds to a rotation frequencyv5pF /mhR;4.84
31010 Hz.

TheTss8 are plotted forkFR50.370~modp)—the quali-
tative results are roughly insensitive to this parameter—a
function of V/v for two values of q at both weak (r
50.10) and strong (r 50.85) coupling of leads to ring. With
g52.6 as in GaAs, we haveV/Hx52.2831012 Hz/T, so a
ratio of V/v54 corresponds to a field of 0.85 T. The res
nances arise due to interference effects both Abelian
non-Abelian in origin—the intrinsically non-Abelian effec
manifested inT12 are not possible to isolate in this geometr

IV. FIGURE-EIGHT DEVICE

The device depicted in Fig. 2 probes non-Abelian int
ference effects. Holes incident from leadA may scatter into
branchB of the figure eight or else continue on to leadF.
Neglecting the effect of the magnetic field on the conta
themselves, we assume a time-reversal invariant~i.e., sym-
metric! S matrix for theABEF vertex of the form25

S Aout

Bout

Eout

Fout

D 5S u v 0 t

v 2u t 0

0 t u 2v

t 0 2v 2u

D S Ain

Bin

Ein

F in

D , ~10!

FIG. 1. Transmission coefficientsT11 and T12 as a function of
V/v for a simple ring geometry.
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whereAin is a two-component vector describing the incide
flux of holes in the upper doublet. The real parameterst,u,v
satisfy t21u21v251 and are assumed to be the same
both states of the doublet.t'1 corresponds to weak cou
pling between the leads and the figure eight, andS1,35S2,4
50 means that there is negligible backscattering betweeE
andA and betweenB andF. The vertex at the center of th
figure eight is assumed to passB to C and D to E with
negligible scattering into other channels, i.e., theEDCB S
matrix corresponds to that of Eq.~10! with t51. This en-
sures that holes that enter the figure eight through brancB
will execute aBDCE circuit before entering the leadF or
being rescattered intoB. Such a scattering matrix for th
BECD contact is realized when this contact is collimatin
i.e., it conserves the momentum of holes. The conserva
of momentum in the course of transmission through the c
tact holds if dimensions of the contact are larger than
wavelength of holes, so that diffraction effects are su
pressed. Such contacts are technologically feasible and w
studied in electron transport~for a review, see Ref. 27!. Un-
der these conditions, we may write the relation betweenB
andE as

FIG. 3. Transport through the figure eight. The parameters
Eq. ~10! are related toh by t5cosh, u5v51/A2sinh. kFL
50.19pmodp in all cases, whereL5LB1LC1LD1LE is the dis-
tance traveled in the figure eight.

FIG. 2. Figure-eight device.
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Ein5eikFLWv~0,2p!W2v~2p,p!Wv~p,0!Bout,
~11!

Eout5e2 ikFLW2v~0,p!Wv~p,2p!W2v~2p,0!Bin .

This result, in conjunction with Eq.~10!, determines the
ballistic conductance of the figure-eight device. It is easy
see that whenV50 ~no in-plane field!, the gauge potentia
Av is diagonal and there are no non-Abelian effects—
quadrupole field rotates only about theẑ axis. This reduces
the products ofW matrices in Eq.~11! to the unit matrix, so
that the only interference between the pathsAF and
ABCDEF is due to the difference in their lengths. In Fig.
resonances in the transmission probability for the figu
eight device are shown~we use parameters identical to tho
for the ring!. We find pronounced oscillations with the vari
ys

e

ris
e-
u

o

e

-

tion of magnetic field. These oscillations are a non-Abel
effect, because the path executed by the holes correspon
a zero net solid angle subtended by the effective quadru
field,26 meaning that Abelian effects are canceled.

We note that the interaction of holes moving in constr
tions with localized holes or nuclei via spin-spin interactio
leads to possibilities of observing non-Abelian phases
nuclear-~spin-! resonance experiments. Yet another option
to study optical transitions of constricted holes.

We are grateful to Alex Pines for interesting discussio
of non-Abelian settings and to Richard Webb for very use
remarks about adiabatic contacts. We also thank P. Goldb
A. Leggett, A. Manohar, and L. J. Sham for discussio
Y.L.G. acknowledges support by the National Science Fo
dation under Grant No. NSF-DMR 91-57018.
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