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Total energy differences between SiC polytypes revisited

Sukit Limpijumnong and Walter R. L. Lambrecht
Department of Physics, Case Western Reserve University, Cleveland, Ohio 44106-7079

~Received 18 July 1997!

The total energy differences between various SiC polytypes (3C, 6H, 4H, 2H, 15R, and 9R) were calcu-
lated using the full-potential linear muffin-tin orbital method using the Perdew-Wang generalized gradient
approximation@I. P. Perdew, inElectronic Structure of Solids ’91, edited by P. Ziesche and H. Eschrich
~Akademie-Verlag, Berlin, 1991!, p. 11# to the exchange-correlation functional in the density-functional
method. Numerical convergence versusk-point sampling and basis-set completeness are demonstrated to be
better than 0.5 meV/atom. The parameters of several generalized anisotropic next-nearest-neighbor Ising mod-
els are extracted and their significance and consequences for epitaxial growth are discussed.
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I. INTRODUCTION

Despite many years of study, the origin of polytypism
SiC is still not completely understood. A much debated qu
tion is whether polytypism is a manifestation of kinetic fa
tors during growth or whether polytypes should be viewed
distinct ~possibly metastable! thermodynamic phases with
specific stability range of external parameters~such as pres-
sure and temperature!. In a thermodynamic approach to th
problem, the most important quantities are the total fr
energy differences between the various polytypes. A ma
contribution to the latter is the energy difference at zero te
perature. Vibrational entropy contributions at higher te
perature were discussed by Heineet al.1,2 and Zywietzet al.3

Several groups have performed first-principles local-dens
functional calculations of these energy differences using
norm-conserving pseudopotential plane-wave method4–8

However, there are significant discrepancies between the
sults of various calculations for these energy differenc
which are of order of a few meV/atom or less. More se
ously, the three more recent calculations appear to invalid
some of the important conclusions drawn from these ca
lations by the early work of Heineet al.1

Heineet al.1 discussed the relative energy of polytypes
terms of a generalized anisotropic next-nearest-neigh
Ising ~ANNNI ! spin model in which the energy of a give
polytype ~per atom! is written as

E5E02
1

N(
i ,n

Jns is i 1n , ~1!

in which N is the number of layers in the system, a ‘‘spin
s i561 is associated with each~close-packed! SiC double
layer such that parallel spins represent a locally cubic sta
ing, and antiparallel spins represent a locally hexago
stacking. The parametersJn represent the interlayer interac
tion between succesively farther removed layers andE0 is a
common energy reference. In terms of this model trunca
beyondn53, the energies of some of the polytypes of inte
est are given in column 2 of Table I. According to Hein
et al.,1 what distinguishes SiC from other semiconducto
and leads to the multitude of stacking arrangements con
570163-1829/98/57~19!/12017~6!/$15.00
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tuting polytypism is thatJ1>22J2.0 ~with Jn!J1,2 for n
.2). For this special ratio ofJ1 /J2, a multiphase degen
eracy point occurs in the ANNNI model corresponding to
phases consisting of successive bands of two or three par
spins~which in the following we will call 2-3 banded poly
types!. This would explain the relatively frequent occurren
of polytypes such as 6H ~which is ^3& in Zhdanov notation,9

indicating that it consists of bands of three parallel spin!,
4H or ^2&, and 15R or ^32&, in contrast to polytypes such a
8H or ^4&, 10H or ^5&, and 2H or ^1&, which are rather rare
Surprisingly, recent calculations6–8 found that J1,uJ2u, a
condition very far away from the multiphase degenera
point. Furthermore, in some of these results,6,7 the energy
differenceE2H2E3C is found to be smaller than the energ
difference between 3C and any of the other low-energ
polytypes. This makes it difficult to understand why 2H is
such a rare polytype.

The purpose of the present paper is to systematically
evaluate these energy differences of polytypes includ
some not previously calculated ones and to discuss the m
ing of the ANNNI model parameters in the light of thes
results. Since the accuracy is a crucial matter here, we
discuss the computational method and associated con
gence parameters in some detail.

II. COMPUTATIONAL METHOD
AND CONVERGENCE TESTS

The computational method employed is the full-potent
linear muffin-tin orbital method as implemented b
Methfessel10 and van Schilfgaarde.11 The total energy is cal-
culated using the density-functional method using the gen
alized gradient approximation~GGA! for the exchange-
correlation energy of Perdew and Wang.12 For the E2H
2E3C energy difference, which is of particular concern b
low, we verified that other exchange-correlation functiona
such as the Langreth-Mehl GGA~Ref. 13! and the
Ceperley-Alder14 and Hedin-Lundqvist15 parametrizations of
the local-density approximation, yield results that do not d
fer by more than 1 meV/atom from those for the Perde
Wang GGA adopted in the rest of this paper.

In all results presented below, we used the ideal str
12 017 © 1998 The American Physical Society
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TABLE I. Energy differenceDEP5EP2E3C for various polytypesP in meV/atom.

P ANNNI FP LMTO nmax52a nmax53b K term nmax531Kc

2H 2J112J3 2.7 2.7 2.7 0 2.7
4H J112J21J3 21.2 21.2 21.2 0 21.2
6H 2

3 J11
4
3 J212J3 21.05 20.08 21.05 2

4
3 K 21.05

9R 4
3 (J11J2) 1.0 0.1 0.3 2

4
3 K 1.0

15R 4
5 (J112J212J3) 21.5 21.0 21.1 2

4
5 K 21.1

15R8 4
5 (2J11J21J3) 1.1 1.3 2

4
5 K 1.6

8H 1
2 (J112J213J3) 20.6 20.8 2K 20.9

10H 2
5 (J112J213J3) 20.5 20.6 2

4
5 K 20.7

aUsing J151.350,J2521.285, andJ350, extracted from the first two polytypes.
bUsing J151.528,J2521.285, andJ3520.177 meV/atom, extracted from the first three polytypes.
cUsingJ151.781,J2521.275,J3520.431, andK520.244 meV/atom, extracted from the first four pol
types.
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tures, but relaxed the total energies with respect to volu
All polytypes were found to closely obey the expected re
tion ah5ac /A2 andac was found to be 4.33 Å, within 1% o
the experimental value. To check the uncertainties in
duced by using ideal structures, we performed relaxations
2H SiC. We foundc/a51.644, which is slightly larger than
the ideal ratioc/a5A8/351.633, in good agreement wit
experiment,16 which gives c/a51.641. We obtain u
50.3745, which is very close to the ideal value of 3/8. T
important point is that the total energy per atom in 2H was
reduced by only 0.6 meV/atom by relaxation of the structu
In the above calculation, an intracell parameteru relaxation
was performed for eachc/a. This energy lowering is consis
tent with the value estimated from the elastic constants fo
distortion from the minimum energyc/a5h to the idealc/a,
given byDE5(1/9)(dh/h)2V@C3322C131(C111C12)/2#,
in which V is the volume per Si-C pair. This expressio
equals 0.56 meV/atom using the elastic constants give
Ref. 17. Since other polytypes of type 2nH are found experi-
mentally to havec/a values closer to the ideal value o
nA8/3, 2H is the extreme case and places an upper limit
the errors introduced by using ideal structures. The effec
internal cell structural parameters is even an order of ma
tude lower. From the TO-phonon frequency in SiC of
THz,17 we can estimate the force constantk for the Si-C
bond-length distortions to be 18 eV/Å2. Thus the change in
energy per bond related to a bond-length change ofd l
5(du)c is DE5(1/2)k(d l )2. This gives only 0.03 meV/
atom for our calculateddu, in good agreement with our di
rect calculation. High-precision theoretical determinations
the atomic relaxations were reported by Ka¨ckel et al.7 They
confirm that the bond lengths differ by less than 0.3% fro
the ideal bond length, which according to the above estim
would give at most 0.14 meV/atom for the relaxation ener
As far as atomic relaxation effects on the total energies
concerned, our results differ substantially from theirs.
their results without atomic relaxations or cell-shape rel
ations, 2H lies about 8 meV/atom above 3C and the energy
of the polytypes increases monotonically with hexagonal
They find the internal cell atomic relaxations to have
marked effect on all hexagonal polytypes resulting in a low
energy than 3C for 6H and 4H and a substantial reductio
of the 2H to 3C energy difference to only 1 meV/atom. Th
e.
-

-
or

.

a

in

n
of
i-

f

te
.
re

-

.

r

implies that the relaxations would produce relative chan
of 3, 4, and 7 meV/atom for 6H, 4H, and 2H, respectively.
This is inconsistent with the above estimates based on ela
and force constants and with our explicit calculations. T
origin of this discrepancy is not entirely clear. However, t
comparison between their relaxed and unrelaxed energie
complicated by their use of differentk-point sets for the two
calculations. As will be shown below, converged Brillou
zone integrations are an important requirement for draw
conclusions about polytype energy differences. As we w
show below, we find 6H and 4H to have lower energy than
3C without cell shape or internal position relaxations.

With respect to self-consistency, all total energies w
converged to better than 0.1 meV/atom. The contribution
the total charge density from each angular-momentum c
ponent were converged to a root-mean-square error less
1024 electron. Within the full-potential~FP! linear muffin-tin
orbital method~LMTO!, the wave functions are expanded
an extended basis set of muffin-tin orbitals with differe
spatial decay constants~i.e., spherical Hankel envelope func
tion exponentsk). Figure 1 shows results for different bas
sets for theE2H2E3C energy difference and the individua
cohesive energies ofE2H andE3C . The notation for the basis
set is illustrated as follows:dps means up tod orbitals for
the first k520.05 Ry, up top for the secondk521 Ry,
and ones orbital for the thirdk522.3 Ry. The unfilled bars
in the bottom graph giveE2H , the filled onesE3C . The top
graph gives their energy difference in meV/atom. The das
lines indicate the corresponding information for the sa
basis sets withf orbitals added for the firstk. We can see
that the contributions of each orbital to the total cohes
energies are several 10 meV and that increasing the bas
decreases the energy. Adding thef orbitals makes about a
230-meV contribution independently of which basis set th
are added to. The thirdk, d orbital contributes only about
27 meV to the total energy. The most important point is th
the polytype energy difference is stable at 2.460.3 meV/
atom for the four most complete basis sets considered. A
ing empty sphere orbitalss andp and the secondk, s to the
ddp basis set changed the energies by only28 meV and is
thus also considered ineffective. For polytypes with ma
atoms per unit cell, the calculations with the basis sets lar
than f dp tend to become unstable. If the basis set is v
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close to completeness, slight numerical errors can make
basis set appear overcomplete or linearly dependent. The
timal basis set is thus considered to bef dp and used system
atically for the other polytypes.

The integrations over the interstitial region are done us
an auxiliary set of spherical Hankel functions times spher
harmonics for the expansion of products of two Hankel fu
tions. These expansions are cut off atl max56. We found that
this cutoff is necessary to make the results stable and in
pendent of the sphere radii choice. The empty spheres w
chosen to be nearly touching with two empty spheres eq
in size to the atomic spheres~Si and C being chosen equa!
in each cubic stacking double layer unit and a lar
(1.134satom) and small empty sphere (0.666satom) in each
hexagonal unit. The large spheres occupy the empty cha
in the wurtzite structure. That is, if atoms are taken to sit
A andB positions in the basal plane, the large empty sphe
occupy theC positions in the plane at a height halfway b
tween the bonding Si and C atoms in theA position. The
small spheres occupy the sites halfway between the Si an
atoms opposite to the nearest-neighbor Si-C bond along tc
axis. In cubic SiC, the spheres occupy about 68% of the
cell volume. In 2H they occupy 63% of the volume and i
other polytypes the filling is in between these values in p
portion to the degree of hexagonality@i.e., the ratio of the
number of hexagonally stacked layersh to the total ~i.e.,
hexagonal and cubicc) number of layersh/(h1c)#.

The next convergence issue to consider is the Brillo
zone integration. The Monkhorst-Pack18 specialk-point sam-
pling technique is used with the number of divisions alo
reciprocal lattice vectors in the basal plane equal toN and
along thec axis equal toM . For longer polytypes~along the
c axis!, one needs fewer divisionsM along thec axis. Rather
than picking exactly equivalent sets for each polytype a
thus counting on error cancellation, we pickedM large

FIG. 1. Basis-set convergence ofE2H2E3C . The bottom graph
shows cohesive energies of 2H and 3C as open and filled ba
graphs with various basis sets as indicated. The top graph sh
E2H2E3C . Dashed~full ! lines are results for whichf orbitals are
~not! included.
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enough to ensure absolute convergence. For 2H, we used
M5N and for longer polytypes we reduced toM5N/2 for
the largerN values. Figure 2 shows the results for vario
polytypes as a function ofN. The quantity shown is
DEP(N)2DEP(`), whereDEP(N)5EP(N)2E3C , the en-
ergy difference for a given polytypeP from the absolutely
converged value ofE3C calculated withN5M510, and the
value ofEP(`) is estimated by extrapolation so as to ensu
that all results fall on a universal curve. This clearly sho
that the final valuesDEP(`) are converged to better than 0
meV/atom.

III. RESULTS AND DISCUSSION

The converged energy differences of the polytypes w
respect to 3C, i.e., DEP(`) as defined in the preceding se
tion, are given in column 3 of Table I. They are compar
with those of previous calculations in the literature in Fig.

Next, we extract theJn parameters. Columns 4 and

ws

FIG. 2. Brillouin zone sampling convergence.N is the number
of divisions along the two basal plane reciprocal lattice vecto
Circles, 2H; squares, 4H; filled diamonds, 6H; upward triangles,
9R; downward triangles, 15R. The full line curve is a power-law fit
e13N27.4. The values ofDEP(`) are given in Table I.

FIG. 3. Energy differences between various polytypes: comp
son with other calculations.
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12 020 57SUKIT LIMPIJUMNONG AND WALTER R. L. LAMBRECHT
correspond respectively to truncation atnmax52 and nmax
53 using the energy differencesE2H2E3C and E4H2E3C
as input in the first case and additonallyE6H2E3C in the
latter case. The other polytypes then allow for a check of
consistency of this model. We find theJn parametersJ1 and
J2, as listed in Table I, to be nearly independent of whet
or not J3 is included. Furthermore, we findJ1.uJ2u.

Our results are somewhat closer to those of Heineet al.1

than the other recent results, particularly thatE2H is higher
aboveE3C by an amount significantly larger than the oth
polytype energy differences. Also, we find the various 2
banded polytypes to be closer to each other than in the o
calculations. Nevertheless, our results are far from the m
tiphase degeneracy pointJ1522J2. As Heineet al. pointed
out, the energy of a twin boundary, i.e., the energy cost o
boundary between all up-spin and all down-spin cubic h
crystals, is given by

Etwin52~J112J2!. ~2!

According to Heineet al., this is nearly zero and hence e
plains why many twin boundaries in an otherwise cubica
stacked crystal are likely to occur. With our present values
theJn parameters, the energy cost of a twin isnegative. This
implies that twins are even more favorable than in the mo
of Heineet al. Hence there is no contradiction at all with th
observation of a predominance of 2-3 banded polytypes.

Consistently with other recent work we find 4H to have
lower energy than 6H. In the FP LMTO calculations, we find
15R as the lowest energy polytype. In the ANNNI model w
find 15R to lie in between 4H and 6H with 4H the lowest-
energy polytype. This is slightly more expected since 15R is
intermediate in character between 4H and 6H. This discrep-
ancy, which is smaller than 0.5 meV, may be beyond
accuracy of our FP LMTO calculations in view of the fa
that the computational convergence is most challenging
the largest polytype. As expected, the hypothetical19,20 9R
polytype with a high degree of hexagonality~66%! is found
to have higher energy than 3C, but lower than 2H.

The ANNNI model appears to somewhat underestim
the energy of 9R. This suggests that other terms in the e
fective Hamiltonian may be required. A term

K(
i

s is i 11s i 12 ,s i 13 ~3!

was suggested by Chenget al.4 The additional energy for
each polytype due to this term is given in column 5 in Ta
I. Column 6 shows that this term allows us to fit 9R exactly
without affecting the energy of 15R significantly.

We next consider the predictions of the model for a f
other polytypes. Another polytype of high hexagonal
~80%! was recently considered20 and labeled 15R8 or
^1112&. Its energy within the ANNNI model is given in th
bottom section of Table I. As expected, it is higher in ene
than 9R, but still lower than 2H. We do not interpret this as
an indication that these particular periodic stacking arran
ments are more likely~because they seem excessively co
plicated!, but rather as an indication that a high density
stacking faults is likely to occur in 2H. For any 2nH poly-
type withn>3 the energy difference from 3C can be written
as (2/n)(J112J213J322K). This shows that forn→`, it
e
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will approach zero, as expected, since 3C corresponds to
`H, but only very slowly. In fact, the energies of 8H and
10H are seen in Table I to be still rather close to those of
2-3 banded polytypes, consistent with the fact that th
polytypes have indeed been observed.

As for the phonon contributions to the free energy~here
denotedFP), we note that Heineet al.1 obtain a result that is
the opposite of that found by Zywietzet al.,3 namely,F4H
.F6H , and increasing with temperature. This tends to sta
lize 6H at high temperatures, whereas Zywietzet al.3 find
4H to become even more stabilized at higher than at low
temperatures without affecting the polytype free-energy
dering. We note that with our calculatedE4H2E6H at zero
temperature and the values of Heineet al. for the phonon
contribution, the transition from 4H stability to 6H stability
is predicted to occur above 8000 K, i.e., well above the m
ing temperature of SiC. With the phonon contributions
Zywietz et al., no stabilization of 6H will ever occur. We
conclude that either way, there is no substantial evide
from the calculations that the polytypes would have a we
defined temperature stability region. We think that it is mu
more likely that the slightly different tendencies for 4H and
6H growth in dependence on the growth temperature are
to kinetic factors. In fact, these experimental tendencies h
not unequivocally been established.

Heineet al.21 also argued that the 3C dominance in epi-
taxial growth could be explained by assuming that only
surface layer stacking is determined by the equilibrium
ergy condition, but that the stacking is not subsequently
arranged after the layer is buried in the growing cryst
Since the energy difference for adding one surface layer
substrate with opposite spin of the top layer as oppose
equal spin isJs52(J16J2), with 6 depending on whethe
the next layer down has equal or opposite spin, cubic sta
ing is always favored as long asJ11J2.0. As in the results
of Heineet al. and in contrast to other recent results,6–8 our
present results satisfy this requirement, although only ba
so. Of course, we caution that these interlayer interacti
may change at a surface. IfJ11J2,0, on the other hand, a
4H stacking would always be preferred, as can easily
checked by following the same argument as given by He
et al. The point is that second-layer interactions, which a
‘‘antiferromagnetic,’’ are then dominant. Thus, if we sta
from two equal spins in the top layers, the next growi
layer must have opposite spin. The new surface then end
two opposite spins and the following layer must have
same spin as the one last deposited, after which the c
repeats. This is inconsistent with experimental observatio
Independent nucleations on large terraces tend to have
3C structure, which usually is accompanied by a lar
amount of so-called double positioning boundaries.

Given that the preference for cubic stacking duri
growth is so small, the question arises whether this is re
relevant. To address this question, we must consider
effects of the growing fragments. For a two-dimension
~2D! island ofNi spins~or SiC units!, the energy differences
for being in a cubic or hexagonal stacking on top of a su
strate should be of orderNiJs . This implies that up toNiJs
'kBTG , with TG the growth temperature andkB Boltz-
mann’s constant, or for a typical growth temperature of 15
K, and usingJs50.3 meV/SiC unit, up toNi<600, there
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57 12 021ENERGY DIFFERENCES BETWEEN SiC POLYTYPES . . .
should be virtually no distinction in energy between eith
stacking. On the other hand, islands will definitely tend to
of a well-defined spin. This is because a lateral spin bou
ary corresponds ultimately to a defect such as an incohe
twin boundary. The energy of the latter is typically of th
order of several eV/atom.22 This is because there are serio
disruptions of the tetrahedral bonding associated with s
boundaries, including wrong bonds~C-C or Si-Si! and pos-
sibly dangling bonds. Thus atoms migrating on the surf
will have a strong tendency to adjust their spin~i.e., stacking
with respect to the underlying layers! to that of the growing
island to which they are attaching. This explains why we
defined polytype structures can evolve even if the grow
does not occur in a strict layer-by-layer fashion in spite
the energy differences for different stacking for each at
being much smaller than the growth temperature. Only
islands of the above defined size, which corresponds to;10
nm in diameter, one expects that the interactions with und
lying layers become relevant. A predominace of cubic sta
ings with respect to the underlying layers assumes that s
2D islands can still adjust their stacking position by movi
as a whole. Although this might seem to require overcom
a significant energy barrier, motion of islands might occur
a 2D dislocation motion. In the above estimate, we usedJs
52(J11J2) neglectingJ3 and K interactions. We also as
sumed growth on a cubic substrate and renormalized to
ergies per SiC unit rather than per atom. For growth on ot
polytype substrates or when includingJ3 and/orK, the inter-
action Js becomes somewhat larger and hence the crit
island size somewhat smaller, but the general argument
not change. Even though a preference for cubic stacking
thus be rationalized, a certain number of double position
boundaries are expected because some islands of opp
spin may become trapped in an initially unfavorable stack
due to the randomness of the initial nucleation events
step-flow growth mechanism seems to be the only plaus
mechanism for stabilizing other polytypes during epitax
growth and depends crucially on the sizes of the terraces
the surface diffusion~hence growth temperature!.23
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IV. CONCLUSIONS

In conclusion, we have carefully re-evaluated the ze
temperature energy differences between polytypes of SiC
ing well-converged all-electron density-functional calcu
tions. We find that the ANNNI model with up to second
nearest-neighbor-layer interactions already provides a g
description of the polytype energy differences with slig
improvements being obtained by including a third-layer
teraction and a four-spin term. Even though the values
J1 ,J2 do not correspond to the multiphase degeneracy po
the predominance of polytypes of narrow bands of cu
stacking~typically 2-3 banded! can readily be explained by
the fact thatJ1.0 and the twin boundary energy cost
negative. Our results agree closer with the work of He
et al.1 than other recent calculations in the sense that
obtain J1.uJ2u, the 2-3 banded polytype energies closer
each other, and the 2H energy significantly higher than tha
of 3C. We stress that this is not due to our neglect of rela
ations because the latter were shown to be at most 0.6 m
atom. We nevertheless find the energies of 4H and 6H to
differ substantially enough to preclude a well-defined te
perature stability region for each polytype when using lit
aure data for the vibrational free-energy contributions. T
suggests that polytypes are kinetically determined metast
phases rather than true thermodynanic phases. Some c
quences for epitaxial growth were discussed. In particu
we extended the arguments of Heineet al. concerning the
tendency for 3C growth to occur if only equilibrium of the
top-surface layer is required by considering the island s
effects. We also showed that forJ1,uJ2u, 4H would always
be stabilized, which is inconsistent with experiment.

Note added. Our values for the 6H, 4H, and 2H energy
differences from 3C agree extremely well with the values
21.1,21.2, and 3 meV/atom, respectively, obtained by R
ter and Heine24 using pseudopotential calculations.
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