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Transverse electric-field-induced magnetophonon resonance inn-type germanium
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We investigate the influence of the intracollisional field effect in the hot-electron regime of the transverse
magnetophonon resonances inn-type germanium. Our results show that double peaks take place according to
the nonvertical transition due to the intracollisional field effect. One of the peaks is shifted to the lower-
magnetic-field side and the other is shifted to the higher-magnetic-field side as electric fields are increased and
as the possible phonon energy and the difference of Landau-level indices are decreased. It is also shown that
the peaks depend on the magnetic-field direction giving rise to the difference in the effective mass between the
initial and final states.@S0163-1829~98!03615-7#
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I. INTRODUCTION
With the recent advance of pulsed high-magnetic-fi

technique, it has been possible to measure the ma
tophonon resonance~MPR! effect in a very high magnetic
field. Many studies on the ordinary and hot-electron MP
effects in n-type Ge have been made for longitudinal a
transverse configurations.1–8 It is known that Ge exhibits rich
spectra of MPR because optical phonons and zone-e
acoustic phonons couple with electrons by the deforma
potential interaction, although it is not a polar semicond
tor. The MPR spectra inn-type Ge is quite complicated du
to the complexity of phonon branches and the variety
intervalley transitions, which results in difficulties in the a
signment of each electronic transition.8 In the high-field
range, the MPR peaks forn-type Ge are well resolved from
each other, so that one can assign each peak to a sp
transition.

For the transverse magnetoconductivity configurati
where the current and the magnetic-field directions are
pendicular to each other, Harperet al.5 presented the experi
mental results of MPR inn-Ge for the magnetic field paralle
to the^100& and^110& directions. Their results show that th
transverse magnetoconductivity oscillates as a function
the magnetic field. Eaveset al.2 also presented the exper
mental results of MPR inn-Ge for the magnetic field paralle
to the ^100& and ^111& directions. A recent review of the
MPR effects was given by Ridley.6

For the longitudinal hot-electron magnetoconductiv
configuration, where the current and the magnetic-field
rections are parallel, Hamaguchiet al.3,4 found that in the
electric field ranging from 17 to 73 V/cm several differe
series of oscillations for thê100& direction ofn-Ge at 20 K
were present. Recently, Futagawaet al.8 presented experi
mental results ofn-type Ge for the magnetic-field directio
parallel to thê 100&, ^111&, and^110& directions. Their re-
570163-1829/98/57~19!/11875~4!/$15.00
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sults show that the dominant MPR signal arises from
hot-electron transitions from the valley with lighter cyclotro
mass to the valley with heavier mass inn-type Ge. It was
also shown that the hot-electron MPR peaks are observed
the intervalley and intravalley scatterings. Note that all t
experiments discussed above were performed for the
where the intracollisional field effect~ICFE! is not effective
in the hot-electron regime. Therefore, our concerns are
investigate the changes of the resonance fields due to
ICFE that are effective in the hot-electron regime with ele
tric fields of the order of 105 V/cm.9

In this paper we present a theory of transverse elect
field-induced MPR inn-type Ge, on the basis of the high
field quantum-statistical transport theory10 developed by
some of the present authors, and investigate the MPR
trema ofn-type Ge for the magnetic-field direction parall
to the ^100&, ^110&, and^111& directions as the strength o
the electric fields increases.

The paper is arranged as follows. In Sec. II we describ
simple model of the system. In Sec. III we present the fie
dependent magnetoconductivity formula related to the re
ation rate by using the result of nonlinear-response the
obtained previously. The transverse hot-electron MPR is
cussed, where special attention is given to the MPR p
positions. Results are given in Sec. IV and we conclude
Sec. V.

II. MODEL OF THE SYSTEM

We choose Cartesian coordinate axes with thez axis par-
allel to the principal axis of an ellipsoidal energy surface.
the presence of a static magnetic field tilted with an angle
u from thez axis,B5B(sinu,0,cosu), and a uniform exter-

nal electric fieldE5Eŷ, the one-electron Hamiltonian i
given as
11 875 © 1998 The American Physical Society
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heE5
1

2
~p1eA!S 1/mt 0 0

0 1/mt 0

0 0 1/ml

D ~p1eA!1eEy, ~2.1!

whereA is the vector potential,p is the momentum operator
andmt andml represent the transverse and longitudinal m
components of the ellipsoidal energy surface of the cond
tion band, respectively. By taking into account the Land
gaugeA5B(2y cosu,0,y sinu), the one-electron normal
ized eigenfunctions and eigenvalues of thes valley of the
conduction band are given, respectively, by

^r uls&[^r uN,kx ,kz ,s&5Us~r !Fl~r !, ~2.2!

El
s5EN

s ~kx ,kz!5«l
s1eEyl

s1
mtml

2mB
s

Vd
2 , ~2.3!

with

«l
s5~N11/2!\vs1

\2

2mB
s S k•B

B D 2

, ~2.4!

yl
s52

\

eBmB
s Fmtkz sin u2mlkx cosu1

mtmlVd

\ G , ~2.5!

whereN (50,1,2, . . . ) are theLandau-level indices,kx and
kz are, respectively, the wave-vector components of the e
tron in thex andz directions,s in the superscript or subscrip
indicates the valley index of the conduction band,Vd

(5E/B) is the drift velocity, andvs(5eB/ms* ) andmB
s are,

respectively, the cyclotron frequency and the effective m
in the magnetic-field direction, which are

1

ms*
2

5
cos2 u

mt
2

1
sin2 u

mtml
, ~2.6!

mB
s 5ml cos2 u1mt sin2 u. ~2.7!

Also in Eq. ~2.2!, Us(r ) denotes the Bloch function of thes
valley andFl(r ) means the envelope function given by

Fl~r !5
1

ALxLz

fN~y2yl
s !exp~ ikxx1 ikzz!, ~2.8!

where fN(y) in Eq. ~2.8! are the eigenfunctions of th
simple harmonic oscillator andLx and Lz are, respectively,
the x and z directional normalization lengths. We assum
that the Bloch functionUs(r ) and the envelope function
Fl(r ) are, respectively, normalized in the crystal as

E
C

Us* ~r !Us8~r !d3r 5ds,s8 , ~2.9!

E
V

Fl* ~r !Fl8~r !d3r 5dl,l8 , ~2.10!

whereC is the volume of the unit cell andV (5LxLyLz) is
the crystal volume in real space.

III. FIELD-DEPENDENT MAGNETOCONDUCTIVITY
ASSOCIATED WITH RELAXATION RATES

We now want to evaluate the field-dependent magne
conductivity syy(E) for the system modeled in Sec. II b
using eigenfunctions and eigenvalues given in Eqs.~2.2! and
~2.3! and the general expression for the nonlinear dc cond
tivity s̃kl(E) (k,l 5x,y,z) derived in Ref. 10. It is straight
forward to show that the transverse magnetoconducti
syy(E) can be expressed in terms of Eqs.~2.2! and ~2.3! as
,
ss

uc-
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t
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syy~E!>
\

V(
l,s

(
l8,s8

z^lsu j yul8s8& z2
f ~«l

s !2 f ~«l8
s8 !

«l
s2«l8

s8

Gl8s8,ls~E!

~El
s2El8

s8 !2
,

~3.1!

where j y52(e/mt)py is the y component of a single-
electron current operator,f («l

s) is the Fermi-Dirac distribu-
tion function associated with the eigenvalue of Eq.~2.4!, and
Gl8s8,ls(E) is the field-dependent relaxation rate, which a
pears in terms of the collision broadening due to t
electron-phonon interaction. To obtain Eq.~3.1! we have as-

sumed that the energy difference (El
s2El8

s8 ) between the
Landau energy of thes valley and that of thes8 valley is
larger than the quantities such as the width and the shif
the spectral line shape, which is usually satisfied and is
fact the condition to observe the oscillatory behavior of h
electron MPR.11 In the intervalley transitions, the matrix el
ements of the single-electron current operator in Eq.~3.1! are
given, in terms of Eq.~2.2!, by

z^lsu j yul8s8& z25S~s,s8!dl,l8 , ~3.2!

where S(s,s8)5 z^su j yus8& z2 and the Kronecker symbols
(dl,l85dN8,N ,dkx ,k

x8
,dkz ,k

z8
,ds,s8) denote the selection rules

Within the first-order Born approximation of scatterin
processes, the matrix elements ofG(E) associated with the
transition between the statesuls& and uls8& is generally
given10,11 by

Gls8,ls~E!5p(
q

$@Nq~T!11#M 1~E!1Nq~T!M 2~E!%, ~3.3!

where Nq(T) is the Bose-Einstein distribution function fo
phonon with energy\vq andM 6 is given by

M 15 ( 8
l1 ,s1

@ z^ls8ugqul1s1& z2d~El1

s1 2El
s1\vq!

1 z^l1s1ugq
†uls& z2d~El1

s1 2El
s81\vq!#,

M 25 ( 8
l1 ,s1

@ z^ls8ugq
†ul1s1& z2d~El1

s1 2El
s2\vq!

1 z^l1s1ugquls& z2d~El1

s1 2El
s82\vq!#. ~3.4!

Here gq @5C(q)exp(iq•r )# represents the one-electron op
erator. The phonons couple to the electron via the interac
potentialC(q), the form of which depends on the type o
interaction. It should be noted that the prime on the summ
tion sign in Eq.~3.4! indicates the exclusion of the diagona
element ofgq and (l,s represents the triple summation
(N(ky

(kz
of the s valley. Also in Eq.~3.4!, thed-functions

express the law of energy conservation in one-phonon co
sion ~emission and absorption! processes, where the effect o
the electric field ~ICFE! is included exactly through the
eigenstateEl

s of an electron. The energy-conservingd func-
tions in Eq.~3.4! imply that when the electron undergoes
collision by absorbing the energy from the field, its ener
can only change by an amount equal to the energy of a p
non involved in the transition. This in fact leads to electri
field-induced MPR. In the representation of Eq.~2.2!, the
matrix elements in Eq.~3.4! are given by

z^lsugqul8s8& z25uC~q!u2K~N,N8,u!dkx ,k
x81qx

dkz ,k
z81qz

ds,s8 ,

~3.5!

where
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K~N,N8,u!5
Nn!

Nm!
exp~2u!uNm2Nn@LNn

~Nm2Nn!
~u!#2, ~3.6!

with
u5~ l B

s2/2!@qy
21~mt /ms* mB

s !2~mtqz sin u2mlqx cosu!2#. ~3.7!

Herel B
s 5(\/mtvs)

1/2, Nn5min(N,N8), Nm5max(N,N8), and
Lm

(n)(u) is the associated Laguerre polynomial.12

After some algebra, we obtain from Eqs.~3.4! and ~3.5!

M 1'M 2'uC~q!u2(
N8,6

K~N,N8,u!d„~N811/2!\vs8

2~N11/2!\vs6\vq1\D…, ~3.8!

where\D is the electric-field-dependent quantities given

\D[~mtmlVd
2/2!~1/mB

s821/mB
s !1eE~yl8

s8 2yl
s !. ~3.9!

To obtain Eq.~3.8! we used the properties

d~x1a!5(
n50

`

~21!n~a/x!nd~x!'d~x! ~ for x@a!. ~3.10!

Then the relaxation rate~and hence magnetoconductivity!
shows, from Eqs.~3.1!, ~3.3!, and ~3.8!, that the electric-
field-induced MPR gives the resonance conditions at

~N811/2!\vs85~N11/2!\vs7\vq2\D, ~3.11!

whereN8 and \vs8 (5\eB/ms8
* ), respectively, denote th

quantum number and the cyclotron energy of the Lan
electron of thes8 valley, as doN and \vs (5\eB/ms* ).
These peak positions strongly depend on the difference
Landau-level indices, the difference in the effective ma
between the initial and final states of the intervalley scat
ing by phonons, the involved phonon energy, and
strength of the electric field. If we take the limitE→0 in Eq.
~3.11!, the last term on the right-hand side in Eq.~3.11!
vanishes and the expression gives the hot-electron MPR
dition, where the ICFE’s are not effective. These for t
transverse configuration are same as the theoretical resu
Futagawaet al.8 obtained for the longitudinal configuration
In this case, the transition of an electron from theNth excited
state in thes valley to theN8th state of thes8 valley, asso-
ciated with the emission of the phonons, occurs at the re
nance magnetic field given by

BNN8~0!5
BFN

N1aN8

~BFN5vqms* /e!, ~3.12!

FIG. 1. Resonance field shift ofn-Ge for Bi^100&. The quantum num-
ber of the Landau level forms* 50.135 m is indicated for each line. Th
dash–double-dotted, dashed, dash-dotted, and dotted lines are for thX3

point, X1 point, X4 point, andG point, respectively.
u

of
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r-
e
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with aN851/22(N811/2)ms* /ms8
* . The MPR conditions for

intravalley transition are given by
BNN8~0!5BFP /P

~BFP5vqms* /e,P5N2N851,2,3, . . . ! ~3.13!

if we regard the same cyclotron mass before and after

transitions. In Eq.~3.9!, assuming13 that yl8
s8 2yl

s,0 or

yl8
s8 2yl

s.0, depending on whether the maximum in th
magnetoconductivity appears at magnetic fieldsBNN8(E)
lower or higher thanBNN8(0) given by Eq.~3.12!, we can

make an approximation asyl8
s8 2yl

s.6 l̄ B
08
56( l B

08
s8 1 l B

08
s

)/2

with l̄ B
08
'(A\/mteB08/2)(Ams* 1Ams8

* ) and B08

5(2vq /e)(ms* ms8
* /ums8

* 2ms* u). This assumption results in
double peaks around the MPR extrema without the ICF
Equation~3.9! can then be rewritten as

\D[~mtmlVd
2/2!~1/mB

s821/mB
s !6eE l̄B08

. ~3.14!

Note that we did not perform the calculation of the amplitu
of magnetoconductivity oscillation because we are interes
in the hot-electron MPR peak positions.

FIG. 2. Resonance field shift ofn-Ge for Bi^110&. The quantum num-
ber of the Landau level is indicated for each line. The dash–double-do
dashed, dash-dotted, and dotted lines are for theX3 point, X1 point, X4

point, andG point, respectively. The dotted lines are forms* 50.099 m and
all the lines except for the dotted lines are formsi* 50.099 m andms f* 50.36
m, corresponding to the initial and final states of the transition, respectiv

FIG. 3. Resonance field shift ofn-Ge for Bi^111&. The quantum num-
ber of the Landau level is indicated for each line. The dash–double-do
dashed, dash-dotted, and dotted lines are forX3 point, X1 point, X4 point,
andG point, respectively. The dotted lines are forms* 50.082 m and all the
lines except for the dotted lines are formsi* 50.082 m andms f* 50.207 m,
corresponding to the initial and final states of the transition, respective
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IV. RESULTS

In this section we present the numerical results for M
peak shifts due to the intracollisional field effect, by usi
Eqs.~3.11!–~3.14!, and analyze these results in terms of t
strength of the electric field. Forn-type Ge, it is known that
the conservation of momentum allows electrons to be s
tered by the phonons atG and X points.14 As a result, the
possible phonons15 for n-type Ge areG point LO TO ~37.7
meV!, X4-point TO ~34.2 meV!, X1-point LA LO ~29.8
meV!, andX3-point TA ~9.93 meV!. To visualize the reso-
nance field shiftsDB associated with the emission of th
phonons, we plotted Figs. 1, 2, and 3 corresponding
Bi^100&, Bi^110& andBi^111&, respectively, where the de
pendence of the shifts on the strength of the electric field,
magnetic-field direction, the possible phonon energy, and
difference of Landau-level indices is presented. The sh
DB @[BNN8(E)2BNN8(0)# are the difference between th
field-induced resonant magnetic fieldBNN8(E) given by Eqs.
~3.11! and ~3.14! and the resonant fieldBNN8(0) given by
Eq. ~3.12! or ~3.13!, depending on the type of transitions.

The resonance field shifts ofn-Ge in the transverse con
figuration are presented in Fig. 1 forBi^100&. The intraval-
ley MPR appears since all the equivalent valleys have
identical effective mass forBi^100&. As shown in Fig. 1, the
shifts increase with decreasing the possible phonon ene
linearly with increasing electric field, and strongly with d
creasing the difference of Landau-level indices before
after the intravalley transitions. The splitting of the MP
peak positions take place, which is due to the nonvert
transition at high electric field, as pointed out by Mo
et al..13 The upper and lower parts in the figure correspond
Dy.0 andDy,0, respectively. Accordingly, in the forme
case, the resonance peak positions are shifted to the hig
magnetic-field side as electric fields are increased and as
possible phonon energy and the difference of Landau-le
indices are decreased, while in the latter case, they
shifted to the lower-magnetic-field side as electric fields
increased and as the possible phonon energy and the d
ence of Landau-level indices are decreased. Note that
results for the limitE→0 reduce to the previous results,16

which agree with the experimental values of Eaveset al.2

and Harperet al.5 for the transverse configuration and wi
the experimental values of Hamaguchiet al.3,4 for the longi-
tudinal configuration.

Unlike the case ofBi^100&, as can be seen from Figs.
and 3, the MPR peaks of the intervalley scattering occur aX
points forBi^110& andBi^111&, due to the difference in the
-
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effective mass between the initial and final states. As ill
trated in Fig. 1, the shifts increase with decreasing the p
sible phonon energy, linearly with increasing electric fie
and strongly with decreasing the difference of Landau-le
indices due to before and after the intervalley transitions
curring atX points and due to before and after the intravall
transitions occurring atG points. Note that in the case of th
limit E→0, our results occurring atX4 points for Bi^110&
and Bi^111& become the previous results,16 which are in
good agreement with the experimental values of Eaveset al.2

and Harperet al.5 for the transverse configuration and wi
the experimental values of Yamadaet al.7 and Futagawa
et al.8 for the longitudinal configuration.

It is noted that our results for the relaxation rate and
dc magnetoconductivity are based on the following appro

mation asyl8
s8 2yl

s.6 l̄ B
08

and d(x1a)'d(x) ~for x@a).

Furthermore, any analytical expression for the integrat
overq of Eq. ~3.3! has not been made since we are interes
only in the electric-field-induced MPR peak positions.

V. CONCLUSION
In conclusion, we have presented a theory of elect

field-induced MPR inn-Ge for the transverse configuratio
and obtained the MPR conditions given in Eqs.~3.11! and
~3.14!. As can be seen from Eqs.~3.11! and ~3.14!, MPR
peak positions for the intervalley scattering by phono
strongly depend on the strength of the electric field, the p
sible phonon energy, the difference of Landau-level indic
and the magnetic-field direction, which leads to the diffe
ence in the effective mass between the initial and final sta
According to the nonvertical transition due to the ICF
double peaks take place. One of the peaks is shifted to
lower-magnetic-field side and the other is shifted to t
higher-magnetic-field side as electric fields are increased
as the possible phonon energy and the difference of Land
level indices are decreased. We expect that our results
help in the qualitative understanding of the physical char
teristics of the electric-field-induced MPR effect in materia
with the many-valley structure.
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